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Daniel Lordick: Rastavnice oblih ploha - rotacijskih i zavojnih cikličkih . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
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UPUTE SURADNICIMA

“KoG” je časopis koji objavljuje znanstvene i stručne radove te ostale priloge iz područja konstruktivne geometrije i
računalne grafike

ZNANSTVENI I STRU ČNI ČLANCI
1. Izvorni znanstvenirad sadrži neobjavljene rezultate izvornih znanstvenih istraživanja, a znanstvene su informacije
izložene tako da se točnost analiza i izvoda, na kojima se rezultati temelje, može provjeriti.

2. Prethodno priopćenjeznanstveni je rad što sadrži jedan ili više novih znanstvenih podataka priroda kojih zahtijeva
hitno objavljivanje. Ne mora nužno imati dovoljno pojedinosti za ponavljanje i provjeru rezultata.

3. Pregledni rad znanstveni je rad što sadrži izvoran, sažet i kritički prikaz jednog područja ili njegova dijela u
kojemu autor aktivno djeluje. Mora biti istaknuta uloga autorova izvornog doprinosa u tom području s obzirom na već
publicirane radove te pregled tih radova.

4. Stručni rad sadrži korisne priloge iz područja struke koji nisu vezani uz izvorna autorova istraživanja, a iznesena
zapažanja ne moraju biti novost u struci.

Rad mora biti neobjavljen i ne smije se istodobno ponuditi drugom časopisu. Autor za svoj rad predlaže kategoriju, a
konačnu odluku o svrstavanju donosi Izdavački savjet na temelju zaključaka recenzenata. Znanstveni radovi mogu biti
napisani na engleskom ili njemačkom jeziku, stručni na hrvatskom, engleskom ili njemačkom. Autor predaje tekst na
jeziku koji odabere, te sažetak na hrvatskom i engleskom jeziku. Članci trebaju biti dopunjeni kontaktnim podacima
o autorua, a dostavljaju se na adresu Uredništva KoG-a (vidi posljednju stranicu) ili elektronskom poštom na adrese
urednica (sgorjanc@grad.hr, jbeban@geof.hr).
O prihvaćanju ili odbijanju rada autor će biti obaviješten. Prihvaćene radove autori dostavljaju elektronskom poštom
kao ASCII datoteke. Preporučuje se LATEX format.

OSTALI PRILOZI

To su stručni osvrti i prikazi različitih sadržaja iz širokog područja geometrije i grafike, vijesti i izvješća o znanstveno-
stručnim skupovima, prikazi knjiga, časopisa, studentskih radova, softvera i hardvera, koji se objavljuju u rubrikama
“Geometrija i grafika” i “Vijesti, izvješća, prikazi”.

GUIDE TO THE COLLABORATORS

“KoG” is the journal publishing scientific and professional papers and other contributions from the field of construc-
tive geometry and computer graphics.

SCIENTIFIC AND PROFESSIONAL PAPERS

1. Original scientific paper contains unpublished results of the original scientific research, and the scientific infor-
mation is presented in such a way that it permits the exactness of analysis and derivations the results are based upon
to be checked.

2. Preliminary communication is a scientific work containing one or more new scientific data, the nature of which
requests urgent publishing. It need not necessarily convey sufficient number of details for repetition or checking of
results.

3. Reviewis a scientific paper containing original, condensed and critical presentation of a field or its segment in
which the author participates actively. The role of the author’s original contribution in this field must be pointed out
as related to already published works, accompanied by the survey of these works.

4. Professional papercontains useful contributions from the professional field which are not bound to the original
research of the author, and the observations presented need not be a novelty in the profession.

The paper should be unpublished and it mustn’t be offered to some other journal at the same time. The author suggests
for his/her paper the category, and the final decision about how it is going to be classified is reached by the Publishing
Council on the basis of the conclusions made by reviewers. The scientific paper can be written in English or German.
The professional paper can be written in Croatian, English or German. Author hands in the text in the language he/she
has chosen, and the abstract in Croatian and English. The articles should be supplemented by the notes to authors.
The papers should be supplied to the Editorial Office of KoG (the address is at the last page) or by e-mail to editors
(sgorjanc@grad.hr, jbeban@geof.hr).
Author will be notified about his paper being either accepted or rejected. Accepted papers are to be sent by authors by
electronic mail as ASCII files. LATEX format is recommanded.

OTHER ATTACHMENTS

These are professional reviews and presentations of various contents from the wider area of geometry and graph-
ics, news and reports about scientific and professional gatherings, presentations of books, journals, student papers,
softwares and hardwares published in the departments on “Geometry and Graphics” and “News, reports and presenta-
tions”.
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priredila: SONJA GORJANC

Stogodǐsnjica rod-enja

Vilka Ničea

(1902. - 1987.)

Za ovaj su broj KoG-a naˇse mlade kolegiceMarija Šimić i
Ema Jurkin, koje predaju geometriju na tehniˇckim fakul-
tetima, za naˇsu rubriku “Vijesti, izvješća, najave” poslale
kratko izvješće o zimskom sastanku naˇsega druˇstva, u ko-
jem piše:
“... Prvi dio sastanka posve´cen je stogodiˇsnjici rod-enja
Vilka Ni čea. Spomenuli smo ga se kao velikog znanstve-
nika i još većegčovjeka, očemu su nam svjedoˇcile ...
Svoje uspomene i razmiˇsljanja o njemu podijelili su s os-
talima ...”
Zašto ovaj citat smatram toliko vaˇznim da ga u prired-ivanju
teksta povodom stogodiˇsnjice rod-enja Vilka Ničea, naˇseg
učitelja, dopuštam sebi staviti na prvo mjesto. Zato ˇsto se
u tom izvatku iz zapisnika vidi da su i naˇse mlade kolegice
imale kada je o Vilku Niˇceu riječ nešto čega su se mogle
sjetiti te da su sudionici sastanka neˇsto med-usobno podije-
lili. Prepoznala sam to kao ponovni ˇzivi dodir s utjecajem
Vilka Ni čea na naˇsu sredinu.
Da se prije stotinu godina u naˇsoj sredini nije rodio Vilko
Niče sigurno je da ne bi postojao ovaj broj ˇcasopisa “KoG”.
Naš ječasopis samo jedan od projekata inspiriranih njego-
vim djelom. Njega je pokrenulo i na njemu radi viˇse gene-
racija onih koji su u svom znanstvenom radu koristili nje-
govu metodologiju te istraˇzivali dalje u nekoj od mnogih
tema koje je u svojim radovima naznaˇcio.

U prvom broju “KoG”-a, u tekstu200 godina sustavnog
grafičkog komuniciranja Branko Kučinić piše:

“... Vilko Ni če (1902.-1987.) svakako je bard hrvatske ge-
ometrije. Taj akademik, okorjeli sintetiˇcar i pedagog, os-
tavio je iza sebe opus od 71 znanstvenog rada i 6 knjiga,
čemu treba pridodati ve´ci broj mentorstva, dakle ‘njego-

vih’ doktora i magistara znanosti. Golem je broj mate-
matičara i inženjera kojima je Niˇce uživom sjećanju.

Osimšto je gostovao na Prirodoslovno-matematiˇckom fa-
kultetu u Zagrebu (Nacrtna geometrija II i III, Sintetiˇcka
geometrija, Poslijediplomski studij) i drugdje, radio je
stalno najprije na Tehniˇckom fakultetu, zatim na AGG fa-
kultetu te najzad na Arhitektonskom fakultetu. Kraj rata
1945. zatekao ga je na duˇznosti dekana Tehniˇckog fakul-
teta, gdje je od razaranja spasio biblioteku AGG fakulteta
te laboratorije Zavoda za mehaniku. Nakon rata bio je
u zvanju degradiran te je iz poˇcetka, po drugi put gradio
sveučili šnu karijeru. Za razliku od drugih profesora sliˇcne
sudbine, valjda greˇskom nije rehabilitiran.

Niče je bio prototip pravog gospodina i veliki ˇcovjek.
Njega bi čak i Diogen pronaˇsao. Gotovo uvijek s leptir-
kravatom i u lovaˇckom hubertusu, okupljao je velik broj
prijatelja, med-u kojima su se isticali matematiˇcar Blanuša,
arhitekti Deuzler i Vrkljan te geodet Macarol. Podruˇcje
njegova znanstvenog djelovanja neobiˇcno ješiroko - od is-
traživanja krivulja i općih i pravičastih ploha, preko spe-
cifičnih izvod-enja: cisoidalnog, noˇzišnog, preko sustavno
izvedenih kvadratnih transformacija, pa do krune njegova
djelovanja:četiri kompleksa vezana uz pramenove polar-
nih prostora kvadrika. Jedan od ta ˇcetiri kompleksa uˇsao je
u svjetsku literaturu kao Niˇceov kompleks.

Mnogo je matematiˇcara koji su surad-ivali s Ničeom ili
nastavili njegovo djelo. Spomenimo svjetske: Decuyper
(Francuska), Bothema (Nizozemska), Hohenberg (Aus-
trija), Wunderlich (Austrija), Brauner (Austrija), Mateski
(Makedonija), Vujakovi´c (Bosna i Hercegovina), ...
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Valja spomenuti i doma´ce (tzv. Ničeovuškolu): Palman,
Dočkal, Ščurić, Kučinić, Horvatić, Sliepčević, Gorjanc,
Saler ...”

Predsjednica naˇsega druˇstva Ana Sliepčević, na ovo-
godišnjem skupu geometriˇcara “Geometrie-Tagung” u Vo-
rau, povodom stogodiˇsnjice rod-enja evocirala je u svom iz-
laganjuSo hat Vilko Niče nachgedacht uspomene na Vilka
Ničea. I sama je bila iznenad-ena koliko je topline i inte-
resa njezino izlaganje pobudilo. Na tom se skupu svojim
sjećanjima na Vilka Ničea nadovezao i Hellmut Stachel.
Svi koji su imali priliku slušati profesora Niˇcea kao
predavaˇca govore o izuzetnom geometrijskom doˇzivljaju.
Njega opisuje Ana Sliepˇcević u tekstuU spomen Vilku
Ničeu, “Matematika iškola”,15/2002, gdje izmed-u ostalog
kaže:

“... Imaginarni su mu elementi bili jednako bliski kao i
realni, prostorni odnosi med-u najsloženijim geometrijskim
tvorevinama zorni i dohvatljivi, a znao je o svemu tako pre-
davati, da su vam se ispred oˇciju jednostavno redali kom-
pleksi, kongruencije, plohe, .... Osje´cali ste se kao da ste u
jednoj višoj dimenziji. Pomo´cu realnih i imaginarnih, be-
skonačno dalekih toˇcaka i pravaca uspio je do´ci do nevje-
rojatnih zaključaka i učiniti ‘vidljivim’ i ono ˇsto inače nije
moguće vidjeti. Znao je tako dobro zamiˇsljati u prostoru, a
zatim o tome ˇsto je zamislio, tako dobro glasno razmiˇsljati
i raspravljati, da je paˇzljivom slušatelju uspijevalo stvoriti
realnu predodˇzbu onoga ˇsto je bilo predmetom razgovora.
...”

Na godišnjicu smrti Vilka Ničea izdala je tadaˇsnja JAZU
Spomenicu preminulomčlanu. Ovdje prenosimo gotovo
u cijelosti kratku biografiju ˇsto ju je za in memoriam pre-
minulom kolegi nadahnuto napisao sada pokojni akademik
Stanko Bilinski.

“... Vilko Ni če rod-en je 1902. godine u Podravini u
Grubišnom Polju. Škole je polazio u rodnom mjestu, a
zatim u Karlovcu, Zagrebu i Bjelovaru, gdje je i maturi-
rao. Na Filozofskom fakultetu u Zagrebu studirao je ma-
tematiku, a tu je i diplomirao. Tu je joˇs kao student prve
godine studija 1923. godine bio demonstrator na katedri
geometrije kod prof. Jurja Majcena, koji je bio znanstveni
radnik na podruˇcju geometrije i nacrtne geometrije, istak-
nut i poznat i u svjetskim razmjerima, a s kojim je bio u
uskoj i znanstvenoj i prijateljskoj vezi. Ova njihova iako
nažalost kratka suradnja, koja je potrajala jedva neka 3 se-
mestra, bila je presudna za cijeli daljnji razvoj Vilka Niˇcea
kao znanstvenog radnika. Po zavrˇsetku studija matematike
Vilko Ni če je bio izabran za asistenta na Katedri nacrtne
geometrije na tadaˇsnjem jedinom Tehniˇckom fakultetu u
Zagrebu. Naˇzalost, nakon ˇsto je Majcen - tada joˇs vrlo
mladi profesor - nenadano preminuo, Vilko Niˇce se dalje

razvijao zapravo kao samouk bez pravog kontakta s osta-
lim znanstvenim svijetom, jer u Zagrebu je tada bilo malo
znanstvenih knjiga iz podruˇcja geometrije, a o periodiˇcnim
znanstvenim publikacijama iz podruˇcja matematiˇckih na-
uka da se i ne govori. Poticaji za znanstveni rad u podruˇcju
geometrije jedva da su do Vilka Niˇcea i mogli do´ci. O
nekim specijalizacijama, inozemnim stipendijama i studij-
skim boravcima u svjetskim znanstvenim centrima, ˇsto je
danas gotovo samo po sebi evidentno i vrlo uobiˇcajeno,
tada nije moglo biti ni govora. Zato njegov znanstveni rad,
silom prilika, možda izgleda malo nesuvremen, ali zato
nosi obilježja znatne originalnosti i samostalnosti.

Vilko Ni če je nastavio svoj rad na Katedri nacrtne geome-
trije, koja je nakon diobe Tehniˇckog fakulteta pripala Arhi-
tektonskom fakultetu, ali je poslije rata pa sve do prije de-
setak godina, bio aktivan kao nastavnik i na Prirodoslovno-
matematiˇckom, Grad-evinskom i Geodetskom fakultetu, a
osim toga i na Umjetniˇckoj akademiji, pa i na Viˇsoj pe-
dagoškoj školi u Zagrebu. On je drˇzao predavanja i na
postdiplomskim studijima u Zagrebu i Beogradu. Pod nje-
govim vodstvom zavrˇsilo je taj studij i dobilo zvanje ma-
gistra matematiˇckih nauka više desetaka kandidata iz Za-
greba, Beograda, Skoplja, Ljubljane, Sarajeva, Maribora,
Novog Sada, Niˇsa, Rijeke i Splita, a desetak doktora ma-
tematičkih nauka, koji su bili njegovi doktorandi, danas su
docenti i profesori na mnogim fakultetima u gotovo svim
republičkim centrima i ve´cim gradovima Jugoslavije. Iz
tih činjenica se razabire da je rad Vilka Niˇcea na izgrad-
nji mladih nastavnika i znanstvenih radnika na podruˇcju
nacrtne i sintetiˇcke geometrije bio intenzivan i vrlo us-
pješan. On je vrlo dobro znao oko sebe okupiti mlade i spo-
sobne ljude i na njih prenijeti svoju ljubav i oduˇsevljenje za
znanstveni rad, a njegov prijeteljski i oˇcinski odnos prema
tim mladim ljudima bio je i više nego uzoran. Od milja
zvali su ga med-usobno ‘gazda’.

Znanstveni rad Vilka Niˇcea bio je usmjeren gotovo is-
ključivo na podruˇcje sintetičke i posebno sintetiˇcke pro-
jektivne geomtrije, a u tom je podruˇcju bio pravi majstor,
sigurno svjetski kapacitet. Njegov nevjerojatno razvijen
prostorni zor pronikao je u mnoge zanimljive odnose pros-
tornih figura i tvorevina, i tamo otkrivao neke vrlo lijepe
zakonitosti i teoreme. Taj se njegov rad kretao ponajviˇse
u području teorije konfiguracija i kompleksa, koji su ve-
zani uz neke druge geometrijske tvorevine, no teˇsko bi bilo
i nabrojati makar i najvaˇznije rezultate do kojih je on tu
došao.

Njegovi radovičine izvanrednu cjelinu, koja se odlikuje
jedinstvenoˇsću metode ˇsto je autor dosljedno primjenjuje
u svim svojim radovima, a postignuti su bili na taj naˇcin
i mnogi vrlo lijepi i neslućeni rezultati. Prenose´ci svoje
oduševljenje za znanstveni rad na svoje mnogobrojne su-
radnike, profesor Niˇce nije nikada ˇstedio u davanju pobuda
na osnovi vlastitih originalnih ideja. Njegovi znanstveni
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radovi, svaki za sebe vrijedan, toliko su med-usobno po-
vezani da ˇcitalac tih radova stjeˇce dojam kako se tu radi
o dijelovima jedne dobro zamiˇsljene originalne monogra-
fije, koja osim svega daje i mogu´cnost za joˇs dalje i dublje
ulaženje u bit tih problema, pa tako otvara vidike na joˇs
mnoge neslu´cene mogu´cnosti.
U vezi s nastavnim radom Vilka Niˇcea treba joˇs spome-
nuti da je on i autor triju odliˇcnih udžbenika za visoke
škole iz podruˇcja sintetičke i nacrtne geometrije. Svi su
ti udžbenici pisani lijepim i lakim stilom, pa je za njima
potražnja još i danas velika.
Vilko Ni če je za svoj znanstveni i nastavni rad primio i
mnoga priznanja. Godine 1960. izabran je za dopisnog
člana JAZU, a 1973. godine za redovnog ˇclana. Od 1978.
do 1984. godine, dakle kroz 3 izborna perioda, bio je tajnik
razreda za matematiˇcke, fizičke i tehničke znanosti, i za sve
to vrijeme nije se u tom razredu pojavio nikakav nespora-
zum, jer je svojim mirnim i taktiˇcnim načinom svaki even-
tualni mogući nesporazum ve´c unaprijed znao iskljuˇciti.
Za svoj rad Vilko Niče je primio i mnoga priznanja. Tako
posebno:
1965. Orden rada sa crvenom zastavom,
1966. Nagrada ‘Rud-er Bošković’,
1969. Nagradu grada Zagreba,
1972. Nagradu za ˇzivotno djelo.
Na to ‘životno djelo’ - kaošto se kasnije pokazalo - joˇs ni
tada nije bilo zavrˇseno, iako mu je tada bilo proˇslo već 70
godina.
Još godine 1956. Vilko Niˇce je primio ponudu za redovnu
profesuru iz nacrtne geometrije na Tehniˇckoj visokojškoli
u Hannoveru, no nije ju prihvatio. Ta njegova patriotska
gesta doˇsla je do izraˇzaja i u publiciranju znanstvenih ra-
dova. Od svih njegovih znanstvenih radova, od kojih je
zadnji - tj. 72. po redu - bio publiciran 1982. godine
- dakle kada je ve´c navršio 80 godina ˇzivota - bilo je 29
radova publicirano u ‘Radu’ JAZU, a 25 u Glasniku mate-
matičkom, dok su preostali radovi objavljeni u drugim za-
grebačkim, odnosno drugim jugoslavenskim znanstvenim
časopisima. Ipak su novi rezultati, koji su u tim radovima
sadržani - ponajviše preko svjetskih referativnih ˇzurnala -
bili uskoro poznati i u svijetu stranih geometriˇcara. Tako su
na njegove ideje i postignute rezultate svoja istraˇzivanja i
radove nadovezali i mnogi strani geometriˇcari, med-u osta-
lima Hohenberg i Tschupik iz Graza, Wunderlich i Brauner
iz Beča, Decuyper iz Lillea i Giering iz M¨unchena.
Odlazak Vilka Ničea iz naˇse sredine bio je za tu sredinu
vrlo bolan i veliki gubitak, koji ćemo još dugo i teško
osjećati, a njega se uvijek s poˇstovanjem i ljubavi rado
sjećati. ...”

Takod-er u Spomenici Vilku Ničeu nalazimo iSjećanje na
akademika prof. Vilka Ničea koje je napisalaVlasta

Ščurić, jedna od njegovih najbliˇzih suradnica i prva pred-
sjednica naˇsega druˇstva. Ovdje ga u cijelosti prenosimo.

“Prošlo je već 13 mjeseci od smrti naˇseg profesora i prija-
telja, akademika Vilka Niˇcea. Zapao me je ˇcastan ali i vrlo
odgovoran zadatak da pomognem evociranju sje´canja sviju
nas na njegov ˇzivot, znanstveni i nastavni rad, a posebno na
njega kao ˇcovjeka.

Oprostite mišto ću u tome pokatkad biti subjektivna. Za
to postoje mnogi razlozi, a osnovni je taj ˇsto je profesor
Niče neposredno utjecao na tok ˇcitavog mog ˇzivota: od
diplomskog rada pod njegovim vodstvom, poziva na rad
na fakultetu, uvod-enja u znanstveni rad, mentorstva ma-
gistarskog rada i doktorske disertacije do daljnjeg potica-
nja na znanstveni rad. To ˇsturo nabrajanje krije u sebi
mnogo, mnogo viˇse. U prvom redu beskrajnu zahvalnost i
poštovanje prema dr. Vilku Niˇceu kao ˇcovjeku i učitelju.

Bilo bi prelijepo kad bi svatko imao sre´ce da ima svog vo-
ditelja u svim bitnim momentima ˇzivota, posebno znans-
tvenog rada.

Vilko Ni če nije bio te sre´ce. Bio je u tre´cem semestru stu-
dija kad je umro njegov profesor akademik Juraj Majcen.
Ali i to kratko vrijeme od nepuna tri semestra bilo je do-
voljno da usmjeri interes budu´ceg znanstvenika prema ge-
ometriji, a posebno projektivnoj geometriji obrad-enoj sin-
tetičkom metodom.

Mnogo godina kasnije prihvatio se Vilko Niˇce zadatka
da dade ‘prikaz ˇzivota, rada i nauˇcnog razvoja istaknutog
naučnog i kulturnog radnika’ Jurja Majcena, pa je u ‘Radu’
JAZU tiskan 1961. godine i radJuraj Majcen. Dirljivo je
čitati s kolikim poštovanjem piˇse Vilko Niče o Jurju Maj-
cenu. Dozvolite mi da citiram nekoliko karakteristiˇcnih
odlomaka iz tog rada. Iz njih je vidljiv i stav akademika
Ničea prema svom profesoru akademiku Jurju Majcenu
kaočovjeku i znanstvenom radniku, ali i razmiˇsljanja Vilka
Ničea o geometriji, posebno sintetiˇckoj geometriji.

‘Kao posljednji demonstrator Jurja Majcena, a zvao me je
asistentom, ˇsto, naravno, nisam bio, bio sam u prisnom do-
diru s njim do posljednjeg dana. Asistenta u to doba nije
imao.

U četrdeset devetoj godini prekinuta je nit ˇzivota čovjeka
u naponu snage, kojemu su neobiˇcna nadarenost izvan-
redna energija i marljivost omogu´cili da se duboko za-
dubi u ogromno carstvo apstraktnih geometrijskih istina.
Pomoću svog znanja, svoje upravo zapanjuju´ce moći pros-
tornog predoˇcivanja i savršeno izgrad-ene matematiˇcke lo-
gike, postavio je on obiˇcnom ljudskom umu na dohvat cio
niz apstraktnih, ali prirodnih matematiˇckih istina.

Upravo se Majcenu moˇze zahvaliti da je gajenje geome-
trije u Zagrebu postala tradicija. Broj njegovih uˇcenika, a
kasnije zapaˇzenih geometriˇcara, govori o ispravnosti pos-
tojanja zagrebaˇcke geometrijske ˇskole.’
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U nastavku govori Niˇce o Jurju Majcenu kao nastavniku,
ali je za nas mnogo interesantnije sagledati u tome Niˇceov
stav i razmišljanje o geometriji.

’U svojim predavanjima, kako sveuˇcili šnim tako i popu-
larnim, uvodio je Majcen svoje sluˇsače u cio jedan svi-
jet, u svijet za njih novih geometrijskih tvorevina i njiho-
vih med-usobnih odnosa, koje su oni prihva´cali i razumije-
vali u prvom redu pomo´cu psihološke sposobnosti prostor-
nog predoˇcivanja. Svaki geometriˇcar mora priznati da je
upravo sposobnost prostornog gledanja prva temeljna oso-
bina onoga koji ˇzeli postati i biti dobar geometriˇcar.’

U daljnjem tekstu: ’Vrijednost originalnih rezultata, do-
bivenih na novom podruˇcju na svoj naˇcin, ne moˇze se i
ne treba uvijek mjeriti samo nekim matematiˇckim mjeri-
lom. Vrijednost tim rezultatima daje osobit ˇcar i užitak
kod uspješnog njihova postizavanja kad se prodire pomo´cu
precizne matematiˇcke logike i prirod-ene mo´ci prostornog
gledanja u divan sklad zaˇcaranog geometrijskog svijeta.
Matematička logika i moć prostornog gledanja omogu´cuju
ljudskom umu da se nekim, moglo bi se re´ci, gotovo psi-
hološko-kinematiˇckim putem kre´ce u ogromnom bogat-
stvu geometrijskog svijeta i njegovih tvorevina i da na tom
putu otkriva sve novije i sve ljepˇse takve tvorevine i sve
dalji i dublji sklad u njihovoj med-usobnoj povezanosti.’

Nakon konkretnog prikaza jednog rada Jurja Majcena
razmišlja Vilko Niče dalje: ’Vidimo dakle, da se u svakom,
nazovimo to,prodoru u neki novi dio geometrijskog svijeta
pojavljuje cio niz novihširokih vidika, na kojih tajanstvene
putove ljudski um vodi katkad upravo nerazumljiva teˇznja.
Juraj Majcen je majstorski izvodio takveprodore, ostavivši
kasnijim generacijama otvoren put prema tim ˇsirim vidi-
cima iza kojih se krije sve to ve´ce bogatstvo matematiˇckih
istina,što se dalje njihovim putem kre´cemo. Upravo Mja-
cenov radO posebnoj vrsti kubičnog kompleksa izvršio je
ovakvu markantnu pionirsku ulogu.’

Vilko Ni če nije imao ˇzivotnog voditelja u znanstvenom
i nastavnom radu. Time mu se ukazala ve´ca mogu´cnost
vlastitog izbora ˇzivotnog puta. Veliki autoritet Jurja Maj-
cena pomogao mu je ipak da se u nastavnom i znanstve-
nom radu bavi onim za ˇsto je imao najviˇse afiniteta i lju-
bavi: u nastavi nacrtnom geometrijom, a u znanstvenom
radu uglavnom projektivnom geometrijom obrad-enom sin-
tetičkom metodom. I to je ˇcinio s tolikim žarom, otkrivao
je sebi, ali i svima koji smo bili uz njega, odnosno ˇcitali
njegove radove, tolike ljepote u samom radu i rezultatima
koje je postizao, da je bilo gotovo nemogu´ce ne pokuˇsati
poći njegovim stopama. Sretni smo i ponosni ˇsto je vlasti-
tim zalaganjem i prirodnim sposobnostima postao najve´ci
stručnjak svog vremena iz podruˇcja sintetičke projektivne
geometrije i zahvalni smo mu ˇsto je dokazao, zajedno sa
svojim brojnim učenicima, da se tom matematiˇckom disci-
plinom mogu još uvijek elegantno i relativno jednostavno

istražiti mnogi, drugim metodama jedva rjeˇsivi geometrij-
ski odnosi.
Prva tri znanstvena rada Vilka Niˇcea tiskana su 1928.-29.
godine. Nakon toga slijedi pauza od jedanaest godina, da
bi od 1940. do 1982. god. bilo objavljeno joˇs 68 radova.
Praktički je nemogu´ce u nekoliko minuta saˇciniti dublju
analizu svih tih radova. Zajedniˇcka im je osobina sin-
tetička metoda istraˇzivanja, koja omogu´cava čitaocu da
‘vidi’ problem, a isto tako i zorno prati njegovo rjeˇsavanje.
Osim toga, mnogi radovi zavrˇsavaju s primjedbom o joˇs
neriješenim problemima vezanim uz problematiku koja se
obrad-uje u dotičnom radu. Na taj je naˇcin Vilko Ni če ne-
sebično omogu´cavao svima da neposredno nastave njegov
rad,što je nama, njegovim uˇcenicima, bilo posebno drago-
cjeno i plodonosno.
Med-u prvim su radovima razmatrane pravˇcaste plohe 3. i
4. stupnja s jednim ili dva para izotropnih izvodnica, ko-
jih su sjecišta ‘izolirane kruˇzne točke’ tih ploha. Pokazano
je da se kod njihove konstruktivne obrade pomo´cu kružnih
točaka veoma pojednostavljuju grafiˇcki postupci. U mno-
gim se radovima istraˇzuju pramenovi polarnih prostora
kvadrika, te tim pramenovima odred-eni kompleksi zraka.
Vilko Ni če je ustanovio da su svakim pramenom kva-
drika odred-enačetiri takva kompleksa. Jedan od njih, i to
Reyeev tetraedarski kompleks, bio je od ranije poznat i is-
tražen, no Niče je ukazao na joˇs mnoga njegova nepoznata
svojstva. Uoˇcio je, nadalje, da je uz pramen kvadrika vezan
i kompleks koji je na drugi naˇcin definirao i istraˇzivao Ju-
raj Majcen. Učast svom profesoru nazvao je taj kompleks
Majcenovim i odredio joˇs niz njegovih svojstava, odnosno
svojstava ˇsto ih čine razne tvorevine definirane zrakama
tog komlepksa. Definirao je i kompleks normala incident-
nih ploha pramena kvadrika, te odredio njegova svojstva.
Kao najinteresantniji pokazao se ‘kompleks najkra´cih dir-
nih putova’ med-u plohama pramena kvadrika. Uz niz svoj-
stava tog kompleksa koje je odredio Vilko Niˇce, daljnja su
istraživanja pokazala neoˇcekivano bogatstvo osobina ˇsto
ih odred-uju razne tvorevine odred-ene zrakama tog kom-
pleksa. Sretna sam ˇsto sam ta istraˇzivanja nastavila ja, jer
mi je to omogu´cilo da taj nadasve interesantan i u znatni-
jem broju radova istraˇzivani kompleks nazovem, uz privolu
prof. Ničea, ‘Ničeovim kompleksom’, koji je pod tim na-
zivom ušao u matematiˇcku literaturu.
Najjednostavnija i najinteresantnija pravˇcasta ploha stup-
nja većeg od dva jest Pl¨uckerov konoid. U nekoliko radova
pronašao je Niče niz njegovih svojstava, koja su u referal-
nim časopisima bila posebno istaknuta.
Istražen je nadalje pramen koaksijalnih linearnih niˇstičnih
prostora, te pronad-eni novi jednoparametarski sistemi kva-
dratnih i kubičnih ništičnih prostora, kao i njihovi noˇzišni
kompleksi. U više radova obrad-ene su krivulje i plohe do-
bivene poop´cenom kvadratnom inverzijom i cisoidalnim
postupkom. Tu se prvenstveno istraˇzuju plohe koje pro-
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laze apsolutom, a napose one koje duˇz te apsolute dira
izotropni stožac. - U nekoliko radova istraˇzen je skup
svih valjaka jedne kruˇznice u prostoru. Kod toga je is-
traživana npr. kongruencija fokalnih osi hiperoskulacionih
valjaka odnosno kompleks osiju oskulacionih valjaka i sl.
- Istraživani su i sveˇznjevi kvadrika, pa i kompleks zraka
odred-en pramenovima kvadrika unutar sveˇznja.
I iz tog kratkog i nepotpunog prikaza tema koje je
obrad-ivao dr. Vilko Niče vidljivo je koliko je bilo široko
područje kojim se znanstveno bavio. Znao je za joˇs mnogo
problema koji tek traˇze rješenja. Nije ih zadrˇzao za sebe,
već ih je stavio kao ideje na papir. Upoznavao nas je s time
riječima: ‘Djeco, ako ´ce nekome ustrebati,...’
Vilko Ni če je u svom radu bio izuzetno sistematiˇcan i mar-
ljiv. Radio je svakodnevno i prije i poslije podne, ˇcesto i
nedjeljom.
Iako je u struˇcnim krugovima najviˇse poznat kao geome-
tričar-znanstveni radnik, mnogo je viˇse onih koji se sje´caju
profesora Niˇcea kao nastavnika i s ponosom joˇs danas
ističu da su bili njegovi studenti.
I u predavanjima za studente osje´calo se da prof. Niˇce radi
posao koji voli. Bio je poznat kao izvrstan crtaˇc, a sa svo-
jim nenadmaˇsnim prostornim zorom uspio je i komplici-
rane probleme tako zorno pribliˇziti studentima da su oni od
pasivnih slušača postali aktivni sudionici nastavnog pro-
cesa. Mnogi inˇzenjeri zahvaljuju upravo profesoru Niˇceu
što je u njih uspio razviti mo´c prostornog predoˇcivanja,
bez koje ne bi uspjeˇsno mogli obavljati svoju svakodnevnu
praksu.
Uz brojna predavanja na Tehniˇckom fakultetu, gdje je
u poslijeratnom razdoblju bilo upisano i preko tisu´cu
studenata, predavao je prof. Niˇce i na Prirodoslovno-
matematiˇckom fakultetu i Akademiji likovnih umjetnosti
u Zagrebu. Za danaˇsnje pojmove praktiˇcki je neshvatljivo
kako je uza sav nabrojeni posao imao vremena i snage
održati i preko tisu´cu ispita godišnje, i to s krajnjom strp-
ljivo šću. Nastoje´ci zadržati svojčvrsti kriterij, nikada nije
na ispitu povisio glas niti pokazao nervozu.
Kad je 1962. god. zapoˇcela postdiplomska nastava za ge-
ometriju na Prirodoslovno-matematiˇckom fakultetu u Za-
grebu, predavao je prof. Vilko Niˇce nekoliko godina i
na tom studiju. Ve´cina sadaˇsnjih sveuˇcili šnih nastavnika
iz kolegija nacrtna geometrija u SRH tadaˇsnji su njegovi
studenti. Koju godinu kasnije osnovana je postdiplom-
ska nastava za nactnu geometriju pri Arhitektonskom fa-
kultetu u Beogradu. Prof. Niˇce bio je ne samo predavaˇc
nego i sutvorac tog studija, a sluˇsači su bili gotovo iz svih
krajeva Jugoslavije. Moˇzemo kazati da je veoma malen
broj sveučili šnih nastavnika nacrtne geometrije u Jugos-
laviji koji nisu magistrirali ili doktorirali kod akademika
Ničea.
Pogledamo li kroz prozor prema Zrinjevcu, vidjet ´cemo
grb grada Zagreba saˇcinjen od cvijeća. Na njemu su naj-

poznatija otvorena gradska vrata koja simboliziraju i otvo-
reno srce njegovih stanovnika.
Svi oni koji su dolazili u sobu akademika prof. dr. Vilka
Ničeu Kačićevoj 26 mogli su uoˇciti da su vrata njegove
sobe uvijek bila otvorena. Tri sobe nas nacrtnaˇsa su naime
s unutrašnje strane povezane vratima, koja se nisu zatva-
rala. To nije bio samo simboliˇcki znak, nego mnogo viˇse.
Ta otvorena vrata govorila su rjeˇcitije od ičega da smo uvi-
jek dobrodošli. Mogli smo bez ikakvog straha do´ci k pro-
fesoru da s njim podijelimo radost, sre´cu, ali i probleme
i žalost. Za svakoga od nas imao je razumijevanja i vre-
mena. Volio je ljude, ˇzelio je s njima komunicirati, raz-
govarati, imati ih oko sebe. To se pogotovo odnosilo na
nas, njegove uˇcenike i suradnike.̌Cesto smo ga prekinuli u
radu. Nikad nam nije prigovorio.
Šezdesetih godina, kad je ve´cina nas upisala postdiplom-
sku nastavu iz podruˇcja geometrije, sastajali smo se u 11
sati u njegovoj sobi da popijemo kavu. Kava je bila for-
malni razlog sastanka. Svaki takav skup pretvorio se i
mini-seminar iz geometrije. Razgovarali smo o svakodnev-
nim rezultatima naˇsih istraživanja, traˇzenja naˇcina rješenja,
izmjenjivali smo iskustva i sugestije. Teˇsko bi se moglo
naći bolju, plodonosniju, poticajniju, prijatniju atmosferu
od one koja je tih godina vladala u sobi profesora Niˇcea.
Uvjerana sam da je bila jedinstvena. Rad u takvim uvje-
tima morao je uroditi plodom.
Dr. Niče je, kao ˇsto je spomenuto, predavao i na postdi-
plomskom studiju za nacrtnu geometriju u Beogradu. Po-
laznici tog studija ˇcešće su navra´cali u Zagreb zbog kon-
zultacija odnosno polaganja ispita. I njih je prof. Niˇce pri-
glio kao i nas. Svi koji ga spominju govore u prvom redu
o njegovom velikom srcu.
Svima nama koji smo ga bolje poznavali usadio je osim
ljubavi za svakodnevni nastavniˇcki rad, interes, stvaralaˇcki
poticaj, samopouzdanje i ponovno ljubav za znanstveni
rad, ali i ono najvrednije, spoznaju da je postojao ˇcovjek u
punom i pravom smislu te rijeˇci. Bio je to akademik Vilko
Niče.”

Popis radova Vilka Niˇcea dajemo takod-er premaSpome-
nici.

Znanstveni radovi
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[16] Četverostruki fokus unikurzalnih cirkularnih krivulja
3. reda i neki osobiti pramenovi tih krivulja. RAD
JAZU, 271, (1947), 3-12.

[17] O cirkularnim krivuljama 4. reda roda nultog s ne-
izmjerno dalekom dvostrukom toˇckom. RAD JAZU,
271, (1947), 23-31.

[18] O hiperoskulacionim kruˇznim valjcima jedne
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[47] Ergenzände Beiträge zum Majcenschen kubischen
Srahlkomplex. RAD JAZU, 325, (1962), 106-125.

[48] Juraj Majcen, RAD JAZU, 325, (1962), 48-125.

[49] Novi prilozi Reyeovim tetraedralnim kompleksima,
BULLETIN mat. fiz. SRS 14, (1962), 125-130.
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[55] Über die kürzesten Tangentialwege zwischen den
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Sto godina po rod-enja Vilka Ničea naˇsla sam se u situaciji
da začasopis “KoG”, kao jedna od njegovih urednica, pri-
redim prigodni tekst. Uˇcinila sam to najbolje ˇsto sam u
ovom trenutku znala. Kad sam se zapitala u ˇcije ja to ime
uzimam sebi pravo ovdje neˇsto pisati, te tko su ti ljudi koji
na različite načine vide Vilka Ničea kao svoga uˇcitelja, ni-
sam mogla do kraja sagledati tu zajednicu. Ona je mala
ili velika, razjedinjena ili jedinstvena, ovisno o tome kako
se na nju gleda, a iz svog kuta gledanja ne mogu sa si-
gurnošću reći da li se pove´cava ili smanjuje. Svakako pos-

toji i ja joj pripadam. Onima kao ˇsto sam ja, koji nisu
imali prilike osjetiti neposredno ljudsko djelovanje profe-
sora Ničea, ostavio je literaturu na naˇsem jeziku, za nas
je prevodio s drugih jezika, skupljao vaˇzne knjige i osta-
vio neštošto sam oduvijek nazivalaNičeovom knjižnicom.
Ovom prigodom pozivam sve ˇclanove naˇse zajednice da
na stogodiˇsnjicu rod-enja Vilka Ničea zajedniˇckim snagama
nad-emo najbolje rjeˇsenje za to da knjige i ˇclanke koje nam
je učitelj baštinio učinimo dostupnima svima koji ih ˇzele
čitati i u ovom stolje´cu.
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Originäre wissenschaftliche Arbeit

Angenommen am 04.04.2002

DANIEL LORDICK

Schattengrenzen krummer Flächen –
Drehflächen, Schraubrohrfläche und
Meridiankreisschraubfläche

Rastavnice oblih ploha - rotacijskih i zavojnih ci-
klǐckih

SAŽETAK

Uobičajeno je da se tangenta t na rastavnicu e oble plohe
Φ konstruira na temelju činjnice da su t i zraka svetlosti l
par konjugiranih dijametara tzv. DUPINOVE indikatrise u
promatranoj točki P. Ovaj rad opisuje drukčiji pristup kon-
strukciji takve tangente: rastavnica e definira se kao pro-
dorna krivulja plohe Φ i specijalne pravčaste plohe Ψ koja
ovisi o Φ i snopu zraka svetlosti. Ψ se uvodi kao pridružena
pravčasta ploha duǩrivulje e. Taj pristup omogućuje jedno-
stavnu, linearno i globalno primjenjivu konstrukciju tan-
gente t za rotacijske i zavojne plohe, na način nacrtne
geometrije. Metoda je takod-er prikladna za klizne plohe
isto kao i za centralnu rasvjetu. U nekim je slučajevima
ploha Ψ pravčasta kvartika.

Ključne riječi: Dupinova indikatrisa, oble plohe, pravčaste
plohe, sjene

Shade Lines of Curved Surfaces - Rotational and
Helical Circular Surfaces

ABSTRACT

Typically a tangent t to the shade line e of a curved surface
Φ is constructed by making use of the fact that t and the
light ray l form a pair of conjugate diameters of the so-called
DUPIN-indicatix of Φ at an investigated point P. This ar-
ticle describes a very different approach to developing such
a tangent: The shade line e is defined as the intersection
of Φ and a special ruled surface Ψ, which depends both
on Φ and on the bundle of light rays. Ψ is introduced as
accompanying ruled surface along e. This approach allows
a simple, linear and globally applicable construction of t
for rotational and helical surfaces by means of descriptive
geometry. The method is also suitable for translation sur-
faces as well as for central illumination [4]. In a few cases
Ψ is a ruled quartic.

Key words: curved surface, Dupin-indicatrix, ruled sur-
face, shades and shadows

MSC 2000: 51M99, 51N05, 53A05

Der Artikel führt kurz in dieBegleitregelflächenmethode
zur Konstruktion von Tangenten an die Eigenschattengren-
zen krummer Fl¨achen ein und zeigt anschließend ihre An-
wendung auf Drehfl¨achen, Schraubrohrfl¨ache und Meridi-
ankreisschraubfl¨ache. Weitere Einzelheiten werden in [4]
dargestellt. Dort sind, neben der Behandlung der Schieb-
flächen und des Torus bei Zentralbeleuchtung, insbesonde-
re die Begleitregelfl¨achen selbst Gegenstand der Untersu-
chung.

1 Begleitregelflächenmethode

Nur auf regulären krummen Fl¨achenst¨ucken kann ei-
ne Eigenschattengrenze auftreten, die in Abh¨angigkeit
von der Lichtrichtung variiert. F¨ur die zu untersuchen-

den Flächenst¨ucke wird deshalb vorausgesetzt, dass sie
nicht eben sind und zu jedem Fl¨achenpunkt genau ei-
ne Flächennormale existiert. Außerdem beschr¨anken wir
uns vorerst auf den Fall der Parallelbeleuchtung (Abb.
1). Die Lichtrichtung wird so angenommen, dass keine
Flächengebiete in so genanntemStreiflicht existieren.

e

P t

n

l

l

Abb. 1
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Punkte der Eigenschattengrenze e einer Fl¨acheΦ erhält
man mit

Satz 1 Bei Parallelbeleuchtung ist die Eigenschatten-
grenze einer regulären krummen Fläche der Ort jener
Flächenpunkte, in denen die Flächennormalen zur Licht-
richtung normal sind.

Die Flächennormalen l¨angs e erf¨ullen einekonoidale Re-
gelfläche Ψ, deren Richtebene zur Lichtrichtung normal ist
(Abb. 2). Wenn e regul¨ar ist, was wir voraussetzen wollen,
mussΨ in einem Umgebungsstreifen von e ebenfalls re-
gulär sein.

e

P

n

t

l

σ

Abb. 2

Mit Ψ liegt eine Hilfsfläche vor, dieΦ in e (normal) schnei-
det. In jedem Punkt von e kann die Tangente an e folg-
lich als Schnittgerade der entsprechenden Tangentialebe-
nen vonΦ und Ψ konstruiert werden. Im Wesentlichen
läuft das darauf hinaus, dass gewisse Tangentialebenen von
Ψ unter Ausnutzung derBerührkorrelation verfügbar ge-
macht werden m¨ussen.

Mit dem Ziel, eine konstruktiv leicht beherrschbare Re-
gelfläche durch e zu erhalten, kann es gelegentlich, etwa
bei Schiebflächen, sinnvoll sein, eine andere als die Nor-
malenfläche zu betrachten. Wir ber¨ucksichtigen das durch
folgende Bezeichnung:

Def. 1 Eine durch Geraden erzeugte Hilfsfläche, die eine
krumme Fläche Φ längs der Eigenschattengrenze von Φ
schneidet, heißt eine Begleitregelfläche der Eigenschatten-
grenze.

Sind die Erzeugenden der Begleitregelfl¨acheΨ Flächen-
normalen vonΦ, so istΨ der Schnitt der Normalenkongru-

enz vonΦ mit demplanaren Normalenkomplex der Licht-
richtung. Bleibt die Lichtrichtung konstant, so istΨ auch
Begleitregelfläche aller Parallelfl¨achen vonΦ.

2 Tangenten an die Eigenschattengrenzen
von Drehflächen

Bei jeder DrehflächeΦ ist die Normalenkongruenz eine
Untermenge des Geb¨usches durch die Drehachse a. Jede
Begleitregelfläche vonΦ liegt somit in der Schnittkon-
gruenz dieses Geb¨usches mit dem Normalenkomplex der
Lichtrichtung. Weil beide Komplexe ersten Grades sind,
erfüllt die Schnittkongruenz im Allgemeinen ein hyperbo-
lisches Netz mit den Netzachsen a und l∞, der Ferngeraden
der Normalebenen zur Lichtrichtung ([5] S. 5 ff). Wenn die
Lichtrichtung zu a normal ist, zerf¨allt das Netz und erf¨ullt
eine Meridianebene.

Satz 2 Die Begleitregelfläche einer Drehfläche bei Paral-
lelbeleuchtung ist im Allgemeinen eine Netzfläche mit der
Drehachse als Leitgerade und einer zur Lichtrichtung nor-
malen Richtebene, das heißt sie ist ein schiefes Konoid.

Nur beim Torus hat die Normalenkongruenz neben a eine
zweite einfache Leitkurve, den Mittenkreis m. Die Begleit-
regelfläche des Torus ist folglich eine Netzfl¨ache durch m
und wegen der gegenseitigen Lage von a, l∞ und m von
viertem Grad und siebter STURMscher Art (Abb. 3).

l a

m

ν

Ψ

Φ

Abb. 3
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In der Regel weist die Normalenkongruenz einer Dreh-
fläche Φ anstelle von m eine koaxiale Leitdrehfl¨ache
(Brennfläche)Θ auf. Der Meridian vonΘ ist die Evolu-
te des Meridians vonΦ. Jede Begleitregelfl¨acheΨ von Φ
berührt Θ längs einer Raumkurve, deren Drehriss ein Teil
der Evolute ist.

Durch die Leitgerade a, die Ber¨uhrung mitΘ sowie die
Fernleitgerade l∞ sind zu jeder Erzeugenden n vonΨ in
drei verschiedenen Punkten die Tangentialebenen gege-
ben, mit deren Hilfe die Ber¨uhrkorrelation längs n ver-
vollständigt werden kann. Dabei wird die Tangentialebene
im Berührpunkt M von n mitΘ durch n und die Breiten-
kreistangente in M aufgespannt. Zugleich ist M der Mittel-
punkt des Meridiankr¨ummungskreises im zu n geh¨orenden
Flächenpunkt P vonΦ. Für die Vervollständigung der
Berührkorrelation ist demnach unerheblich, welche Eigen-
schaftenΘ besitzt. Die Konstruktion ist durchf¨uhrbar, so-
bald zu jedem untersuchten Punkt vonΦ ein Meridian-
krümmungskreis bekannt ist.

Wenn offensichtlich die Festlegung der Ber¨uhrkorrelation
längs einer Erzeugenden vonΨ − und damit verbunden
die Konstruktion der Tangente an die Eigenschattengren-
ze− nur von der Meridiankr¨ummung und der Drehachse
a sowie l∞ abhängig ist, kannΦ lokal durch einen entspre-
chenden Torus und seine Begleitregelfl¨ache ersetzt werden.
Bekanntlich gilt:

Längs des Breitenkreises durch einen allgemeinen Punkt
P einer Drehfl¨ache Φ1 wird Φ1 von einem koaxia-
len TorusΦ2 oskuliert, dessen Meridian der Meridian-
krümmungskreis vonΦ1 in P ist. Das heißt in P stimmt das
SchattengrenzenverhaltenvonΦ1 undΦ2 jedenfalls bis zur
ersten Ordnung ¨uberein. Wir begn¨ugen uns deshalb damit,
den Torus bez¨uglich seiner Eigenschattengrenze n¨aher in
Augenschein zu nehmen.

Torus

Zu einem allgemeinen Punkt P der Eigenschattengrenze
e eines TorusΦ soll die Tangente t von e im Normalriss
in der Lichtmeridianebene, kurzLichtmeridianriss, kon-
struiert werden (Abb. 4). Die Fl¨achennormale n durch P
ist eine Erzeugende der Begleitregelfl¨acheΨ von Φ längs
e. Die gesuchte Tangente t ist die Schnittgerade der Tan-
gentialebenenτ von Φ und σP von Ψ in P. Es ist darum
sinnvoll, die Berührkorrelation längs n direkt inτ zu ver-
vollständigen.

Zuerst ben¨otigt man die Spuren der drei bekannten Tan-
gentialebenen von n inτ. Das Bild der Spur s∞ der asym-
ptotischen Ebene f¨allt in der gewählten Aufstellung in den
Meridianriss von n. Die Spur der TangentialebeneσM in
M, die durch n und den Mittenkreis m aufgespannt wird,
ist die Breitenkreistangente tb in P. Die Tangentialebene
σN im Schnittpunkt N von n mit der Drehachse a schneidet
τ in der Meridiantangente tk.

l''

a''

n''=s∞''

tk''
g*''

m''

X'' tb''

M''

M*''

e''e''

t''

N''

T''=N*''

P''

P*''

τ
σM

σN

Ψ

Φ

Abb. 4

Der Berührpunkt der asymptotischen Ebene ist der Fern-
punkt von n. Damit l¨auft die Konstruktion auf eine Teil-
verhältnisübertragung, etwa mittels geeigneter Perspekti-
vität (Strahlensatz), hinaus. Auf einer Hilfsgeraden g∗ in
τ parallel zu s∞, die durch den Schnittpunkt T von tk und
a gelegt werden kann, liegen die Schnittpunkte N∗ := T ,
M∗ := g∗ ∩ tb und P∗ := g∗ ∩ t, deren Teilverh¨altnis
TV(N∗,M∗,P∗) mit TV(N,M,P) übereinstimmt. Somit ist
der Strahlenschnittpunkt X := NN∗ ∩MM ∗ ein Punkt der
gesuchten Tangente t.

Wenn man beachtet, dass M und N die Haupt-
krümmungsmittelpunkte und tk sowie tb die
Krümmungstangenten von P sind, so f¨uhrt das auf fol-
genden allgemeinen

Satz 3 In einem Punkt P der Eigenschattengrenze e ei-
ner krummen Fläche schneiden die Tangente t von e und
die Krümmungstangenten t1 und t2 aus jeder in der Tan-
gentialebene von P befindlichen und zum ber ührenden
Lichtstrahl in P orthogonalen Geraden g∗ mit P /∈ g∗ je-
nes Teilverhältnis aus, das dem Teilverhältnis von P und
den Hauptkrümmungsmittelpunkten K1 und K2 auf der
Flächennormalen in P entspricht: Es ist mit P∗ := g∗ ∩ t,
K∗

1 := g∗ ∩ t2 und K∗
2 := g∗ ∩ t1 dann TV(P,K1,K2) =

TV(P∗,K∗
1,K

∗
2).
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Dieser Satz gilt unver¨andert auch bei Zentralbeleuch-
tung. Man beachte aufmerksam, dass K∗

1 auf der
Krümmungstangente von K2 liegt und K∗2 auf t1.

Betrachten wir erneut den Lichtmeridianriss des TorusΦ
(Abb. 5): In denÄquatorpunkten vonΦ vereinfacht sich
die Teilverhältnisübertragung zur Konstruktion der Tan-
genten an die Eigenschattengrenze e vonΦ durch die
direkt ablesbare Lage der Kr¨ummungstangenten. Außer-
dem ist das jeweilige Teilverh¨altnis der Äquatorpunkte
mit den Krümmungsmittelpunkten im Hauptmeridian ge-
geben. Mit wenigen Linien erh¨alt man so die Tangenten
im elliptischen und im hyperbolischen Punkt Pe bzw. Ph.

l''

a''

te''th''

g*''

(M)=M*''

Pe*''

Pe'',Ph'',M'',N'',n''
(Pe)

(Ph)

N*''

m''=(n)

e''

Abb. 5

Diese Konstruktion kann mit jener abgeglichen werden,
die längs desÄquators oskulierende Drehquadriken ein-
setzt (Abb. 6, vgl. [6] und [2] S. 305; m¨ogliche Umrisskon-
struktionen der Drehquadriken sind gestrichelt wiederge-
geben). Bekanntlich bilden sich der ber¨uhrende Lichtstahl
l und die Tangente t an die Eigenschattengrenze auf ein
Paar konjugierter Durchmesser des Umrisses der oskulie-
renden Drehquadrik ab. Daraus folgt eine elementare Kon-
struktion konjugierter Durchmessergeraden bei Ellipse und
Hyperbel.

Satz 4 Die zu einer Durchmessergeraden l konjugierte
Durchmessergerade einer Ellipse oder Hyperbel schnei-
det die durch einen Scheitelkrümmungsmittelpunkt gelegte
Normale zu l in einem Punkt der zugehörigen Scheiteltan-
gente.

Eine Umkehrung von Satz 4 ist die ¨ubliche Scheitel-
krümmungskreiskonstruktion der Ellipse aus dem Tangen-
tenrechteck. Schließlich sind die Diagonalen im Rechteck
zueinander konjugierte Durchmesser der Ellipse. Bei der
Hyperbel wiederum ist der zu einer Asymptoten konjugier-
te Durchmesser die selbe Asymptote.

Ph

l

te

th

l

Pe

Abb. 6

3 Tangenten an die Eigenschattengrenzen
von Schraubflächen

Auch die Normalenkongruenz einer Schraubfl¨ache geh¨ort
einem linearen Komplex an, dem Normalenkomplex der
Schraubung, kurzGewinde. Folglich sind die Begleitre-
gelflächen von Schraubfl¨achen bez¨uglich Parallelbeleuch-
tung ebenfalls Netzfl¨achen. Wie zuvor bei den Drehfl¨achen
gehört eine Netzachse, die Ferngerade l∞, zum Norma-
lenkomplex der Lichtrichtung. Die zweite Netzachse wird
durch Einsatz des Drehfluchtprinzips greifbar. Schließ-
lich schneiden alle Fl¨achennormalen l¨angs der Eigenschat-
tengrenze einer Schraubfl¨ache bei Parallelbeleuchtung die
Achsenparallele l0 durch denDrehfluchtpunkt der Licht-
strahlen (vgl. [7] S. 173 f). Das Netz ist im Allgemeinen
hyperbolisch. Wird die Lichtrichtung jedoch normal zur
Schraubachse a angenommen, so fallen die Netzachsen zu-
sammen in eine a treffende Ferngerade l∞. Es liegt dann ein
parabolisches Netz vor, bei dem die Projektivit¨at längs l∞
durch das Gewinde induziert wird.

Satz 5 Die Begleitregelfläche einer Schraubfläche ist im
Allgemeinen eine Netzfläche mit einer achsenparallelen
Leitgeraden durch den Drehfluchtpunkt der Lichtstrah-
len und einer zur Lichtrichtung normalen Richtebene, das
heißt sie ist ein schiefes Konoid.
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Dies impliziert Satz 2 zu den Drehfl¨achen: Wenn der
Schraubparameter null ist, fallen alle Drehfluchtpunkte in
die Drehachse.

(1) (2) (3) (4) (5)

Abb. 7
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Schraubrohrfläche

Die einzige Schraubfl¨ache, deren Normalenkongruenz ei-
ne Leitkurve aufweist, ist die Schraubrohrfl¨ache (Abb. 7).
Jede Begleitregelfl¨acheΨ einer Schraubrohrfläche Φ ist
folglich durch drei konstruktiv leicht beherrschbare Leit-
kurven gegeben: Die zwei Netzachsen (getrennt oder zu-
sammenfallend) und die Mittenschraublinie m (Abb. 8).
Für die Vervollständigung der Ber¨uhrkorrelation ist folgen-
des bemerkenswert:

Bei jeder Erzeugenden n vonΨ schneidet die Tangen-
tialebene in N := n∩ l0 durch n undl0 die zugeh¨orige
Tangentialebeneτ von Φ in einer Falltangente (es wird
von lotrechter Aufstellung der Schraubachse ausgegan-
gen). Die Tangentialebene in M, die durch n und die
Schraubtangente im Schnittpunkt von n und m aufge-
spannt wird, schneidetτ nach einer Kr¨ummungstangente.
Nach Festlegung der Ber¨uhrkorrelation kann durch Teil-
verhältnisübertragung und unter R¨uckgriff auf Satz 3 der
zweite Hauptkr¨ummungsmittelpunkt auf n bestimmt wer-
den. In Abb. 9 erfolgt die Tangentenkonstruktion f¨ur einen
allgemeinen Punkt P der Eigenschattengrenze e vonΦ im
Lichtmeridianriss.
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Abb. 10

Meridiankreisschraubfläche

Die Meridiankreisschraubfl¨ache unterscheidet sich vom
Torus dadurch, dass der Meridiankreis statt einer Drehung
eine Schraubung erf¨ahrt (Abb. 10). Allerdings zieht die-
se kleine Modifikation einige konstruktive Schwierigkei-
ten bei der Festlegung der Begleitregelfl¨ache nach sich.
Um diese in den Griff zu bekommen, untersuchen wir
zuerst die Normalenkongruenz der Meridiankreisschraub-
flächeΦ:

Die Flächennormalen l¨angs eines erzeugenden Kreises k
von Φ sind Gewindegeraden und geh¨oren zugleich dem
Gebüsch durch die Drehachse ak von k an. Das Gewin-
de und ak bestimmen ein Netz. Solange die Geb¨uschachse
ak keine Gewindegerade ist, sind die Netzachsen reell ge-
trennt und das Netz ist hyperbolisch. Andernfalls ist das
Netz parabolisch. Die Normalenfl¨acheΨk längs k wird
demnach durch zwei Leitgeraden und den Leitkreis k
festgelegt. Diese Feststellung kann auf alle Kreisschraub-
flächen ausgeweitet werden und gilt auch bei Drehung
bzw. Schiebung:

Satz 6 Die Normalenfläche längs eines erzeugenden Krei-
ses einer zyklischen Bewegfläche ist im Allgemeinen eine
Regelfläche vierten Grades siebter STURMscher Art.

Für ein weiteres Vorgehen ist es n¨otig, die zweite Leitge-
rade vonΨk aufzusp¨uren: Genau wie die Meridiankreis-
schraubfläche istΨk zu jener Durchmessergeraden d von k
axialsymmetrisch, welche die Schraubachse a orthogonal

schneidet. Somit ist d die Doppelerzeugende vonΨk und
die gesuchte Leitgerade q0 normal zu d.

Weil q0 zur Doppelkurve vonΨk gehört, schneiden sich die
Flächennormalen paarweise in Punkten von q0. Greift man
zwei solche Erzeugende n1 und n2 heraus, deren Schnitt-
punkte P1 und P2 mit k auf einem Durchmesser von k lie-
gen, so spannen sie eine Ebene durch ak auf. Diese Ebe-
ne schneidet die zu d normale Meridianebeneϕ in einer
Höhenlinie (Abb. 11). Zugleich m¨ussen die Grundrissbil-
der von n1 und n2 durch den gemeinsamen Drehflucht-
punkt T+ der zueinander parallelen Kreistangenten in P1

und P2 verlaufen. Daraus folgt: n1 und n2 schneidenϕ in
einem gemeinsamen Punkt Q und q0 befindet sich inϕ.
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Die Tangentialebenen vonΦ in den Endpunkten des zu
a parallelen Durchmessers von k sind zueinander paral-
lel. Demnach sind auch die Erzeugenden vonΨk in diesen
Punkten zueinander parallel und schneiden sich im Fern-
punkt von q0. Weil die Bahnkurven der betreffenden Punk-
te von k zur Mittenlinie m vonΦ kongruent sind, kann for-
muliert werden:

Satz 7 Die Normalenfläche längs eines erzeugenden Krei-
ses einer Meridiankreisschraubfläche besitzt neben der
Drehachse des Kreises eine zweite Leitgerade, nämlich die
Schnittgerade der Bahnnormalebene des Kreismittelpunk-
tes mit der zur Kreisebene normalen Meridianebene.
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Wird Ψk derselben Schraubung wie k unterworfen, so ent-
steht als H¨ullfl äche der Schraublagen vonΨk die Schraub-
flächeΘ. Folglich istΘ die Brennfläche der Normalenkon-
gruenz vonΦ. In jeder Schraublage vonΨk berühren sich
Ψk undΘ längs einer immer gleichen Fl¨achenkurve c von
Ψk, dieEingriffslinie oderCharakteristik genannt wird ([3]
S. 194). Verschraubt man c, so entstehtΘ. Die gemein-
samen Tangentialebenen vonΨk undΘ längs c enthalten
demnach jeweils eine Bahntangente der Schraubung.

Jede Begleitregelfl¨acheΨ von Φ berührt die Brennfläche
Θ der Normalenkongruenz vonΦ längs einer nicht n¨aher
spezifizierten Kurve. Jede Erzeugende n vonΨ gehört
jedoch auch einer Schraublage vonΨk an, weshalb der
Berührpunkt K von n mitΘ auf c liegt. Für die Ver-
vollständigung der Ber¨uhrkorrelation wird es also darum
gehen, K∈ c aufΨk zu bestimmen.̈Uber die Schraubtan-
gente in K und unter R¨ucksicht auf Satz 5 sind dann drei
Tangentialebenen l¨angs n bekannt. Um den konstruktiven
Zugang zu vereinfachen bietet es sich an, analog zum Be-
griff Zirkularprojektion ([7] S. 68), den BegriffSchraub-
projektion einzuführen. Dies geschieht allerdings nicht mit
dem Ziel, eine Abbildung zu produzieren, die dann allge-
mein Schraubriss heißen k¨onnte, sondern um die Kontur
von Ψk unter Schraubprojektion zu untersuchen. Schließ-
lich stimmt diese Kontur mit der Charakteristik c ¨uberein.

Def. 2 Eine Abbildungsvorschrift, deren Projektionslinien
die Bahnkurven einer Schraubung um die Achse a mit dem
Schraubparameter p sind, heißt Schraubprojektionum die
Achse a mit dem Schraubparameter p. Ein Punkt K ei-
ner Fläche heißt Konturpunkt bez¨uglich Schraubprojek-
tion, wenn die Tangentialebene in K die Schraubtangente
von K enthält.

Jeder Punkt einer Schraubfl¨ache ist ein Konturpunkt
bezüglich Schraubprojektion (zur selben Schraubung). Un-
ter Zuhilfenahme des Drehfluchtprinzips wird Def. 2 auch
bei anderen Fl¨achen erf¨ullt, wenn die Drehfluchtspur der
Tangentialebene von K den Grundriss von K enth¨alt. Die-
sen bekannten Sachverhalt lesen wir als

Satz 8 Fällt in einem Punkt K einer Fläche der Grund-
riss der Flächennormalen in die Drehfluchtspur der Tan-
gentialebene von K, so ist K ein Konturpunkt bezüglich
Schraubprojektion.

Das kann nun folgendermaßen ausgenutzt werden: Die
Drehfluchtspuren aller Tangentialebenen l¨angs einer Er-
zeugenden n der Normalenfl¨acheΨk enthalten den Dreh-
fluchtpunkt N+ von n. Die Flächennormalen l¨angs n bil-
den dagegen einNormalenparaboloid Γ ([5] S. 69). Im
Grundriss h¨ullen die Bilder der Fl¨achennormalen l¨angs
n in der Regel eine Umrissparabel u’ ein ([7] S. 29).

Flächennormalen vonΨk durch Konturpunkte bez¨uglich
Schraubprojektion zeigen sich im Grundriss folglich als
Tangenten aus N+ an u’. Dafür gibt es zu jeder Erzeugen-
den vonΨk im algebraischen Sinne zwei L¨osungen.

Wir werden nun die Umrissparabel u’ von Γ im Grundriss
unter Hinweis auf ihre Leitlinie und mithilfe eines Parabel-
punktes mit Tangente bestimmen. Dazu ist es n¨otig, zuerst
ein BerührparaboloidΓB längs n festzulegen (Abb. 12 am
Hauptmeridiankreis k):

Setzt man die Leitgeraden q0 und ak von Ψk als Erzeu-
gende vonΓB ein, so ist die Richtebene vonΓB grund- und
aufrissprojizierend. In P findet man eine weitere Erzeugen-
de gP von ΓB über die TangentialebeneσP von Ψk. Die
TangentialebeneσP wird durch n und die Kreistangente tk

aufgespannt. Eine H¨ohenlinie hP vonσP verläuft durch den
Schnittpunkt von tk mit der Doppelerzeugenden d und den
Schnittpunkt von n mit ak.

ak''
gP''

gP'

gB'

hP'

hB'

nP'

ak'

q0'

a'=D'

Q''

a''=q0''

n''

tk''

n'=nB'

N+

Nc

T+=Q'

k''

d''=h''

k' d'

h' B'

B''

p

C''

O''

P'

P''

D''

π1''

Abb. 12

17



KoG•6–2002 D. Lordick: Schattengrenzen krummer Fl¨achen - Drehfl¨achen, Schraubrohrfl¨ache ...

Besonders n¨utzlich für das weitere Vorgehen ist die hori-
zontale Erzeugende h vonΓ B aus der Schar von n. Sie be-
findet sich in der H¨ohenebene durch ak und schneidet q0
im Fußpunkt D von d sowie gP im Schnittpunkt von gP mit
hP. Die Erzeugende h ist deshalb so wertvoll, weil die Leit-
linie von u’ in h’ fällt. Dies wird in [4] S. 188 f, 191 und194
f begründet.

Um einen Punkt B’ von u’ und die dazugeh¨orige Tangente
n’B zu erhalten, suchen wir den Konturpunkt B vonΓ zu
n auf. Dabei muss das Grundrissbild der Fl¨achennormalen
nB von Ψk (undΓB) in B (mithin eine Erzeugende vonΓ)
mit n’ zur Deckung kommen. Das heißt die Grundrissbil-
der aller Höhenlinien der TangentialebeneσB von ΓB in
B müssen zu n’ orthogonal sein. Legt man eine solche
Höhenlinie hB durch den Schnittpunkt von n mit ak vor,
so trifft hB die horizontale Erzeugende h in einem Punkt
jener Erzeugenden gB vonΓB, die n im Berührpunkt B von
σB schneidet (Abb. 12).

Im Wesentlichen ben¨otigt man außer der Leitlinie h’ noch
den Brennpunkt F von u’ (Abb. 13). Dabei ist n’= n’B
Symmetriegerade zu F und dem Fußpunkt des Lotes aus
B’ zu h’.

ak'

gB'
hB'

n'=nB'
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F

Abb. 13

Zu guter Letzt werden jetzt die Parabeltangenten n’K1 und
n’K2 aus N+ an u’ konstruiert ([1] S. 208 f). Ein Hilfs-
kreis um N+ durch F schneidet h’ in den Gegenpunkten
G1 und G2 (Abb. 14). Die Geraden FG1 und FG2 sind zu
n’K1 bzw. n’K2 normal. Nach Satz 8 sind n’K1 und n’K2 die
Grundrissbilder der Fl¨achennormalen nK1 und nK2 vonΨk
in den Konturpunkten K1 und K2 bezüglich Schraubpro-
jektion auf der Erzeugenden n vonΨk. (Die Konturpunkte
bezüglich Schraubprojektion auf der Doppelerzeugendend
vonΨk werden in [4] S. 198 gesondert behandelt.)

Die Konstruktion der Tangente an die Eigenschattengren-
ze e der Meridiankreisschraubfl¨acheΦ in einem Punkt P
von e läuft nun wieder auf eine Teilverh¨altnisübertragung
in der Tangentialebeneτ von P hinaus. Dabei ist folgender
Zusammenhang erw¨ahnenswert:

In P spannen die Bahntangente von P und die Meridian-
kreistangente tk die Tangentialebeneτ auf. Die Erzeugende
n der Begleitregelfl¨ache längs e durch P ist Bahnnormale
zu jedem ihrer Punkte. Folglich sind auch die Bahntangen-
ten in den Konturpunkten bez¨uglich Schraubprojektion zu
τ parallel.

K2'

B'

K1'

G1'

ak'

q0'

a'=D'

n'=nB'

nK1'

nK2'h'

N+

T+=Q'

k'

u'

F

P'

G2'

Abb. 14

Schlussbemerkungen

Um Tangenten an die Eigenschattengrenzen krummer
Flächen in den Griff zu bekommen wird in der Regellokal
das Instrumentarium der konstruktiven Differentialgeome-
trie eingesetzt. Dabei werden Zusammenh¨ange quadrati-
scher Form ausgenutzt. Dagegen erfasst die hier vorgestell-
te Begleitregelflächenmethode Eigenschattengrenzenglo-
bal als Schnittkurven und f¨uhrt zu linearen L¨osungen.
Die Methode greift, sobald man die Normalenkongru-
enz der untersuchten Fl¨ache konstruktiv beherrscht. Bei
nächster Gelegenheit soll erg¨anzend vorgef¨uhrt werden,
dass auch der Einsatz solcher Begleitregelfl¨achen sinn-
voll sein kann, deren Erzeugenden im Allgemeinen keine
Flächennormalen sind.

Irgend zwei Lagen einer Kurve im Raum lassen sich
stets durch eine Schraubung ineinander ¨uberführen ([7]
S. 158). Diese fundamentale Eigenschaft der Schraubung
muss auch f¨ur zwei benachbarte Lagen der erzeugenden
Kurve k einer allgemeinen Bewegfl¨acheΦ gelten, wo-
raus folgt: Ist P ein Punkt der Eigenschattengrenze von
Φ, so kann immer eine Kreisschraubfl¨ache gefunden wer-
den, dieΦ in P oskuliert und deren erzeugender Kreis der
Krümmungskreis von k ist. Bei der Betrachtung der Me-
ridiankreisschraubfl¨ache wurde bereits skizziert, dass jede
Kreisschraubfl¨ache mit der Begleitregelfl¨achenmethodeer-
fasst wird. Konstruktiv ist das mit einigem Aufwand ver-
bunden. Es bleibt zu vergleichen, ob hier der Einsatz der
DUPINschen Indikatrix nicht zweckmäßiger ist.

Für Bewegflächen, insbesondere f¨ur die vorgeführten Spe-
zialfälle, ist dieBegleitregelflächenmethode auch zur Be-
stimmung vonIsophotentangenten verwendbar und kann
gelegentlich zu durchaus einfachen Konstruktionen Anlass
geben.
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SAŽETAK

U radu je dan algoritam koji teoretski omogućuje izvod-enje
metoda za klasifikaciju periodičkih popločavanja u svakoj
dimenziju. Pomoću toga se može provjeriti raniji rezulatat
dan u radu (e. g. [BM98, BM00]). Primjenom algoritma
prikazana je potpuna klasifikacija neizomorfnih trodimen-
zionalnih D−grafova s 5 elemenata.

Ključne riječi: Delaney-Dress simbol, popločavanje u
n-dimenzijama

Construction of D-Graphs Related to Periodic
Tilings

ABSTRACT

This paper presents an algorithm which allows to derive
classification methods concerning periodic tilings in any di-
mension, theoretically. By the help of this, one can check
former results of the topic (e. g. [BM98, BM00]). An
implementation of the algorithm yields the complete enu-
meration of non-isomorphic three-dimensional D−graphs
with 5 elements, given as illustration.

Key words: Delaney-Dress symbol, tiling in n-dimensions

MSC 2000: 52C22, 57N16, 68R99

1 Introduction

The paper contains the description of an algorithm by
which one can solve combinatorial classification prob-
lems for tilings in any dimension. The method is based
on the well-known concept of Delaney-Dress symbol (or
D−symbol, shortly, suggested by E. Moln´ar). This is noth-
ing but a concise representation of the combinatorics and
periodicity of a tiling. The symbol consists of a colored
graph (D−graph) and a matrix function. The theory has
been elaborated for the 2-dimensional case in more de-
tails (see e. g. [DS84], [DHZ92], [Hus93], [BH96]), how-
ever, beside results ([DHM93], [Mol96], [Del95], to name
a few) there are a lot of open questions in higher dimen-
sions.

In the following we shall briefly recall the points that are
necessary to understand the algorithm. Helping the visual
imagination we parallelly work out a spatial example.

Assume that a groupΓ acts from the right discretely on
a d−dimensional, simply connected manifoldX d in such
a way that one can find aΓ−equivariant cell decompo-
sition. That is, if we denote the set of cells byT , then
T = T γ := {Aγ : A∈ T } holds for allγ∈ Γ. The elements

of T are the so-calledcells. Every point ofX d belongs
to at least one tile and no two tiles have an inner point in
common. The points ofXd, belonging to exactly two tiles,
constitute the(d−1)-hyperfaces, orfacetsof T . By inter-
sections we consequently define(d−2)-faces,. . . , r-faces,
. . . , 1-faces oredges, then 0-faces orvertices, as usual for
compact (topological)d-politopes. The above pair(T ,Γ)
is calledequivariant tiling. In our examinations thesym-
metry groupΓ contains at leastd independent translations,
so it is alwaysperiodic.

Two tilings (T ,Γ) and (T ′,Γ′), will be considered equiv-
alent if they are topologically equivariant (homeomeric).
It means that there exists a homeomorphismψ that maps
T onto T ′ preserving all incidences of tiles,r-faces
(0≤ r ≤ d−1) such thatψ−1Γψ = Γ′.

Our Fig. 1 shows a periodic tiling of regular tetrahedra and
octahedra filling the Euclidean 3-space. The construction
can be derived from a particioned cube by reflecting it in
each of its faces, step by step. (See Fig. 2.) “Melting” tiles
together we may get octahedra from 8 corner tetrahedra. It
is easy to see that the (periodic) space groupFm3̄m=: Γ
acts on the tiles forming the pair (T ,Γ) to be equivariant.
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We can speak about the vertices, edges and faces of the
tetrahedra and octahedra in a usual sense.

�

��

��
��

��

Fig. 1 The tiling can be constructed as follows. Take
first 8 regular tetrahedra in the position illustrated
above. Then extend the configuration with reflec-
tions on the planesA1A2O,B1B2O, the bisector
plane of the segmentA1A2 and the planes deter-
mined by the squares around. Finally we get a
tiling with regular tetrahedra and octahedra.

Fig. 2 Take a cube and a tetrahedron in it. In order to
get the tiling reflect the bodies in the faces of the
cube. The octahedra are divided into 8 smaller
simplices.

Now we define theformal barycentric subdivisionof T
in the usual way: For everyr−dimensional constituent
of T (r = 0, . . . ,d) we choose an interior point, called
r-center ofT (r = 0, . . . ,d). Consider a fixed tile, one of
its (d− 1)-faces; an incident(d− 2)-face, . . . , finally an
incident vertex. These(d+1) centers form the vertices of
a d−dimensional simplex. Other sequence ofr−centers
leads to other simplex in the tile. Using the method for
every tile we finally get the barycentric subdivision made
up by simplices calledchambers. The chamber-system is
denoted byC . Every chamber has ani-faceopposite to its

i−vertex (i ∈ I := {0, . . . ,d}). It is obvious that for every
chamberC1 ∈ C there exists exactly one chamberC2 such
that theiri−face is common. In this case we say thatC1 and
C2 arei−adjacentor i−neighbors. These adjacencies im-
ply the so-calledadjacency operationsσ i for i = 0, . . . ,d:

σi : C → C , C �→ σiC

that maps everyC∈ C onto itsi-neighbor.

The adjacency operations form a free Coxeter group:

ΣI := 〈σi
∣∣1 = σiσi = σ2

i : i = 0, . . . ,d〉
that acts transitively from the left onC , if Γ acts from the
right, by our convention.

Our Fig. 3 illustrates how the barycentric subdivision can
be built up from the given tiling. As an interior point
of an r−face we have chosen the midpoint for every
r ∈ {0,1,2,3}.

�
�

�� 	�

��

��

�

�

�

	�

Fig. 3 Take the centers of the two solids (O1 andO2), the
centers of two faces (T1 andT2), the midpoints of
edges (M1 andM2) and two vertices in common
(C,D). The barycentric simplices areO2T1M2C,
O1T1M2C, O1T2M2C, O1T2M1C, O1T2M1D, num-
bered as 1, 2, 3, 4, 5, respectively, in Fig. 5.
O2M2CD is the fundamental domain ofFm3̄m.

Note that the chamber systemC can always be constructed
in a way compatible with the action ofΓ on T , and sup-
pose in the following that this is the case. Take a chamber
C∈ C and form itsorbit by Γ:

CΓ := {Cγ : γ∈ Γ} .

Our Fig. 4 a−d try to visualize the different simplex orbits
by equally coloring theΓ−equivalent chambers. To avoid
any confusion we restrict our attention just to a small part
of the tiling.
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4a

4b

4c

4 d

Fig. 4 Take first the 5 simplices above and let actFm3̄m
on them. The polyhedra which can be mapped
onto each other are colored in the same way. Step
by step we have filled the cube. By reflections we
can develop the tiling further.

Fig. 3 shows a polyhedronO2M2CD containing barycen-
tric simplices of each kind. This reflection simplex
O2M2CD can serve as a fundamental domain forΓ. By
the so-called Poincare-algorithm one can confirm that the
corresponding symmetry group is justFm3̄m (for more de-
tails, see e. g. [Mol83]).

Let D := C/Γ be the set of different chamber orbits under
Γ and letDk be any orbit (1≤ k≤ n, nown= 5). Anyγ∈ Γ
mapsi-neighbors ontoi-neighbors, hence the operationsσ i

commute withΓ onC , for anyi. Thus we can introduce the
concept ofi-adjacencies of Dk’s: Dj andDk arei-adjacent
or i-neighbor iff for anyCj ∈ Dj there existsCk ∈ Dk such
thatCk = σiCj holds.

The setD and the mappingsσi define a finite, connected,
(d+1)-colored graph in which the nodes refer to the orbits
and two nodes are linked by ani-colored edge (i = 0, . . . ,d)
if the corresponding orbits arei-neighbors. Such a graph
is called aDelaney-Dress graph (diagram)or shortlyD-
graph. Of course,D = σiD is also possible, in this case we
get ani−loop.

In Fig. 5, where the loops are not indicated, we can see the
D−graph of our spatial example from which the Reader
may identify the correspondence between colors and num-
berings.

��
�


����� � �

�


Fig. 5 TheD-graph of our example. The loops are not
indicated. The colors and numbers are in corre-
spondence with the numbers of matrices and with
Fig. 4.

For shortDk will simply be denoted byk,(k = 1,2, . . . ,5)
in the following.

Let us introduce a matrix function(mi j ) : D → NI×I in the
following way. For anyD ∈ D let

mi j (D) := min
{

m
∣∣(σ jσi)mC = C, C∈ D ⊂ C

}
,

(0≤ i ≤ j ≤ d).

It is easy to see that in a tiling this function has the proper-
ties 1-5:

1. mii (D) = 1;

2. mi j (D) = mji (D);

3. mi j (D) = mi j (σiD) = mi j (σ j D);

4. mi j (D) = 2, if |i − j|> 1;

5. mi j (D) > 2, if |i − j|= 1 in the usual tilings.
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Here we give the matrix functionm in our example:

m(1) = m(2) = m(3) =




1 3 2 2
3 1 3 2
2 3 1 6
2 2 6 1


 ,

m(4) = m(5) =




1 3 2 2
3 1 3 2
2 3 1 4
2 2 4 1


 .

A pair (D;m), consisting of a finite, connected, colored

D-graph and the matrix function fulfilling the properties

1-5, is called ad-dimensional Delaney-Dress symbol, or

shortlyD-symbol.

Two D-symbols(D;m), (D ′;m′) are calledisomorphicif

there exists a bijectionπ : D → D ′ such thatσk (Dπ) =
(σkD)π moreover,m′

i j (D
π) = mi j (D) hold for anyD ∈ D,

0≤ k≤ d, 0≤ i ≤ j ≤ d.

The following basic lemma provides the advantages of

D-symbols concerning classification problems :

Lemma 1 Two tilings (T ,Γ) and (T ′,Γ′) are equivari-

antly equivalent (homeomeric, or lying in the same home-

omorphism equivariance class), if and only if the corre-

sponding D-symbols(D;m)and (D ′;m′) are isomorphic.

[Dre87]

Analogously as before, we can introduce other important

matrix functionsr andv:

r : D → NI×I ri j (D) := min
{

r : (σ jσi)r D = D
}

for anyD ∈ D, (0≤ i ≤ j ≤ d); and

v : D → NI×I vi j (D) := mi j (D)/ri j (D),

where the above division is meant for the elements of ma-

trices.

These functions have the following values in our example

(Fig. 5).

r(1) =




1 1 1 2
1 1 1 2
1 1 1 3
2 2 3 1


 , r(2) =




1 1 2 2
1 1 3 2
2 3 1 3
2 2 3 1


 ,

r(3) =




1 3 2 1
3 1 3 2
2 3 1 3
1 2 3 1


 , r(4) =




1 3 2 2
3 1 3 2
2 3 1 1
2 2 1 1


 ,

r(5) =




1 3 2 2
3 1 1 1
2 1 1 1
2 1 1 1


 ;

v(1) =




1 3 2 1
3 1 3 1
2 3 1 2
1 1 2 1


 , v(2) =




1 3 1 1
3 1 1 1
1 1 1 2
1 1 2 1


 ,

v(3) =




1 1 1 2
1 1 1 1
1 1 1 2
2 1 2 1


 , v(4) =




1 1 1 1
1 1 1 1
1 1 1 4
1 1 4 1


 ,

v(5) =




1 1 1 1
1 1 3 2
1 3 1 4
1 2 4 1


 .

It is easy to see thatr andv have the properties 1-3 of the
matrix functionm, as well. We emphasize that 4 and 5 do
not necessarily hold butr i j has to be the divisor ofmi j . Par-
ticularly, ri j (D) = 1 or 2, if |i − j| > 1. This observation
has a basic role in the following algorithm and results in
theorems 1 and 2.

2 An algorithm for creating D-graphs

The point of this section is to describe an algorithm by
that we can deriveD-graphs for any number of nodes in
any dimension. On the one hand the method provides us
checking previously published results ([BM98, BM00] -
made by hands, in a different way), on the other hand we
get new results given at the end of the paper.

In order to constructD-graphs firstly we describe them
algebraically. Let be given aD-graph. Suppose that the
nodes have already been numbered. Any adjacency oper-
ation (or, the set ofi-colored edges of the graph) refers to
an involutive permutation. Thisi−permutation will be en-
coded by a sequence ofn :=

∣∣D∣∣ numbers as follows: the
j-th number forσi expresses the number of the node with
whom the node numberj is i−adjacent, i. e. is linked by an
i−colored edge. Letan denote the number of all involutive
permutations ofn elements.
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For calculation ofan we have the formulas:

a0 = 1,a1 = 1,a2 = 2

and forn≥ 3:

an = an−1+(n−1)an−2, i. e.

an = 1+
n

∑
k=1

(2n)(2n−1) . . .(2n− [2k−1])
2kk!

.

The complexity ofan is at mostO(n
n
2 ).

Proof Pick out a node. If it is adjacent to itself (loop),
then we havean−1 permutations. If it is adjacent to
any other node, then we havean−2 permuatations for the
(n−1) possibilities each. The second formula comes from
combinatorics easily.

Now we give rough estimates foran.

an = an−1+(n−1)an−2

= an−2+(n−2)an−3+(n−1)an−2

= nan−2+(n−2)an−3

nan−2 < an < n(an−2 +an−3) < 2nan−2.

If n is odd (n= 2t +1), then

a2t+1 > (2t +1)a2t−1 > .. .

· · · > (2t +1)(2t−1) . . .

1︷︸︸︷
a1 =

(2t +1)!
2t t!

,

and analogously

2t(2t +1)!
2tt!

> a2t+1.

If n is even (n= 2t), then

a2t > 2ta2t−2 > · · · > 2t(2t−2) . . .
2︷︸︸︷
a2 = 2tt!,

and

22t−1t! > a2t , respectively.

By the Stirling-formula
(
t! ≈ ( t

e)
t
√

2πt)
)

we get:

(2t +1)2t+1

ttet+1

√
2t +1

t
> a2t+1 >

(2t +1)2t+1

(2t)tet+1

√
2t +1

t
,

and(
4t
e

)t √πt
2

> a2t >

(
2t
e

)t √πt
2

.

From these estimates we see thatan = O(n
n
2 ), indeed.

Remark The above calculations give us just a rough
asymptotics foran. There are several conjectures of
E. Makai concerning this problem. In his opinion

an =
n

n
2

e
n
2

e
√

n+o(1) or, even betteran ≈ c
n

n
2

e
n
2

e
√

n√n.

Here we sketch the main steps of our algorithm. In this ap-
proach the candidates of aD-graph are represented as or-
dered(d+1)-tuples of involutive permutations. The num-
ber of entries depends on the dimensiond of the tiling.
Having all the possible(d + 1)-tuples we exclude those
ones which do not provide connectedD-graph, and for
which the propertyr i j (D) = 1 or 2 does not hold. Since
many different(d + 1)-tuple can describe the same graph
(according to the numberings) at the end we have to choose
representants. More precisely the algoritm will be the fol-
lowing.

ALGORITHM

Assume that theD-graph to be constructed hasn nodes and
dimensiond, i. e.d+1 colors.

• Construct first thean involutive permutations for a
given fixed numbering and order them (e. g. lexico-
graphically).

• Subsequently form ordered(d+1)-tuples of involu-
tive permutations in such a way that the(i + 1)-th
element of a(d+1)-tuple can not be less than the
i-th element according to the order above. (We do
not need the(d+1)-tuples as a set!) Therefore the
(d+1)-tuples themselves are ordered.

• Consider a(d+1)-tuple and decide whether it is
connected. If no, then step back and form the next
(d+1)-tuple. If yes, then step further.

• Take an element of the symmetric groupSn,
conjugate all the involutive permutations of the
(d+1)-tuple and order them. If this latter one is
less then the original(d+1)-tuple of permutations
(according to the ordering of(d+1)-tuples), then
continue from the previous item. If no then choose
another element ofSn, step by step. If no derived
(d+1)-tuple is less than the original one, then store
it and continue from the previous item. At the end
we have a set of(d+1)-tuples that will be called the
set of representants.
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• Choose a representant and permute all thed + 1
involutive permutations in it. In any case check
whether the square of the product of two permuta-
tions standing on thek-th and(k+2)-th places is the
identity. If this property holds for all the products,
we store the representant, otherwise continue with
another representant.

• Work with this subset of representants further and
adopt to them a procedure similar to that before two
items. However, there is a big difference, namely the
(d+1)-tuples are not ordered more. In this way one
have to compare the conjugate in question to each of
the stored(d+1)-tuples. Having used up all the el-
ements ofSn finally we get the representants of non-
isomorphicd-dimensionalD-graphs withn nodes.

Theorem 1 Using the ALGORITHM one can construct all
the non-isomorphic D-graphs with n nodes and of dimen-
sion d.

Proof Using lexicographic ordering for permutation
(d+1)-tuples (by that of the involutive permutations) we
could considerably reduce the number of cases to be
treated with. E. g. if all the involutive permutations of a
(d+1)-tuple are different, then it is enough to check the
connectedness of just one(d+1)-tuple instead of(d+1)!
ones. The involutive permutations are made inductively, as
in the proof of Lemma 2 above. The connectedness proce-
dure is the following.

Take the(d+1)-tuple in question. Consider the first num-
ber in every involutive permutation. Now we have the
numbers of those nodes with whom the first node is linked
at all. Take these new numbers (if they exist) and collect
the numbers from the involutive permutations which stand
on the places whose number is as much as these new num-
bers. Continue this procedure until new numbers appear. If
we get all the numbers, then the(d+1)-tuple is connected,
otherwise not.

However, since the numbers of the nodes were fixed, it
is possible that different(d+1)-tuples describe the same
graph. The fourth item of the algorithm provides us to
avoid this phenomenon. It is easy to see that each renum-
bering can be presented by a permutation fromSn. Conju-
gating the involutive permutations, we have another invo-
lutive ones, according to the change of numbering. Using
the fact that each graph has a a minimal(d+1)-tuple ac-
cording to the ordering, it is enough to find this minimal

one. At the end of the procedure we get the representants
of connected graphs of each kind.

Beside the advantages of the ordering of(d+1)-tuples
there is a huge disadvantage, too. That is, the adjacency
operations of a graph ought to be distinguished. It means
that we have to take into consideration any coloring of the
edges, any sequence of the(d+1) involutive permutations
of any representant.

Since the product of adjacencies refers algebraically to the
product of permutations we can apply the previously men-
tioned restriction (r i j (D) = 1 or 2, if |i − j| > 1) by com-
paring the square of any(d+1)-tuple with the identity.

Finally, since we fail the restriction of being ordered we
have to search for the representants, again.

In this way the proof of the algorithm is complete. We
mention that this relatively complicated structure of the al-
gorithm seems to be the most effective in practice.

The complexity of our algorithm is at mostO(nd n
2 ),

asymptotically.

We have implemented our algorithm to computer. We
found the earlier results of [BM98] and [BM00] correct.
As a new result we get the complete enumeration of the
3-dimensionalD-graphs with 5 barycentric simplex orbits.

Theorem 2 The number of non-isomorphic 3-dimensional
D-graphs with 5 simplex orbits is 33. The table below con-
tains the permutation description of them. (The permu-
tations refer to the adjacency operations in the following
order: σ0,σ1,σ2,σ3.)

12345,12345,13254,2143512345,13254,21435,12345
13254,21435,12345,1234512345,12354,21435,13245
12345,13245,21435,1235412354,21435,13245,12345
13245,21435,12354,1234512345,12354,21435,13254
12345,13254,21435,1235412354,21435,13254,12345
13254,21435,12354,1234512345,12354,42513,13254
12345,13254,42513,1235412354,42513,13254,12345
13254,42513,12354,1234512345,21435,12354,34125
21435,12354,34125,1234512345,13254,21435,13254
13254,21435,13254,1234512345,13254,21354,14523
12345,14523,21354,1325413254,21354,14523,12345
14523,21354,13254,1234512345,13254,21435,14523
13254,21435,14523,1234512354,12435,13245,21345
12354,12435,13254,2134521345,13254,12435,12354
12354,43215,21354,1324512354,45312,13245,21354
21354,13245,45312,1235412354,14523,21354,13254
13254,21354,14523,12354
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We mention that the introductory example of tiling of
regular octahedra and tetrahedra is just of the type
12354,12435,13245,21345 (No. 30 in the table) which
has Euclidean realization with the earlier described func-
tion m.

We hope that our algorithm can further be developed in
a reasonable way for more number of orbits or for higher
dimensions.
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1 Introduction

Silos are industrial structures which experience a signif-
icant percentage of damage and collapse in comparison
with other engineering structures: over 1000 silos, bins and
hoppers fail in North America each year [7]. The main rea-
son for such a state lies in the fact that a satisfactory theory
about the motion of granular materials in silos has not yet
been fully developed [5, 6, 11].

More or less validated differential equations (versions of
Janssen–Koenen equation) and their exact or approximate
solutions exist for filling stages and content at rest [13].
As the moving part of the total mass is small (only cap of
the contents moves in form of avalanches) and the arching
is negligible, these states do not cause significant dynamic
effects; principles of continuum mechanics excluding iner-
tial forces are therefore acceptable.

On the other hand, in the course of the discharge stages
the usual state of the content is that of a nonuniform, rela-
tively slow flow of material, characterized by arching and
a large number of collisions between particles, and, there-

fore, by high dissipation of energy which leads to potential
instabilities in solving equations derived from thermody-
namical or hydrodynamical analogies (these analogies are
more appropriate for the rapid flow of the content, but, un-
fortunately, prerequisites for its occurrence are rare in the
regimes of silo usage) [4].

Recently, new computational methods, usually calleddis-
crete or distinct element methods, were developed with
the aim to more closely model the behaviour of multibody
(N–body) or particle assemblages [2, 18, 19].

These discrete numerical approaches comprise three main
parts: (i) interaction model, (ii) determination of the inter-
acting bodies, and (iii) numerical integration of the gov-
erning equations.

With respect to the interactions between bodies, discrete
systems can be broadly classified into three groups [17]:

1. systems governed by long range forces, e. g. gravita-
tional systems, where coupling is all–to–all,

2. systems in which interactions are medium range, e. g.
molecular systems, and, finally,
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3. systems with short range, mostly impact and contact,
interactions, as the one with which we are concerned
here, where each particle is usually coupled with dozen
particles or thereabout.

The shapes of the particles can be approximated using var-
ious geometric solids [17], but the complexity of the form
severely influences the computational time needed to de-
termine the geometric details of the contact. Therefore, we
opted for the simplest shape, the ball. However, to avoid
crystalization, balls are given varying radii

ri � rmin��rmax� rmin������� (1)

wherermax andrmin are predefined extreme radii and�����
is the random number generator with a uniform distribution
on the unit segment. (If more complex shapes are needed,
they can be realized by connecting two or more balls with
some overlap. Similar idea was used to model the silo wall,
section 4.)

The number of balls currently in the system will be denoted
by n�t�.

If friction is omitted, rotational degrees of freedom need
not be taken into account. Equations of motion of the cen-
troid of theith particle are then

üi�t� � M�1
i fi�t��g� (2)

whereüi�t� is the acceleration of the centroid,M i the diag-
onal mass matrix andg is the acceleration vector due to the
gravity. The total applied force vectorf i�t� on the centroid
of the particlei, interacting with theki�t� particles, is given
by

fi�t� �
ki�t�

∑
j�1
j ��i

fi� j�t�ni� j�t�� (3)

The short range interaction forcef i� j�t� between particles
i and j is modelled by the linear spring and the viscous
damper in parallel (the so-called viscoelastic Kelvin or
Voigt body) if the balls overlap and by the linear spring
(Hookean body) if they are within the reach of cohesion
and move apart. Maximum overlap or minimum distance
between two balls is given by

δi� j�t� � ri � r j��ui�t��u j�t��� (4)

where ui�t� and u j�t� are position vectors of the balls’
centers. Clearly, the overlapδi� j�t�� 0 is the numeri-
cal/geometrical counterpart of the squeezing of the balls
during contact. The unit vectorn i� j�t� on the line joining
centers of the balls is defined by

ni� j�t� �
ui� j�t�

�ui� j�t��
�

ui�t��u j�t�

�ui�t��u j�t��
� (5)

System of equations (2) fori � 1� � � � �n�t� is an approx-
imate description of the large displacements and strains
problem. Although material linearity is assumed, the geo-
metric nonlinearity still remains. Because of the frequent
collisions, the paths, velocities and accelerations are not
smooth functions. Not only the magnitudes, but also the
types of the interaction forces between particles depend on
the particles’ positions and velocities and therefore change
intensively in time. Described nonlinear problem has no
analytical solution and some step by step technique should
be used to numerically integrate equations of motion (our
approach, a variation of the predictor–corrector method, is
described in [9]).

What is more, neighbours of theith particle, needed to per-
form the summation in (3), are not known in advance, but,
as the particle system is in permanent motion, must be de-
termined in each time step. Contact detection algorithm
which facilitate efficient determination of the interacting
particles will be more fully described in the sequel.

2 On spatial sorting and searching

The neighbour is defined here as a particle which is close
enough to the observed particle so that any of the afore-
mentioned short range interactions can be ‘activated’. De-
termination of the interacting particles is calledcontact
detection. More generally, contact detection is a deter-
mination of contact or overlap among members of a set
of n geometric entities in anm–dimensional (Euclidean)
space. Thus, it is a fundamental operation in a wide va-
riety of diverse computation areas such as computational
geometry and computer graphics (including CAD), par-
ticle physics and astrophysics, cartography and medical
imaging, robotics and computational mechanics. . . And in
particular, in computational mechanics contact detection
is not restricted to discrete element methods. Finite ele-
ment modelling of discontinous contact and fracture phe-
nomena, unstructured multilevel/multigrid solution proce-
dures, mesh generation algorithms, adaptive remeshing
and remeshing necessitated by large mesh distortions (even
in applications to ‘oldfashioned’ continuum mechanics) all
require some form of contact detection. Closely related al-
gorithms are used in recently developed meshless methods
to obtain nodal connectivity and cloud overlap informa-
tion, too.

The straightforward algorithm to find interacting particle
pairs is to simply test each particle against every other in a
nested loops:
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for i� 1 ton�t��1 do
for j � i�1 ton�t� do

test particlei against particlej
end for

end for

Obviously, for a system containingn�t� particles, the num-
ber of required tests is proportional ton�t�2, denoted by
O�n�t�2�. This is a very time consuming process for sys-
tems with many discrete elements (say 10 000 or more).1

It was estimated that even with the most sophisticated con-
tact detection algorithms these operations can amount to
almost 60% of the total calculation time for large, short
range, dynamic discrete systems [17].

These more advanced algorithms usually consist of two
(possibly overlapping) phases calledspatial or neighbour
searching andcontact or geometric resolution [17]. Spa-
tial searching is the identification of the potential neigh-
bours, while contact resolution determines whether candi-
date pairs actually interact, i. e. distances between candi-
dates or depths of their mutual penetrations are calculated
and compared to threshold values.2 As the number of po-
tential neighbours is small, the computational cost of con-
tact resolution depends almost only on the complexity of
the geometric representation of particles.

On the other hand, the cost of neighbour searching is de-
pendent on the total numbern�t� of particles. Irregularly
shaped particles are approximated with bounding boxes or
bounding spheres, or even with equivalent spheres whose
radius is obtained by taking the size of the largest particle
in the system, e. g. [12].

Again, spatial searching is commonly performed in two
steps. In the first step the complete set of particles is spa-
tially ordered using some sorting algorithm and appropri-
ate data structure is built. Then, in the second step, this
sorted set is searched for potential neighbours. Spatial sort-
ing and searching algorithms and corresponding data struc-
tures are mainly based on spatial decomposition. They can
be roughly divided into two categories: region of inter-
est (so-called search space) is either ‘covered’ with a grid,
or partitioned in a hierarchical manner. Hierarchical de-
compositions, e. g. octrees and 3d–trees [1, 3], are spatial
generalizations of the well known one–dimensional binary
search trees [8, 15]; average time complexity of neighbour
searching is thusO�n�t� logn�t��, although it can degrade
to O�n�t�2� for highly unbalanced trees. Grid techniques,
on the other hand, have time complexityO�n�t��, but they

are much more sensitive to the uneven distribution of par-
ticles (clusters and empty space) and to the ball size vari-
ances, i. e. the ratiormax�rmin [12, 14].

3 Fixed cubes scheme

Silo content is densely packed and evenly distributed, ex-
cept maybe in small areas under arches and vaults (and,
of course, above the heap in filling phase). It is also rea-
sonable to assume that particles have approximately equal
sizes, i. e. that we can take for balls’ radiirmax�rmin� 1�05.
Therefore we developed a variation of the grid based spa-
tial sorting and searching algorithm.

The main idea of the fixed cubes scheme is to cover the
search space with cubes (figure 1a) and sort balls in them.
Then, during the calculation of forces, contact resolution
is made only through the contents of the cubes which in-
tersect the observed ball, and not through the whole region
of the silo model. The cube that contains the center of the
observed ball will be calledthe central cube.

(a) (b)

Figure 1: Fixed cubes scheme: (a) covering the region of
calculation, (b) central cube and its 26 neigh-
bours (6 cubes are omitted for clearness).

If the sizea of a cube is selected such that

a � 2rmax�∆� (6)

where∆� 0 is some small number, then all possible neigh-
bours of the ball must be completely or partially contained
in 26 cubes around the central cube (3�3�3 cubes sub-
space). These cubes will be calledsurrounding cubes.

1 With respect to time, discrete systems can be pseudo–static, where relative position of particles do not change appreciably in time, or dynamic,
where individual particles move significantly [12]. If the system is pseudo–static, the performance of a searching algorithm is not very important, because
neighbours must be determined only once or occasionally, after several time steps.

2 In our application, as the cohesion can be activated only if particles move apart, directions of motion and/or velocities should be determined, too.
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It should be noted that the efficiency of this scheme re-
quires careful selection of the size∆. If ∆ is too large, we
have larger cubes, so that smaller number of surrounding
cubes contain neighbours (i. e. more than 19 cubes can be
immediately eliminated from the search, subsection 3.2),
but there are more particles in each cube and contact reso-
lution will be too long. On the other hand, assuming small
time steps and small velocities, sorting procedure can be
performed before the predictor phase only, but too small∆
(or ∆ � 0) may cause overlapping of the cubes by balls in
the corrector phase, resulting in incorrect neighbour detec-
tion.

3.1 Central cube and its neighbours

According to the coordinates of the ball centerx i�t�, yi�t�,
zi�t�, integer coordinates of the central cube are obtained
from:

kx�t� �

�
xi�t�

a

�
� ky�t� �

�
yi�t�

a

�
� kz�t� �

�
zi�t�

a

�
� (7)

where��	 means ’ceiling’ of the given quotient [8]. Then
the cube is assigned a unique index according to the for-
mula

k1�t� � n2
c

�
kz�t��1

�
�nc

�
ky�t��1

�
� kx�t�� (8)

wherenc denotes the number of cubes in the globalx and
y directions (figure 1a). Now, depending onk 1�t� andnc

it is easy to find indices of the remaining 26 cubes. For
example, a cube above the central cube has an index given
by k1�t��n2

c (figure 1b).

3.2 Elimination of 19 cubes

The condition (6), which can be rewritten asa � 2rmax,
gives three additional rules which arise from one another:

1. one ball cannot touch two opposite faces of the central
cube at the same time,

2. ball can intersect up to three faces, three edges and con-
tain one corner of the central cube,

3. ball can intersect up to 7 neighbouring cubes.

From the given statements it can be recognized that, de-
pending on the position of the ball center in the local co-
ordinate system (or octants/cells) of the central cube (fig-
ure 2a), one can eliminate 19 of 26 cubes. This is done by
examining inequalities

dx�t�� 0� dy�t�� 0� dz�t�� 0� (9)

wheredx�t�, dy�t� and dz�t� are local coordinates of the
ball center given by

dx�t� � xi�t��a

�
kx�t��

1
2

�
�

dy�t� � yi�t��a

�
ky�t��

1
2

�
�

dz�t� � zi�t��a

�
kz�t��

1
2

�
�

(10)

For example, in the case of the ball center placed in the
eighth cell (hatched in figure 2b), parts of the correspond-
ing ball can be contained in up to seven cubes, denoted
by k2�t�� � � �k8�t�, whose elements are jointed with the ele-
ments of the observed cell, or bound the observed cell, as
presented in figure 2b. Similarly, other cells have their own
seven neighbouring cubes.

(a) (b)

Figure 2: Example of elimination: (a) local coordinate
system (cells) of the central cube, (b) the eighth
cell – remaining cubes

3.3 Intersected cubes

Finally, it is now possible to determine which of the 7 can-
didateski�t� intersect the observed ball. This is done by
examining distances between the surface of the ball, i. e.
sphere, and faces, edges and corner of the observed cell,
which also belong to remaining 7 cubes.

First, distances between the center of the ball and the faces
of the cell are calculated,

δx�t� �
1
2

a��dx�t�� �

δy�t� �
1
2

a��dy�t�� �

δz�t� �
1
2

a��dz�t�� �

(11)
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followed by an examination of distances between the
sphere and faces,

∆x�t� � ri�δx�t�� 0� k2�t��

∆y�t� � ri�δy�t�� 0� k3�t��

∆z�t� � ri�δz�t�� 0� k5�t��

(12)

edges,

∆x�y�t� � ri�
�

δ2
x�t��δ2

y�t�� 0�

k2�t�� k3�t�� k4�t��

∆x�z�t� � ri�
�

δ2
x�t��δ2

z �t�� 0�

k2�t�� k5�t�� k6�t��

∆y�z�t� � ri�
�

δ2
y�t��δ2

z �t�� 0�

k3�t�� k5�t�� k7�t��

(13)

and corner of that cell,

∆x�y�z�t� � ri�
�

δ2
x�t��δ2

y�t��δ2
z �t�� 0�

k2�t�� k3�t�� k4�t�� k5�t�� k6�t�� k7�t�� k8�t��
(14)

as shown in the example of the eighth cell depicted in fig-
ure 3. For each test (12)–(14), satisfaction of the criterion
� 0 means that the ball intersects listed cubes.

Figure 3: The center of the ball placed in the eighth cell

It should be pointed out that the ball, which do not inter-
sect a face of the cell, can reach neither edges nor corners

of that face. Therefore, (12)–(14) should be examined in
the following order:

faces
 edges
 corner� (15)

This logic (avoiding time argumentt) can then be writ-
ten as

∆x 
 ∆y 
 ∆x�y 
 ∆z 
 ∆x�z 
 ∆y�z 
 ∆x�y�z� (16)

Of course, during examinations, cube indicesk i�t� must
correspond to the chronology of examining distances given
by (16). According to our convention (t is omitted), it
holds that:

k2 
 k3 
 k4 
 k5 
 k6 
 k7 
 k8� (17)

As mentioned in the subsection 3.1, these indices are, de-
pending onk1�t� andnc, known a apriori and could be eas-
ily determined, as given by algorithm 1.

Algorithm 1: Forming the vectork of indices of cubes
which could be intersected by the ball whose
center is in the eighth cell.

1: cell 8 �nc�kx�ky�kz� �� k

2: k1 � n2
c�kz�1��nc�ky�1�� kx �central cube; (8)�

3: k2 � k1�1 �∆x � 0; 1st eq. in (12)�

4: k3 � k1�nc �∆y � 0; 2nd eq. in (12)�

5: k4 � k1�nc �1 �∆x�y � 0; 1st eq. in (13)�

6: k5 � k1�n2
c �∆z � 0; 3rd eq. in (12)�

7: k6 � k1�n2
c �1 �∆x�z � 0; 2nd eq. in (13)�

8: k7 � k1�n2
c �nc �∆y�z � 0; 3rd eq. in (13)�

9: k8 � k1�n2
c �nc �1 �∆x�y�z � 0; (14)�

Cubes which bind other cells can be similary found and
stored using appropriate procedurecell i, 1� i� 8.

3.4 Special configurations and ambiguous cases

There exist some limiting, very rare, but in the case of a
large number of balls possible positions, where indices of
the central cube, the cell and the remaining cubes are ge-
ometrically ambiguous or undefined if no additional deci-
sions are provided.

�������� �����	
 ���� If the center of the ball falls on
the common face, at the edge or at the corner of some
cubes, that is, if one or more expressions

xi�t� moda � 0�

yi�t� moda � 0�

zi�t� moda � 0�

(18)
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are satisified, it is easy to verify that because of the ‘ceil-
ing’ operations in (7), equation (8) chooses the cube with
the highest integer coordinates (the highest index) as cen-
tral.

�������� ��

 If the center of the ball falls on the plane,
on the axis, or at the origin of the local coordinate system
of the central cube, that is one or more of the following
equalities holds,

dx�t� � 0� dy�t� � 0� dz�t� � 0 (19)

(equalities in (9)), we decided to choose the same cell as in
the� 0 case.

This is deemed reasonable because the procedure given by
(11)–(14) will in the case of the positions of the center de-
scribed in this and previous paragraph provide all remain-
ing cubes irrespective of the central cube and cell index. In
these positions,one possible cube is used as central, and
one of its cells is adopted. It is irrelevant which of these
cubes/cells is used.

It is interesting to note that described positions can pro-
vide indices of all remaining cubes immediately, without
additional searching. For example, coordinates of the cen-
ter placed at the common corner of the (eight) cubes must
fulfill (18) and, with the index of the central cube given
in previous paragraph, seven remaining cubes can directly
be found using (8). Similarly, local coordinates of the ball
center placed at the center of the central cube must fulfill

(19), which means that the central cube is the only cube,
because it contains the entire ball. Analogously, by rec-
ognizing single relations in (18) and (19), other specific
positions of the ball center (on the face, at the edge, or
on local axis) can be found and remaining cubes directly
determined. However, as these special positions are very
rare, additional tests needed to recognize them introduce
unnecessary computational burden and is therefore omit-
ted.

�������� ��
	����� ����� If the ball touches a face, an
edge or a corner of the chosen cell, that is, if one or more
equalities appear in (12)–(14), it is considered that the cor-
responding cubes also contain the ball, as in the� 0 case,
because possible touching between ball and its neighbours
in such a cube could activate the cohesion force.

3.5 A kind of a binary tree

It follows from the previous section that it is unnecessary
to treat equalities in (9) and (12)–(14) independently. It is
sufficient to add them to the� case and always examine
only two possibilities (� and�) in given relations.

This fact, with (16), gives for every moving ball in the
system search structure which resembles the known binary
tree [8, 15]. The flow chart of the searching procedure for
one ball is, according to (17), partially presented in fig-
ure 4.

Figure 4: Shape and indexing of the search tree when the ball’s center is placed in the eighth cell. Extreme search paths are
marked.
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The remaining seven subtrees denoted with the cell num-
bers rather than drawn are of the same shape but contain
indices of the other, for certain cell neighbouring, cubes.
The analysis of the tree shows that for extreme searching
situations 6 examinations are needed if the ball is fully con-
tained in the cube (this is a rare position and the shortest
branch in the tree) and 10 examinations if the ball contains
a corner of the cube (this is more frequent and the longest
branch in the tree). These paths are marked in figure 4.

3.6 Programming strategy for sorting procedure

Memory organization of the procedures which will be de-
scribed by pseudocode is now defined.3

The number of cubesai�t� intersected by balli and,vice
versa, balls bk�t� by cubek, are saved as components of
vectorsa�t� and b�t�, respectively. Indicesi and k are
saved as components of the matrixB�t� andA�t�, that is
bk�bk�t��t� andai�ai�t��t�. Thus, all temporary relations be-
tween cubes and balls in the system are stored. The filling
procedure for adopted vectors and matrices is given by the
algorithm 2.

Algorithm 2: Saving cubek that intersect balli and vice
versa.

1: cube �i�k�a�b�A�B� �� �a�b�A�B�

2: ai � ai �1 �add new cube�

3: ai�ai � k �store new cube index�

4: bk � bk �1 �add new ball�

5: bk�bk
� i �store new ball index�

MatricesA�t� andB�t� could also be represented as vec-
tors using the linked allocation procedure [8]. This is not
a problem for the matrixA�t� because balls are sorted in
cubes successively, in increasing order, so that the matrix
is filled from left to right and row by row. But, simulta-
neously, the matrixB�t� is filled almost randomly, so it is
necessary to use one of the insertion techniques (for exam-
ple bisection) for placing the ball index at the correct place
of the equivalent vector. Of course, this storage scheme
saves the amount of memory space because zeroes are not
stored (though some additional vectors for addressing are
needed), but also increases the amount of time taken for
sorting phase. However, the silo contents has a relatively
uniform density distribution, so that matricesA�t� andB�t�
are always well populated and ‘classical’ array representa-
tion suffices.

The complete search algorithm is given by pseudocode 3
and the sorting procedure by pseudocode 4.

Algorithm 3: Searching for cubes that intersect given balli.

1: search �i�∆x�∆y�∆x�y�∆z�∆x�z�∆y�z�∆x�y�z�k�a�b�A�B�

�� �a�b�A�B�

2: �a�b�A�B�� cube �i�k1�a�b�A�B� �cubek1�

3: if ∆x � 0 then �cubek2�

4: �a�b�A�B�� cube �i�k2�a�b�A�B�

5: if ∆y � 0 then �cubek3�

6: �a�b�A�B�� cube �i�k3�a�b�A�B�

7: if ∆x�y � 0 then �cubek4�

8: �a�b�A�B�� cube �i�k4�a�b�A�B�

9: if ∆z � 0 then �cubek5�

10: �a�b�A�B�� cube �i�k5�a�b�A�B�

11: if ∆x�z � 0 then �cubek6�

12: �a�b�A�B�� cube �i�k6�a�b�A�B�

13: if ∆y�z � 0 then �cubek7�

14: �a�b�A�B�� cube �i�k7�a�b�A�B�

15: if ∆x�y�z � 0 then �cubek8�

16: �a�b�A�B�� cube �i�k8�a�b�A�B�

17: else �∆x�z � 0�

18: if ∆y�z � 0 then �cubek7�

19: �a�b�A�B�� cube �i�k7�a�b�A�B�

20: else �∆x�y � 0�

21: if ∆z � 0 then �cubek5�

22: �a�b�A�B�� cube �i�k5�a�b�A�B�

23: if ∆x�z � 0 then �cubek6�

24: �a�b�A�B�� cube �i�k6�a�b�A�B�

25: if ∆y�z � 0 then �cubek7�

26: �a�b�A�B�� cube �i�k7�a�b�A�B�

27: else �∆y � 0�

28: if ∆z � 0 then �cubek5�

29: �a�b�A�B�� cube �i�k5�a�b�A�B�

30: if ∆x�z � 0 then �cubek6�

31: �a�b�A�B�� cube �i�k6�a�b�A�B�

32: else �∆x � 0�

33: if ∆y � 0 then �cubek3�

34: �a�b�A�B�� cube �i�k3�a�b�A�B�

35: if ∆z � 0 then �cubek5�

36: �a�b�A�B�� cube �i�k5�a�b�A�B�

37: if ∆y�z � 0 then �cubek7�

38: �a�b�A�B�� cube �i�k7�a�b�A�B�

39: else �∆y � 0�

40: if ∆z � 0 then �cubek5�

41: �a�b�A�B�� cube �i�k5�a�b�A�B�

3
������� �� is chosen as implementation language. Therefore, given algorithms and corresponding data structures are in a sense not very ‘contem-

porary’ or ‘fashionable’.
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Algorithm 4: Sorting balls in cubes and vice versa.

1: sort �n�nw�nc�a�x�y�z�r� �� �a�b�A�B�

2: for i� nw �1 to n do �sorting movable balls�

3: kx ��xi�a�; ky ��yi�a�; kz ��zi�a�

�integer coordinates of the central cube; (7)�

4: dx � xi�a�kx�1�2�; dy � yi�a�ky�1�2�;

dz � zi�a�kz�1�2�

�local coordinates of the center; (10)�

5: if dx � 0 then �finding the cell; (9)�

6: if dy � 0 then
7: if dz � 0 then �cell 1�

8: k � cell 1 �nc�kx�ky�kz�

9: else �cell 5�

10: k � cell 5 �nc�kx�ky�kz�

11: else �dy � 0�

12: if dz � 0 then �cell 4�

13: k � cell 4 �nc�kx�ky�kz�

14: else �cell 8�

15: k � cell 8 �nc�kx�ky�kz�

16: else �dx � 0�

17: if dy � 0 then
18: if dz � 0 then �cell 2�

19: k � cell 2 �nc�kx�ky�kz�

20: else �cell 6�

21: k � cell 6 �nc�kx�ky�kz�

22: else �dy � 0�

23: if dz � 0 then �cell 3�

24: k � cell 3 �nc�kx�ky�kz�

25: else �cell 7�

26: k � cell 7 �nc�kx�ky�kz�

27: δx � a�2��dx�; δy � a�2��dy�; δz � a�2��dz�

�position of the centroid in the cell; (11)�

28: ∆x � ri�δx; ∆y � ri�δy; ∆z � ri�δz

�distances between the sphere and faces of the cell; (12)�

29: ∆x�y � ri�
�

δ2
x �δ2

y ; ∆x�z � ri�
�

δ2
x �δ2

z ;

∆y�z � ri�
�

δ2
y �δ2

z

�distances between the sphere and edges of the cell; (13)�

30: ∆x�y�z � ri�
�

δ2
x �δ2

y �δ2
z

�distance between sphere and corner of the cell; (14)�

31: �a�b�A�B��

search �i�∆x�∆y�∆x�y�∆z�∆x�z�∆y�z�∆x�y�z�k�a�b�A�B�

�searching for intersected cubes�

The efficiency of given algorithms for the densest observed
packing (bk�t� � 20) and, theoretically, the sparsest pack-
ing (bk�t� � 1) of the system with various numbers of balls,

is shown on diagrams in figure 5. They show that sorting
time is almost of orderO

�
n�t�

�
as expected [15, 12, 14]

for a well distributed (not clustered) system as the one pre-
sented here.

3.7 Contact resolution and geometry

After spatial sorting is completed, contact resolution may
be of theO

�
ñ2�t�

�
order, because of the small number of

possible neighbours in cubes that intersect the observed
ball (in our calculations ˜n�t� � bk�t�� 20).

Finally, it is quite simple to solve for geometry needed for
determining interaction forces between ballsi and j. As
indicated in the introduction, two examinations to find if
they overlap or possibly stick to each other are needed:

δi� j�t�� 0� (20)

�Nc
max;i� j�ki� j � δi� j�t�� 0� (21)

where distanceδi� j�t� is given by (4),Nc
max;i� j is the maxi-

mum cohesion force andki� j is the stiffness of the collision
model. In the latter case, an additional testing is whether
they are going apart or approaching one another along the
line joining their centers:

dn
i� j�t� � u̇i� j�t� �ui� j�t� � 0� (22)

4 Boundary conditions

The model of the silo wall is made of fixed overlapping
balls with randomized radii, again to prevent crystaliza-
tion of balls representing silage material. This model
also imitates friction due to roughness and geometric im-
perfections on the surface of the wall. Thus, in the ab-
sence of an expensive model of friction between balls
(characterized by a friction coefficient), the aim was
to simulate at least the geometric part of this phenom-
ena. Boundary balls are generated with separate proce-
durewall (dh�hh�dc�hc�kw�cw�nw�k�c�x�y�z�r� ẋ� ẏ� ż), not
shown here. Valuesdh�hh and dc�hc are diameters and
heights of conical and cylindrical parts of the silo and
kw�cw are stiffness and viscosity of the wall model. The
number of boundary wall balls isnw. Their velocities are,
of course, zero.

Two additional things must be mentioned here. First, it
is sufficient to execute the sorting procedure and store the
boundary balls in the appropriate cubes only once, in the
beginning of the calculation, as they do not move. Thus,
the sorting procedure must always be performed for the
moving balls only, as indicated in the line 2 of the algo-
rithm 4.

Second, the algorithm 2 requires that vectorsa�t�, b�t� and
matricesA�t�, B�t� should always be set to zero before
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Figure 5: Efficiency of fixed cubes algorithm for sparse and dense systems in comparison withO
�
n2�t�

�
for various num-

bers of balls: (a)n�t�� 100, (b)n�t�� 1000, (c)n�t�� 10000, (d)n�t�� 100000.

the sorting procedure is executed. But from the previous
comment it follows that this process should also be per-
formed for moving balls only. Therefore indices of bound-
ary balls must be saved and their cubes stored inA�t� and
B�t�. This is done by using the total number of boundary
ballsnw (given by the procedurewall) and saving numbers
of boundary balls in every cubew (given by first call of the
proceduresort afterwall is executed).

5 Calculation of interactions

Now, naı̈ve nested loops from section 2 can be written as
given in algorithm 5, where ball pairs are denoted byi and
m instead of byi and j.

To avoid multiple interactions logical vectors�t� is used
with additional testing to determine the cube which, ac-
cording to (7) and (8), contains the midpoint of the line
segment between centers:

xs �
1
2
�xi� xm�� ys �

1
2
�yi� ym�� zs �

1
2
�zi� zm�� (23)

Once sorted, interactions between boundary and moving
balls in the sense of the algorithm 5 are nothing special.
Assuming zero velocities for boundary balls, all other con-
stants of the collision model are obtained.

It should be mentioned that given vectors and matrices
could be (in a more ‘modern’ implementation) allocated
dynamically, because the system moves, so their sizes vary
during calculation, i. e.n�t�� 1, bk�t�� 1, 1� ai�t�� 8.
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Algorithm 5: Loops over sorted balls.

1: loops �n�nw�nc�s�a�b�A�B�x�y�z�r�
2: for i� nw �1 to n do �movable balls�

3: si � ���� �solving balli�

4: for j � 1 toai do �intersected cubes�

5: k � ai� j �current cube index�

6: for l � 1 to bk do �all balls in intersected cubes�

7: m� bk�l �current ball index�

8: if sm 	 ����� then �ball m is not solved�

9: xs � �xi � xm��2; ys � �yi � ym��2;

zs � �zi � zm��2

�midpoint coordinates; (23)�

10: kx ��xs�a� ; ky � �ys�a� ; kz ��zs�a�

�integer coordinates of cube with the midpoint; (7)�

11: ks � n2
c�kz�1��nc�ky�1�� kx �cube index; (8)�

12: if ks � k then �midpoint in the current cube�

13: test particlei against particlem

The total number of cubes is fixed during the calculation
due to the fixed cubes scheme used here, but it can be given
as the input parameter.

6 Example

Described algorithms were implemented in�����	� ��

(version by������) and incorporated in a computer pro-
gram which simulates various regimes during silo ex-
ploatation. Also, for better visualization of results fast
perspective routines using������ graphics library were
programmed.

Some snapshots during silo filling and discharge are given
in figures 6 and 7, respectively. For graphical presentation
the silo model was cut with a plane through its vertical axis
and only half of the model was rendered so that the insides
of the silo can be seen. Input data of the presented example
are given in table 1.

7 Conclusions

There is no universal spatial sorting and searching al-
gorithm whose performance is (completely) independant
of the characteristics of the analysed discrete system.
Namely, discrete systems can be densely or sparsely
packed, and, what is more important, particles can be
evenly distributed or clustered. Furthermore, the range of
bounding spheres’ radii (i. e. whether spheres have equal,
approximately equal or considerably differing radii) must
be taken into account.

Table 1: Main data of the model.

rmin 0�215 m
rmax 0�225 m
a 0�500 m
∆ 0�050 m
ncontents

max 22741
nw 3821
γ 1250 kg�m3

kc 107 N�m
kw 109 N�m
cc 108 Ns�m
cw 107 Ns�m
∆tfilling 10�4 s
∆tdischarge 10�5 s

In particular, theoreticalO�n� performance of grid based
algorithms cannot be attained if particles are clustered in
few cells only, because there are many unused cells which
nevertheless must be tested. Furthermore, the ball size
variances lead to the so-called over–reporting problem as
the size of the cells are determined by the largest particle
in the system.

But silo content has homogenous spatial distribution while
grains can be assumed to have fairly equal sizes and, there-
fore, prerequisites for the optimal behaviour of grid tech-
niques are realised. Majority of computational time in dis-
crete element simulations is spent in contact detection and
it is, therefore, sensible to develop highly specialised al-
gorithm tuned for discrete numerical modelling of silo ex-
ploatation.
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C2 popunjavanje praznina pomoću konveksne
kombinacije ploha pod rubnim ogranǐcenjima

SAŽETAK

Dane su dvije metode za izvod-enje ploha. Jedna za povezi-
vanje dviju ploha sa C2 neprekinutošću koja odgovara i
dvjema graničnim linijama, a druga za G1 popunjavanje
posebnog slučaja trostrane rupe. Plohe se izvode kao kon-
veksna kombinacija plošnih i krivuljnih sastvanih dijelova
sa odgovarajućom korektivnom funkcijom, a dane su u
parametarskom obliku.

Ključne riječi: C2 neprekinutost, konveksna kombinacija,
Coonsove plohe, popunjavanje rupa, plošno modeliranje

C2 Filling of Gaps by Convex Combination of Sur-
faces under Boundary Constraints

ABSTRACT

Two surface generation methods are presented, one for
connecting two surfaces with C2 continuity while match-
ing also two prescribed border lines on the free sides of the
gap, and one for G1 filling a three-sided hole in a special
case. The surfaces are generated as convex combination
of surface and curve constituents with an appropriate cor-
rection function, and are represented in parametric form.

Key words: C2 continuity, Convex combination, Coons
surfaces, Filling of holes, Surface modelling

MSC 2000: 65D17, 68U07

1 Introduction

In this paper trigonometric convex combinations of sur-
faces and curves are applied for filling gaps between two
surfaces and holes bounded by three surfaces. Trigono-
metric blending functions have been applied forG 1 curve
construction already by B¨ar (1977), then for definingG 2

spline curves as convex combinations of arcs and straight
line segments by Szilv´asi-Nagy and P.Vendel (2000). An
extension of those curve constructions to surfaces has been
given by Szilvási-Nagy (2000). Continuity conditions and
a rational parametric form of the blending functions are
presented here.

Convex combinations of points, curves or surfaces are fre-
quently used for solving interpolation problems, for exam-
ple Little (1983). Well-known interpolating surfaces de-
fined by convex combination of boundary curves are the
Coons surfaces (see e.g. in Farin 1990). Curves defined
over triangles are interpolated by aC2 surface using quintic
polynomials by Alfeld and Barnhill (1984). Here, similarly
to Coons’s method, the input data are “wire frame data”
consisting of curves and first and second cross-boundary

derivatives. A transfinite blending function interpolant for
the simplex inRn is decribed by Gregory (1985). The term
transfinite means that the interpolant matches function and
derivative values given on all faces of the simplex. That is,
surfaces appear in the combination. The method is based
on an explicit representation of a finite dimensional Her-
mite interpolation polynomial for the simplex.

The surface generation methods presented in this paper for-
mally follow the construction method of Coons by build-
ing a convex combination of the boundary data and apply-
ing proper correction functions. However, the geometric
concept of our construction is rather similar to the transfi-
nite interpolation surface of Gregory. The use of surface
patches in a Coons-type blend is novel in our algorithms.
The surfaces in the combination are defined over the same
parameter domain. The resulting surface matches one bor-
dering line of each surface and the tangent planes along
this line. Moreover, the second cross-derivatives are also
equal along the contact curves in the rectangular case (first
algorithm). This fact can be used for filling a gap between
two surfaces or a hole between three surfaces. The con-
stituents are either the extensions of the surfaces bordering
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the gap or the hole, or patches (two or three) joiningC 1

or C2 continuously to one of the surfaces which are to be
connected. In this way these patches transfer the boundary
data to the convex combination. There are several known
methods forC1 or C2 fitting of rectangular and triangu-
lar patches (Farin, 1990, Chapter 19 and Hoschek, 1992,
Chapter 7). These constructions will not be the subject of
this paper.

2 Blending surface between two surfaces
with boundary constraints

A blending surface is one that smoothly connects two
given surfaces and satisfies additional geometric con-
straints. Filip (1989) applied cubic Hermite blend of two
boundary curves of the given surfaces and two arbitrary
rail curves. The literature describes many different meth-
ods for constructing blending surfaces, recently Hartmann
(2001) used rational functions. Some of these methods are
extended to three or more surfaces, for example that of
Schichtel (1993). These blending surfaces defined as linear
combinations of given curves or surfaces with one param-
eter blending functions are different from both the Coons
and our patches, they are not the subject of this paper.

In this algorithm two regular surfacesr1(u,v) andr2(u,v)
and two curvesr3(v) and r4(v) are given. The curves
join the corresponding corner points of the two surfaces as
boundary lines of the required surface patch. The blend-
ing surface is defined over the parameter domain(u,v) ∈
[0,1]× [0,1] such that its boundary curves forv = 0 and
v = 1 match the boundaries of the gap determined from the
left by r1(u,0) and from the right byr2(u,1), respectively,
while the upper border line foru = 0 coincides with the
curver3(v) and the lower border line foru = 1 coincides
with the curver4(v) (v ∈ [0,1]) (Fig. 1). The drawn parts
of the given underlying surfaces in Fig. 2 are parametrized
as follows: r1(u,v): (u,v) ∈ [0,1]× [−1,0], andr2(u,v):
(u,v) ∈ [0,1]× [1,2].

v

v

u

v

r (u,v)
1

r (v)
3

r (u,v)
2

r (v)
4

Figure 1: Two surfaces and two curves bordering a gap.

Figure 2: The input surfaces and curves determining a gap.

The blending surfacef(u,v) is generated by a trigonomet-
ric convex combination of the surfaces and curves and by
an appropriate correction function (Fig. 3).

Figure 3: The filled gap shown in Fig. 2.

Theorem 1 Let two surfaces be given by the differentiable
vector functions r1(u,v) and r2(u,v) over a parameter do-
main containing the unit square [0,1]× [0,1] moreover, two
curve segments given by the differentiable vector functions
r3(v) and r4(v), v ∈ [0,1]. In the corner points

r1(0,0) = r3(0), r1(1,0) = r4(0),
r2(0,1) = r3(1), r2(1,1) = r4(1)

are required.
Then the surface defined by the following vector equation

f(u,v) = cos2(
π
2
· v)r1(u,v)+sin2(

π
2
· v)r2(u,v)

+ cos2(
π
2
·u)r3(v)+sin2(

π
2
·u)r4(v)

− q(u,v), (1)

where q(u,v) = [cos2(
π
2
· v)r1(0,v)

+ sin2(
π
2
· v)r2(0,v)]cos2(

π
2
·u)

+ [cos2(
π
2
· v)r1(1,v)

+ sin2(
π
2
· v)r2(1,v)]sin2(

π
2
·u),

and (u,v) ∈ [0,1]× [0,1],

is differentiable and fits the boundary curves r1(u,0),
r2(u,1), r3(v) and r4(v).
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Proof. The border lines of the patchf(u,v) are to be
checked by substitutingu = 0, u = 1, v = 0, andv = 1
into the equation (1) in turn. The computation results
with f(0,v) = r3(v), f(1,v) = r4(v), f(u,0) = r1(u,0),
f(u,1) = r2(u,1), u ∈ [0,1], v ∈ [0,1] as stated in the The-
orem.�

Theorem 2 The surface defined in (1) joins to the given
surface r1(u,v) with first order (C1) continuity along the
boundary line r1(u,0), u ∈ [0,1], when the curves r3(v)
and r4(v) join with C1 continuity to the border lines u = 0
and u = 1 of the surface r1(u,v), respectively.

Proof. According to the conditionsr1,v(0,0) = r3,v(0) and
r1,v(1,0) = r4,v(0), where the subscriptv denotes the dif-
ferentiation with respect tov. According to Theorem 1
f(u,0) = r1(u,0), therefore the partial derivativesfu(u,0)
andr1,u(u,0) are equal along the common boundary curve
v = 0, u ∈ [0,1]. The tangent vector of av parameter line
of the surfacef(u,v) at a point of this curve is

fv(u,0) = r1,v(u,0)+cos2(
π
2
·u)(r3,v(0)− r1,v(0,0))

+ sin2(
π
2
·u)(r4,v(0)− r1,v(1,0)).

By assumption, the second and third terms are zero vectors,
consequentlyfv(u,0) = r1,v(u,0) at the points of the con-
nection line. This meansC1 continuity betweenf(u,v) and
r1(u,v) at the pointsv = 0, u ∈ [0,1]. Therefore, the tan-
gent planes of the two surfaces along the connection line
are obviously the same.�

Remark 1. The analogous statement about theC1 con-
nection of the blending surfacef(u,v) defined in (1) and
r2(u,v) along the connection linev = 1 yields if r3(v) and
r4(v) join with C1 continuity to the border linesu = 0 and
u = 1 of r2(u,v), respectively. The proof is similar to that
of Theorem 2.

Remark 2. In the case ifr1(u,v) (and analogously
r2(u,v)) is a cylindrical surface,G1 continuous connec-
tion betweenr1(u,v) (orr2(u,v)) andf(u,v) can be assured
under weaker conditions, namely, whenr3,v(0) is parallel
to r1,v(0,0) andr4,v(0) is parallel tor1,v(1,0) (G1 condi-
tion instead ofC1). As the derivatives with respect tov
of the cylindrical surfacer1(u,v) (see Fig. 4) are all par-
allel, the terms in the expression offv(u,0) are parallel
to r1,v(u,0), which ensures the parallelity of the normals
fu(u,0)× fv(u,0) andr1,u(u,0)× r1,v(u,0).
The tangent plane continuity is equivalent to theG1 conti-
nuity. In this case the joining surface patches admit a lo-
cal reparametrisation in which the joining surfaces areC 1

(Boehm, 1988 and Gregory, 1989).

The conditions in Remark 2 allow flexible constructions
of blending surfaces between cylindrical surfaces. In the
next example the upper and lower curves connect the bor-
der lines of the two cylindrical surfaces withG1 continu-
ity. The convex combination surface generated in the ratio-
nal parametric form of the trigonometric blendig functions
(see in Section 4.) fits the prescribed boundary curves and
joins with tangential continuity (G1) to the two cylindri-
cal surfaces (Fig. 4.). Similar modelling problems occur
e.g. in planning canals over a landscape by joining cylin-
drical or toroidal surfaces while also matching prescribed
bordering curves.

Figure 4:G1 continuous input data resultG1 connection.

Theorem 3 If the boundary curves r3(v) and r4(v) join
C2 continuously to the boundary lines u = 0 and u = 1 of
the surfaces r1(u,v) and r2(u,v) at the corner points, then
adding the correction function

m(u,v) = s(v) · [r1(u,v)− r2(u,v)

− cos2(
π
2
·u)(r1(0,v)− r2(0,v))

− sin2(
π
2
·u)(r1(1,v)− r2(1,v))]

to the expression of f(u,v) in (1), where

s(v) =
1
16

(−2v+1)3sin2(π(2v+1))

results C2 connection of f(u,v) with r1(u,v) and r2(u,v).

Proof. The requirements of Theorem 2 are obviously full-
filled for both surfacesr1(u,v) andr2(u,v). As the val-
ues of s(v) and s′(v) at v = 0 and v = 1 are zero, the
new termm(u,v) in (1) does not influence theC0 andC1

continuities. The second derivatives aresvv(0) = 1 and
svv(1) =−1 therefore, the differencesfvv(u,0)−r1,vv(u,0)
andfvv(u,1)− r2,vv(u,1) become zero.�

C2 continuous filling of a gap is shown in Fig. 5. This
example shows also the shape influence of the underlying
surfaces, where the surfacer1(u,v) has periodic bulges and
r2(u,v) is planar. The resulting surface is the combination
of such a bulge and a planar rectangle and two bordering
straight line segments.
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Figure 5: Shape influence of the constituents,C2 connec-
tion.

Several experiments have shown that monoton polynomial
parameter transformations of the underlying surfaces inv
direction have no noticeable influence on the shape of the
resulting surface.

3 Combination of three surfaces

The two parameter representation of the sphere has in-
spired the following trigonometric convex combination of
three surfaces defined over the unit square(u,v) ∈ [01, ]×
[0,1].

Theorem 4 If three surfaces represented by the differen-
tiable vector functions r1(u,v), r2(u,v) and r3(u,v) over
the unit square (u,v) ∈ [0,1]× [0,1] have common corner
points at (u,v) = (1,0) and (u,v) = (1,1), then the surface
described by the vector function

f(u,v) = cos2(
π
2
·u)cos2(

π
2
· v)r1(u,v)

+ cos2(
π
2
·u)sin2(

π
2
· v)r2(u,v)

+ sin2(
π
2
·u)r3(u,v)−q(u,v), (2)

where

q(u,v) = sin2(
π
2
·u)cos2(

π
2
· v)[r3(u,0)− r1(u,0)]

+ sin2(
π
2
·u)sin2(

π
2
· v)[r3(u,1)− r2(u,1)]

and (u,v) ∈ [0,1]× [0,1]

is differentiable and fits the boundary curves r1(u,0),
r2(u,1) and r3(1,v).

Proof. The boundary lines of the blending surfacef(u,v)
are to be computed by substituting the parameter values
according to the bordering lines of the unit square in the
u,v parameter plane in turn.

f(1,v) = r3(1,v)−cos2(
π
2
· v)[r3(1,0)− r1(1,0)]

− sin2(
π
2
· v)[r3(1,1)− r2(1,1)] = r3(1,v),

f(u,0) = cos2(
π
2
·u)r1(u,0)+sin2(

π
2
·u)r3(u,0)

− sin2(
π
2
·u)[r3(u,0)− r1(u,0)] = r1(u,0),

f(u,1) = cos2(
π
2
·u)r2(u,1)+sin2(

π
2
·u)r3(u,1)

− sin2(
π
2
·u)[r3(u,1)− r2(u,1)] = r2(u,1),

since the corner points standing in the same brackets are
equal.�
In Fig. 6 Three cylindrical surfaces are given obeying
the conditions of Theorem 4. The drawn pieces are in
turn r1(u,v): (u,v) ∈ [0,1]× [−1,0], r2(u,v): (u,v) ∈
[0,1]× [1,2] andr3(u,v): (u,v) ∈ [1,2]× [0,1]. The gen-
erated surface patch joins continuously to the three neigh-
bours along their boundary curves.

Figure 6: Combination of three surfaces,G1 connection

The filling of a three-sided hole with a surface joining con-
tinuously to the surrounding surfaces is a classical prob-
lem, the so called suit case corner problem. The method
presented here also gives a solution for this problem in a
special case. The restriction in the algorithm is that two
of the patches in the convex combination are three-sided
degenerate surfaces meeting with their singular points at a
corner of the hole. These are e.g. parts of two different
rotational surfaces represented as degenerate rectangular
patches (this is usually the case in CAD systems), or trian-
gular patches, each joining withG1 continuity to one bor-
dering surface, then reparametrized. Such a reparametriza-
tion of a triangular domain described by the barycentric
coordinates 0≤ u,v,w ≤ 1, u + v + w = 1, is given by
u = t − s · t, v = s · t, 0≤ s, t ≤ 1.
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The surface generated by equation (2) fills the three-sided
hole. It is a degenerate rectangular patch, where the bound-
ary line u = 0 is just a point, i.e. one corner point of the
triangular hole. Surfaces with singular points (e.g. cones)
are also allowed in the construction, therefore nothing can
be stated about the tangent plane at the singular point in
general.

u

v y

r  (u,v)
1

r  (u,v)
2

r  (u,v)

c

z

x

3

Figure 7: Three-sided hole formed by three surfaces.

In Fig. 7 a sketch of three surfaces is shown.

Theorem 5 Let three surfaces be given by the differen-
tiable vector functions r1(u,v), r2(u,v) and r3(u,v) over a
parameter domain containing the unit square [0,1]× [0,1]
such that r1(0,v) = r2(0,v) = c, r1(1,0) = r3(1,0) and
r2(1,1) = r3(1,1) hold. Then the surface described by the
vector function (2) is differentiable and fits the boundary
curves r1(u,0), r2(u,1) and r3(1,v).

Proof. The equation of the boundary lineu = 0 is

f(0,v) = cos2(
π
2
· v) · r1(0,v)+sin2(

π
2
· v) · r2(0,v).

Hence the corner points are

f(0,0) = r1(0,0), f(0,1) = r2(0,1).

The parameter lineu = 0 collapses into a point only in the
case whenr1(0,v) andr2(0,v), v ∈ [0,1] collapse also into
the same pointc. The other three boundary curves are as
in Theorem 4.�

Corollary 1 If the surfaces surrounding the hole are parts
of the same sphere in the same parametrization, then the
surface defined in (2) is also lying on this sphere.

Theorem 6 If for the given three surfaces the conditions of
Theorem 5, moreover the following parallelity conditions

r1,v(u,0) ||r3,v(u,0) r2,v(u,1) ||r3,v(u,1),

and the equalities

r1,u(1,0) = r3,u(1,0) r2,u(1,1) = r3,u(1,1)

are satisfied, then the blending surface f(u,v) given in (2)
fills the hole G1 continuously. (The subscripts u and v
denote the differentiation with respect to u and v, respec-
tively.)

Proof. According to Remark 2 the surface normals of the
blending surface and the given surfaces are to be computed
along the connection lines. The partial derivatives along
the connection linev = 0 are

fu(u,0) = r1,u(u,0)

and

fv(u,0) = cos2(
π
2
·u)r1,v(u,0)+sin2(

π
2
·u)r3,v(u,0).

Sincer1,v(u,0) andr3,v(u,0) are by assumption parallel,
the surface normals off(u,v) andr1(u,v) are also parallel
along the connection line 0< u ≤ 1. The continuity be-
tweenf(u,v) andr2(u,v) along the border linev = 1 of the
hole can be checked in a similar way.

The partial derivatives along the connection lineu = 1 due
to the conditions on the derivatives are

fu(1,v) = r3,u(1,v)

and
fv(1,v) = r3,v(1,v),

which result theG1 continuity of the two surfaces.

At the singular pointu = 0 two cases can be differentiated.
If one of the surfacesr1(u,v) andr2(u,v) has no tangent
plane or they have different tangent planes at the singular
point then the resulting surface has no tangent plane at this
point either.

If the point u = 0 of the surfacesr1(u,v) andr2(u,v) is
singular only in the parametrization, then the unit vector of
the surface normal at the singular point can be defined as
limu→0(r1,u(u,v0)× r1,v(u,v0))0 and limu→0(r2,u(u,v0)×
r2,v(u,v0))0, respectively, wherev0 ∈ [0,1] and the 0 in the
exponent denotes the normalization of the vectors. This
definition of the surface normal at singular points has been
applied also by Reif (1995). By assumption, the two sur-
faces have a common tangent plane at the corner point of
the hole, consequently these two vectors are equal to the
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common surface normal denoted byn. We show that the
resulting surfacef(u,v) has the same tangent plane at this
point (Fig. 10). Namely,

lim
u→0

fu(u,v0) = cos2(
π
2

v0) · lim
u→0

r1,u(u,v0)

+ sin2(
π
2

v0) · lim
u→0

r2,u(u,v0)

and similarly

lim
u→0

fv(u,v0) = cos2(
π
2

v0) · lim
u→0

r1,v(u,v0)

+ sin2(
π
2

v0) · lim
u→0

r2,v(u,v0), v0 ∈ [0,1].

Moving along av = v0 parameter line into the singular
point, the surface normal defined as limu→0(fu(u,v0) ×
fv(u,v0))0 is also parallel ton, because all the vector com-
ponents in this expression are perpendicular ton. Con-
sequently, the constructed blending surfacef(u,v) has the
same tangent plane at(u,v) = (0,0) as the surfacesr1(u,v)
andr2(u,v). �

In Fig. 8 the three-sided surfaces are ellipsoids and the
third one is a cylindrical surface. The drawn parts are
parametrized as follows.r1(u,v): (u,v) ∈ [0,1]× [−1,0];
r2(u,v): (u,v) ∈ [0,1]× [1,2]; r3(u,v): (u,v) ∈ [1,3]×
[0,1].

The example in Fig. 10. illustrates theG1 continuous fill-
ing of the three-sided hole shown in Fig. 8. Fig. 9 shows
the surface patches used in equation (2).

Similar modelling problems occur e.g. in planning a roof
by joining a conic and a planar part smoothly around a cor-
ner, while also matching a third surface (a part of a wall or
eaves).

Figure 8: Two ellipsoids and a cylinder around the hole.

Figure 9: The combined surface pieces.

Figure 10:Filling the hole shown in Fig. 8.

4 Rational parametrization of the trigono-
metrical blending functions

In the algorithms shown in Sections 2 and 3 there are no
restrictions on the type of the parametric vector functions
describing the surfaces bordering the gap or the hole. How-
ever, the implementations in the praxis usually work with
polynomial or rational spline functions. Consequently,
when the curves and surfaces are described by rational
functions, the blending functions in the convex combina-
tion should be also given in polynomial or rational form.
Based on the rational parametrization of the circle and fun-
damental identities the trigonometric blending functions in
(1) and (2) can be replaced as follows. Choosing the func-
tion

µ(t) =
4t2

(1+ t2)2 , 0≤ t ≤ 1,

the substitutions

sin2(
π
2
· t) = µ(t) and cos2(

π
2
· t) = 1−µ(t) (3)
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(t is standing instead ofu or v) lead to an equivalent def-
inition of the surface in (1) or in (2). The Theorems and
the Remarks above yield further on, since the functions
in (3) behave equally att = 0 and t = 1. Of course,
the parametrization of the resulting surface will be differ-
ent. The higher numerical stability of the rational blend-
ing functions in the neighbourhood of the singular point
yields smoother surfaces than the trigonometric functions.
However, the investigation of the boundary values of the
functions and their derivatives is more transparent in the
trigonometric form.

The surfaces shown in Figs. 4, 6 and 10 are generated in
this rational form. Similarly, the rational form is used in
the next example of a three-sided hole. The surface on the
right-hand side is a planar triangle (Fig. 11.), on the left-
hand side an ellipsoide and the lower one is a cylindrical
surface with a quintic B´ezier generator curve. The blend-
ing surface filling the hole joins withG1 continuity to the
three given surfaces.

Figure 11: Filling the hole formed by an ellipsoid, a pla-
nar triangle and a cylindrical surface by rational
blending.

5 Conclusions

The given methods for generating surfaces filling a gap be-
tween two surfaces or a three-sided hole are based on con-
vex combinations of the surfaces surrounding the gap or
the hole, respectively. This concept is a new approach of
Coons’s blending methods. The resulting surfaces fit the
given surfaces along the connection curves withC 0, C1,
G1 orC2 continuity depending on the geometric inputs and
correction functions. Both surface constructions are of im-
portance in the practice, when traditional methods (subdi-
vision algorithms in the first case or construction of control

points in the second case) do not work. As CAD-systems
frequently use degenerate rectangular patches which can-
not be handle by methods developed for triangular sur-
faces, our method forC1 or G1 filling of a three sided hole
is useful in such applications.

The assumptions in the Theorems allow parameter trans-
formations on the constituents of the convex combination.
Our experiments have shown that some parameter trans-
formations do not influence the shape of the resulting sur-
face. This shape influence of different parametrizations
and weaker continuity conditions could be the subject of
further investigations.

The computations and the drawings have been made by the
symbolical algebraic program package Maple V R5.
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Krivulja sredǐsta i krivulja fokusa u pramenu
konika zadanom pomoću dviju dvostrukih
točaka u izotropnoj ravnini

Krivulja sredǐsta i krivulja fokusa u pramenu ko-
nika zadanom pomoću dviju dvostrukih točaka u
izotropnoj ravnini

SAŽETAK

Razmatraju se pramenovi konika zadani s pomoću dviju
dvostrukih točaka. Dokazuje se da se krivulja sredǐsta
raspada na dva pravca od kojih jedan prolazi dvostrukim
temeljnim točkama pramena, a drugi točkom u kojoj se si-
jeku zajedničke tangente svih konika pramena i polovǐstem
dužine koja spaja temeljne točke. Nadalje, dokazuje se da
se krivulja fokusa raspada na pravac i koniku. Taj pravac i
konika prolaze dvostrukim temeljnim točkama pramena, a
konika još i točkom u kojoj se sijeku zajedničke tangente
svih konika pramena.

Ključne riječi: izotropna ravnina, krivulja fokusa, krivulja
sredǐsta, pramen konika

The Curve of Centres and the Curve of all Isotro-
pic Focal Points in the Conic Section Pencil Given
by Two Double Points of an Isotropic Plane

ABSTRACT

Conic section pencils given by two double points are dis-
cussed. It is proved that the curve of centres decomposes
into two straight lines, one of which is passing through the
two double base points, while the other is passing through
the intersection of common tanget lines of all conics of
the pencil and through the centre of the straight segment
joining the base points. Furthermore, it is proved that the
curve of all isotropic focal points decomposes into a stra-
ight line and a conic. These straight line and conic are
passing through the double base points of pencil, and the
conic through the intersection of common tangent lines of
all conics of the pencil.

Key words: conic section pencil, curve of centres, curve
of all isotropic focal points, isotropic plane

MSC 2000: 51N20, 51N15

1 Uvod

Pramen konika odreden je op´cenito sčetiri realne i razliˇcite
točkeA, B, C i D koje se nazivaju temeljnim toˇckama pra-
mena. Pramen konika tipa VI (Ščurić 1996) karakteriziran
je svojstvom da se temeljne toˇcke A i B podudaraju i da
se temeljne toˇckeC i D podudaraju. Kaˇzemo da je pramen
odreden s dvije dvostruke toˇcke. U tim točkama sve konike
pramena imaju zajedniˇcke tangente.

Grafički prikaz pramena konika moˇze se uˇcinkovito ostva-
riti primjenom računala i plotera. Matematiˇcka osnova ra-
zvijenog softvera za pramenove konika opisana je u pret-
hodnom radu (Lapaine 1997) i viˇse puta primijenjena (La-
paine i Lapaine 1998; Lapaine 2001).

Pri klasifikaciji pramenova konika mogu se primijeniti kri-
vulja središtam2 i krivulja fokusak f . Te su krivulje pri-

mjenjivane pri klasifikaciji pramenova konika tipa IV izo-
tropne ravnine (̌Sčurić-Čudovan i Sachs 1995, 1997) i pri
klasifikaciji pramenova konika tipa VI izotropne ravnine
(Ščurić 1996).

Pri odredivanju krivulje središta pramenova konika tipa
VI može se primijeniti op´ci pristup odredivanja krivulje
središta pramena konika bilo kojeg tipa na naˇcin opisan u
radu (Lapaine i Lapaine 1998). Drugi naˇcin odredivanja
krivulje središta za pramen konika tipa VI opisan je u
ovome radu. Koriste´ci svojstvo da se radi baˇs o pramenu
tipa VI, dokazuje se da se krivulja srediˇsta raspada na
dva pravca od kojih jedan prolazi temeljnim dvostrukim
točkama pramena, a drugi toˇckom u kojoj se sijeku za-
jedničke tangente svih konika pramena i poloviˇstem duˇzine
koja spaja temeljne toˇcke.
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U radu (Lapaine ǐSčurić 1994) pokazuje se da je izotropna
krivulja fokusak f pramena konika op´cenito krivulja trećeg
reda, te se izvode i diskutiraju jednadˇzbe takvih krivulja
u parametarskom obliku za 3 sluˇcaja koji obuhva´caju sve
one tipove tih krivulja koji se pojavljuju pri klasifikaciji
pramenova konika tipa IV. U ovome se radu dokazuje da
se za pramenove tipa VI krivulja fokusa raspada na pravac
i koniku. Taj pravac i konika prolaze temeljnim dvostru-
kim točkama pramena, a konika joˇs i točkom u kojoj se
sijeku zajedniˇcke tangente svih konika pramena.

2 Konike

Najopćenitija jednadˇzba drugog stupnja od dvije varijable
x i y može se napisati u obliku

F (x,y) = ax2 +2bxy+ cy2+2dx+2ey+ f = 0, (1)

gdje sua,b,c,d,e i f realni brojevi, i barem jedan od bro-
jeva a,b i c različit od nule. Skup nul-toˇcaka polinoma
F = F(x,y) zove se krivuljom 2. reda, konusnim presje-
kom, konikom ili čunjosječnicom.

Pretpostavimo da je bar jedan od brojevaa,b,c različit od
nule. Pomo´cu rotacije ravnine oko ishodiˇsta i translacije
ravnine mogu´ce je svaku koniku prikazati u standardnom
ili kanonskom obliku (vidi npr. Lapaine i Joviˇcić 1996).

3 Pramen konika

Neka su

F (x,y) = a1x2 +2b1xy+ c1y2 +2d1x+2e1y+ f1 = 0, (2)

G(x,y) = a2x2 +2b2xy+ c2y2 +2d2x+2e2y+ f2 = 0, (3)

jednadžbe dviju konika. Za proizvoljniµ∈R, sastavimo
polinom

H (x,y) = F (x,y)+ µG(x,y). (4)

PolinomH =H(x,y) je oblika

H (x,y) = ax2 +2bxy+ cy2+2dx+2ey+ f , (5)

gdje smo oznaˇcili

a = a1 + µa2, b = b1 + µb2, . . . , f = f1 + µ f2. (6)

Za svaki pojediniµ∈R, izraz

H (x,y) = F(x,y)+ µG(x,y) = 0 (7)

je jednadˇzba konike u smislu definicije iz prethod-
nog poglavlja, ako je barem jedan od brojevaa,
b i c različit od nule. Za zadane realne brojeve
a1,b1, . . . , f1,a2,b2, . . . , f2, i µ∈R skup svih konika obu-
hvaćenih jednadˇzbom (7) zove se pramenom konika. Ko-
nike pomoću kojih je pramen definiran i kojima odgova-
raju jednadˇzbeF (x,y)=0 i G(x,y)=0 zovu se osnovnim
konikama pramena.

4 Krivulja središta pramena konika

Neka je

H (x,y) = F (x,y)+ µG(x,y) = 0 (8)

jednadžba pramena konika, gdje su osnovne konike pra-
mena odredene jednadˇzbama

F (x,y) = a1x2 +2b1xy+ c1y2 +2d1x+2e1y+ f1 = 0, (9)

G(x,y) = a2x2+2b2xy+c2y2+2d2x+2e2y+ f2 = 0. (10)

Tada jeH =H(x,y) polinom oblika

H (x,y) = ax2 +2bxy+ cy2+2dx+2ey+ f , (11)

gdje smo oznaˇcili

a = a1 + µa2, b = b1 + µb2, . . . , f = f1 + µ f2. (12)

Reći ćemo da je skup nul-toˇcaka polinomaH = H(x,y)
centralno simetriˇcan u odnosu na toˇckuS(x S,yS), ako pos-
toji uredeni par realnih brojeva(xS,yS) takav da za svaki
uredeni par realnih brojeva(x,y) sa svojstvomH(x,y)=0
vrijedi

H (2xS − x, 2yS − y) = 0. (13)

Zahtjev (13) moˇze se napisati u obliku

H (x,y)+4(ax2
S +2bxSyS + cy2

S + dxS + eyS)

−4x(axS + byS + d)−4y(bxS + cyS + e) = 0.
(14)

Kako je po pretpostavciH(x,y)=0, to vidimo da mora biti

ax2
S +2bxSyS + cy2

S + dxS + eyS = 0 (15)

axS + byS + d = 0 (16)

bxS + cyS + e = 0. (17)

Nadalje,

ax2
S +2bxSyS + cy2

S + dxS + eyS

= (axS + byS + d)xS +(bxS + cyS + e)yS,
(18)

što znaˇci da je (15) posljedica relacija (16) i (17). Dakle,
koordinate toˇcke S moraju zadovoljavati sustav linearnih
jednadžbi

axS + byS + d = 0

bxS + cyS + e = 0.
(19)
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Za pojediničvrsti µ, rješenje tog sustava postoji ili ne pos-
toji, a ako postoji moˇze biti jedinstveno ili jednoparame-
tarsko. Ako za zadaniµ postoji uredeni par realnih brojeva
(xS,yS) koji je rješenje sustava (19), tada se toˇckaS(xS,yS)
zove centrom ili srediˇstem konikeH(x,y)=0. Ako postoji,
to središte može, ali ne mora biti jedinstveno.

Eliminiramo li parametarµ iz (19), dobijemo

(a1xS + b1yS + d1)(b2xS + c2yS + e2)

= (b1xS + c1yS + e1)(a2xS + b2yS + d2),
(20)

odnosno nakon sredivanja

aSx2
S +2bSxSyS + cSy2

S +2dSxS +2eSyS + fS = 0, (21)

gdje smo oznaˇcili

aS = a1b2−b1a2

2bS = a1c2− c1a2

cS = b1c2− c1b2

2dS = a1e2−b1d2 + d1b2− e1a2

2eS = b1e2− c1d2 + d1c2− e1b2

fS = d1e2− e1d2.

(22)

Na temelju zapisa (21) moˇzemo zakljuˇciti da je skup svih
središta pramena konika opet jedna konika, ako je bar je-
dan od koeficijenataaS,bS,cS različit od nule.

Skup svih srediˇsta proizvoljnog pramena konika ne moˇze
biti imaginarna konika (imaginarna elipsa ili par imaginar-
nih pravaca). Naime, ako srediˇste neke krivulje iz pramena
postoji, njegove koordinate su rjeˇsenje sustava linearnih
jednadžbi (19), dakle realni brojevi, jer su takvi svi ko-
eficijenti sustava (19).

5 Krivulja središta pramena konika tipa VI

Ako su zadane ˇcetiri točkePi(xi, yi), i=1,2,3,4 u ravnini,
od kojih ni koje tri nisu kolinearne, te ako je

gik = aikx+ biky+ cik = 0, i �= k, (23)

jednadžba pravcaPiPk, tada je jednadˇzbom

g12g34+ µg13g24 = 0 (24)

predočen pramen konika kojem su toˇcke Pi temeljne (tj.
sve konike pramena prolaze toˇckamaPi) (Cesarec 1957).

Neka su sada zadane dvije toˇckeA i C i neka jet1 bilo koji
pravac koji prolazi toˇckomA, ali ne sadrˇzi točkuC i neka
je t2 bilo koji pravac koji prolazi toˇckomC, a ne prolazi
točkomA. Označimo sg pravac kroz toˇckeA i C. Ako su

t1 = 0, t2 = 0 i g = 0 (25)

jednadžbe navedenih pravaca, tada je

g2 + µt1t2 = 0 (26)

jednadžba pramena konika kojem suA i C temeljne toˇcke,
at1 i t2 zajedničke tangente svih konika pramena. Pravact 1

zajednička je tangenta svih konika pramena jer sa svakom
konikom ima samo jednu zajedniˇcku točku. Ta zajedniˇcka
točkaA zove se dvostrukom temeljnom toˇckom pramena.
Pravact2 takoder je zajedniˇcka tangenta svih konika pra-
mena i točkaC dvostruka temeljna toˇcka pramena.

Neka su s pomo´cu homogenih koordinata zadane toˇcke

A = (x0A, x1A, x2A) i C = (x0C, x1C, x2C). (27)

Lako se moˇze vidjeti da se jednadˇzba pravcag koji prolazi
točkamaA i C može napisati u obliku

gxx+ gyy+ gz = 0, (28)

gdje smo oznaˇcili

gx =
 x2C x2A

x0C x0A

 , gy = −
 x1C x1A

x0C x0A

 ,

gz =
 x1C x1A

x2C x2A

 .

(29)

Pravact1 prolazi točkomA, a njegov smjer neka odreduje
jedna pomo´cna točkaT1 s homogenim koordinatama

T1 = (x0T1, x1T1, x2T1). (30)

Jednadˇzba pravcat1 koji prolazi točkamaA i T1 glasi tada

t1xx+ t1yy+ t1z = 0, (31)

gdje smo oznaˇcili

t1x =
 x2T1 x2A

x0T1 x0A

 , t1y = −
 x1T1 x1A

x0T1 x0A

 ,

t1z =
 x1T1 x1A

x2T1 x2A

 .

(32)

Pravact2 prolazi točkomC, a njegov smjer neka odreduje
jedna pomo´cna točkaT2 s homogenim koordinatama

T2 = (x0T2, x1T2, x2T2). (33)

Jednadˇzba pravcat2 koji prolazi točkamaC i T2 glasi tada

t2xx+ t2yy+ t2z = 0, (34)
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gdje smo oznaˇcili

t2x =
 x2T2 x2C

x0T2 x0C

 , t2y = −
 x1T2 x1C

x0T2 x0C

 ,

t2z =
 x1T2 x1C

x2T2 x2C

 .

(35)

S pomoću relacija (28)-(29) lako se moˇze izvesti da jeg 2

oblika

g2 = F(x, y)= a1x2+2b1xy+c1y2+2d1x+2e1y+ f1 (36)

uz oznake

a1 = g2
x b1 = gxgy c1 = g2

y
d1 = gxgz e1 = gygz f1 = g2

z .
(37)

Sasvim analognot1t2 je oblika

t1t2 = G(x, y)

= a2x2 +2b2xy+ c2y2 +2d2x+2e2y+ f2
(38)

uz oznake

a2 = t1xt2x b2 = 1
2(t1xt2y + t1yt2x)

c2 = t1yt2y d2 = 1
2(t1xt2z + t1zt2x)

e2 = 1
2(t1yt2z + t1zt2y) f2 = t1zt2z.

(39)

Ukoliko dvije pomoćne točkeT1 i T2 padnu zajedno, tada
ćemo sK = T1 = T2 označiti točku koja istrovremeno pri-
pada pravcimat1 i t2.

Uvrstimo li u jednadˇzbu (20) izraze (37) dobit ´cemo jed-
nadžbu krivulje središta u obliku

(gxxS + gyyS + gz)[(gxb2−gya2)xS

+(gxc2−gyb2)yS + gxe2−gyd2] = 0.
(40)

Odatle se odmah vidi da se krivulja srediˇsta raspala na pra-
vacg

gxx+ gyy+ gz = 0,

i pravac

(gxb2−gya2)x+(gxc2−gyb2)y+ gxe2−gyd2 = 0. (41)

Pokažimo sada da ovaj posljednji pravac mora prolaziti
točkom K. S obzirom da toˇcka K pripada pravcimat 1 i
t2 to njene koordinate zadovoljavaju (31) i (34). Nije teˇsko
vidjeti da odgovaraju´ce linearne kombinacije izraza (31) i
(34) daju

b2x+ c2y+ e2 = 0 i a2x+ b2y+ d2 = 0. (42)

Napišemo li (41) u obliku

gx(b2x+ c2y+ e2)−gy(a2x+ b2y+ d2) = 0, (43)

tada je jasno da toˇckaK zadovljava posljednju jednadˇzbu,
što drugim riječima znaˇci da točkaK pripada pravcu (41).

Na kraju ćemo još dokazati da pravac (41) prolazi
središtem duˇzineAC, tj. točkomP s koordinatama

P

(
1
2
(xA + xC),

1
2
(yA + yC)

)
. (44)

U tu svrhu dovoljno je uvrstiti koordinate toˇcke P (44) u
jednadžbu pravca (41). Medutim, kad se to napravi, ne
vidi se baš odmah da je jednadˇzba zadovoljena. No, ako
najprije izrazimo koeficijentea2,b2,c2,d2 i e2 prema (39)
te iskoristimočinjenice da toˇckaA leži na pravcut1 i točka
C na pravcut2:

t1xxA + t1yyA + t1z = 0,

t2xxC + t2yyC + t2z = 0,
(45)

dolazimo do izraza

(t1yt2x − t1xt2y)[gx(xA − xC)+ gy(yA − yC)] = 0 (46)

koji je identički jednak nuli zbog toga ˇsto točkeA i C pri-
padaju pravcug:

gxxA + gyyA + gz = 0,

gxxC + gyyC + gz = 0.
(47)

6 Krivulja fokusa pramena konika tipa VI

Neka je

H = g2 + µt1t2 = 0 (48)

jednadžba pramena konika tipa VI uz oznake iz prethod-
nog poglavlja. Izotropna krivulja fokusa pramena konika
geometrijsko je mjesto diraliˇsta svih tangenata na pojedine
krivulje pramena, uz uvjet da te tangente sadrˇze i zadanu
neizmjerno daleku apsolutnu toˇcku, odnosno da sve tan-
gente imaju jedan te isti smjer. Bez smanjenja op´cenitosti
možemo pretpostaviti da ta neizmjerno daleka apsolutna
točka ima homogene koordinate(0,0,1), tj. da se nalazi u
smjeru koordinatne osiy. Na taj je naˇcin izotropna krivulja
fokusa pramena konika odredena uvjetom

∂H
∂y

= 0. (49)

Na temelju relacija (48) i (49), a uzevˇsi u obzir (28), (31) i
(34) može se napisati jednadˇzba krivulje fokusa u obliku

g(2gyt1t2− t1ygt2− t2ygt1) = 0. (50)

Iz posljednje formule slijedi da se za pramenove tipa VI
krivulja fokusa raspada na pravacg i koniku. Lako se vidi
da pravacg i konika

2gyt1t2− t1ygt2− t2ygt1 = 0 (51)
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prolaze temeljnim dvostrukim toˇckama pramenaA i C, a
konika još i točkomK u kojoj se sijeku zajedniˇcke tangente
svih konika pramena.

Jednadˇzba konike (51) moˇze se transformirati u standardni
oblik

(gya2−gxb2)x2 +(gyb2−gxc2)xy+(2gyd2−gxe2

−gzb2)x+(gye2−gzc2)y+(gy f2−gze2) = 0,
(52)

kojim se možemo posluˇziti za njeno grafiˇcko prikazivanje.

7 Primjer

Na temelju formula izvednih u radu (Lapaine 2001) sas-
tavljen je potprogram za raˇcunalo koji polaze´ci od zadanih
homogenih koordinata toˇcakaA, C, T1 i T2 odreduje koefi-
cijente u jednadˇzbi pripadnog pramena konika. ToˇckeA i C
su dvostruke toˇcke, a toˇckeT1 i T2 pomoćne točke. Točke
A i T1 definiraju jednu, a toˇcke C i T2 drugu zajedniˇcku
tangentu svih konika pramena. Toˇcke T1 i T2 mogu pasti
zajedno i tada tu toˇcku oznaˇcavamo sK.

Nakonšto su izraˇcunani koeficijenti u jednadˇzbi pramena,
primjena odgovaraju´ceg softvera omogu´cuje grafičko pri-
kazivanje pramena (Lapaine 1997), te pripadne krivulje
središta i krivulje fokusa na temelju formula izvednih u
ovome radu.

Neka su zadane dvostruke temeljne toˇcke pramena konika
A(1,−1,0), C(1,5,0) i pomoćna točkaK(1,0,−1).

Račun daje

gx = 0, gy = −6, gz = 0,

jednadžba pravca g . . . y = 0,

t1x = 0, t1y = −1, t1z = −1,

jednadžba pravca t1 . . . y = −x−1,

t2x = −1, t2y = 5, t2z = 5,

jednadžba pravca t2 . . . y = 1
5x−1.

a1 = 0, b1 = 0, c1 = 36,

d1 = 0 e1 = 0 f1 = 0,

a2 = 1, b2 = −2, c2 = −5,

d2 = −2 e2 = −5 f2 = −5.

Jednadˇzba pramena:

y2 + µ(x2−4xy−5y2−4x−10y−5)= 0.

Krivulja središta:

m2 . . . y(x−2y−2) = 0.

Krivulja fokusa:

k f . . . y(x2−2xy−4x−5y−5)= 0.

Pramen konika, njegova krivulja srediˇsta (crveno) i krivu-
lja fokusa (zeleno) prikazani su na slici 1.

1

2

2

2

Slika 1. Pramen konika tipa VI
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SAŽETAK

U radu je dana konstrukcija nekoliko realnih točaka jedne
konike iz pramena konika ako je pramen zadan dvostrukom
realnom i parom konjugirano imaginarnih točaka ili parom
konjugirano imaginarnih diralǐsta.
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The Conic Given by the Imaginary Elements

ABSTRACT

In this paper the construction of some real points of the
conic from the pencil of conics is shown. The pencil of
conics is given by a double real point and the pair of ima-
ginary points or by the pair of imaginary touching points.

Key words: conic, imaginary points, perspective collinea-
tion
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In der Literatur kann man Konstruktionen mit imagin¨aren
Elementen nur selten finden. Die folgenden Konstruktio-
nen geh¨oren zu den Themen aus dem̈Erdgeschoss der
Geometrie¨und befassen sich mit den imagin¨aren Grund-
punkten eines Kegelschnittb¨uschels.

Aufgabe 1.

Ein Kegelschnittb¨uschel ist durch zwei reell zusammenfal-
lende PunkteF = M und ein konjugiert imagin¨ares Punk-
tepaarD1 undD2 an der Geradenq gegeben. Die Punkte
D1 undD2 sind als Doppelpunkte einer zirkul¨aren Involu-
tion mittels Laguerrischen PunktQ /∈ q gegeben (Fig. 1).
Die Aufgabe ist ein Paar beliebig reeller Punkte eines Ke-
gelschnittes dieses B¨uschels zu konstruieren.

Lösungsansatz

Alle Kegelschnitte des B¨uschels besitzen im PunktF =
M die gemeinsame Tangentef . Mit F = M, D1 und D2

und einem weiteren PunktN ist der Kegelschnittk dieses
Büschels eindeutig bestimmt. Dieses Kegelschnittb¨uschel
enthält zwei entartete Kegelschnitte. Eines ist in die Gera-
denq und f , das andere in konjugiert - imagin¨ares Gera-
denpaarFD1 undFD2 zerfällt.

Figur 1.

Stellen wir unsP und p als einen Punkt und seine Polare
bezüglich des Kegelschnittesk vor. Die Schnittpunkte ei-
ner den PunktP enthaltenden Geradent mit k sind mitT1

undT2 bezeichnet. Wegen des Polarit¨atsbegriffes sind die-
se Punkte in Harmonit¨at mitPundP1, wobeiP1 = t∪p ent-
spricht. Es gilt(T1T2PP1)=−1. Diese Tatsache erm¨oglicht
folgende Konstruktionen.
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Konstruktive L̈osung
Der Schnittpunkt der Tangentef mit der Geradenq sei
mit B bezeichnet. Da jedes Geradenpaar des involutori-
schen Geradenb¨uschels sehnkrecht zueinander steht, be-
kommt man entsprechend dem PunktB den zugeordneten
PunktB1 ∈ (q). Damit wirdb = B1F die Polare des Punk-
tesB bezüglichk.

Nun istU = NB∩b. Die GeradeNB schneidet den Kegel-
schnittk in noch einem PunktR, wobei(BUNR) =−1 gilt.
Daraus bekommt man einen zus¨atzlichen reellen PunktR
des Kegelschnittesk.

Mittels derselben elliptischen Involution an der Geradenq,
kann man die Polarea des PunktesA = FN ∩ q bekom-
men, wobei manG mittels der Harmonit¨at (FNAG) = −1
konstruiert.

Jetzt wird der PunktS= a∩b der Pol der Geradenq in Be-
zug aufk sein. Er ist der Schnittpunkt von allen Polaren der
Punkte von(q). Somit kann man mittels(B1SFP) = −1
den zweiten SchnittpunktP der Geradenb mit k konstruie-
ren.

Mit diesen fünf reellen PunktenF = M, N, R und P von
k haben wir die M¨oglichkeit, weitere Punkte dieses Kegel-
schnittes mittels Projektivit¨at relativ leicht zu konstruieren
[1].

Aufgabe 2.

Es wird ein Kegelschnittber¨uhrbüschel mit konjugiert -
komplexen Grundpunkten betrachtet [2]. Die Aufgabe ist
ein Paar beliebig reeller Punkte eines Kegelschnittesk
des Büschels zu konstruieren, wobeik mit einem weiteren
PunktN bestimmt ist.

Lösungsansatz
Sind je zwei der vier Grundpunkte eines Kegel-
schnittbüschels zusammengefallen, d.h.A≡ B undC≡ D,
es handelt sich um ein Ber¨uhrbüschel. Alle Kegelschnitte
eines solchen B¨uschels ber¨uhren im vorliegenden Fall zwei
konjugiert - komplexe Geradeng1 undg2 in den an der Ge-
radenq liegenden konjugiert - komplexen Grundpunkten
A undC. Diese Punkte sind die Doppelpunkte der ellipti-
schen Involution der konjugierten Punktepaare bez¨uglich
jedes Kegelschnittes des B¨uschels [1]. Die PunkteA undC
in der Fig. 2. kann man als ihre reelle Repr¨asentanten nen-
nen. Der ZentralpunktZ der Punktinvolution(q) liegt im
Mittelpunkt der StreckeAC.

Der eigentliche reelle SchnittpunktQ der imaginären Tan-
genteng1 und g2 ist der gemeinsame Pol der Geradenq
bezüglich alle Kegelschnitte des B¨uschels. An der Gera-
denZQ liegt somit ein Durchmesser jedes Kegelschnittes
des Büschels.

Mit einem PunktN ist ein Kegelschnittk dieses B¨uschels
gegeben. Wir m¨ochten ein paar beliebige Punkte dieses
Kegelschnittes, besonders seine Schnittpunkte mit der Po-
lare z des ZentralpunktesZ erreichen. Zu diesem Zweck
wird eine perspektive Kollineation gesucht, die den gege-
benen Kegelschnittk in einen Kreisk′ abbilden wird. Die
Geradeq soll diesen Kreis in derselben elliptischen Invo-
lution wie den Kegelschnittk schneiden, woraus schließt
man, dassq die Kollineationsachse ist. An der GeradenZL
wird deutlich ein Durchmesser des gesuchten Kreises lie-
gen (Fig.2).

Figur 2.

Konstruktive L̈osung
Man kann eine beliebige zu der Kollineationsachse paral-
lele Gerade w¨ahlen, die den Kreisc in zwei reelle und ver-
schiedene Punkte schneidet. Diese Geradez′ soll die Po-
lare des ZentralpunktesZ bezüglich des gesuchten Krei-
sesk′ sein. Die SchnittpunkteQ′

1 und Q′
2 der Geradenz′

mit k′ kann man als die Doppelpunkte der hyperbolischen
Involution an der Geradenz′ bezeichnen [1]. Die Verbin-
dungsgeradenAQ′

2 undCQ′
2 schneiden die GeradeZL in

einem Durchmesser des Kreisesk′. Dieser Kreis steht da-
mit ortogonal zum Kreisc. Die PunkteQ′ = z′ ∩ZL und
Q bilden ein zugeordnetes Paar bei der gesuchten perspek-
tiven Kollineation und damit wird ein Kollineationsstrahl
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bestimmt. Der Geradenn ≡ QN findet man entsprechend
die zugeordnete Geraden′ ≡ Q′N′, wobeiN′ am Kreisk′
liegt. Der KollineationsstrahlNN′ schneidetQQ′ im Zen-
trum S der perspektiven Kollineation. Entsprechend be-
kommt man die SchnittpunkteQ1 und Q2 der Geradenz
mit dem Kegelschnittk, wie auch alle anderen beliebigen
Punkte vonk.

Unter der Voraussetzung des fixen PunktesN hängt diese
Konstruktion nicht von der Wahl der Geradenz′ ab. Für je-
de Geradez′ wird ein Kreisk′ bestimmt, der sich mittels
einer perspektiven Kollineation im selben Kegelschnitt des
Büschels abbilden l¨asst.

Für jede Wahl des PunktesN bei fixem Kreisk′ bekommt
man nach obiger Konstruktion das Zentrum einer anderen
Kollineation(Si ,q,Q,Q′

i) und damit einen anderen Kegel-
schnitt des Ber¨uhrbüschels.
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Metoda stvaranja pravčastih ploha i njihovih
modifikacija

SAŽETAK

U članku je dana netradicionalna metoda za definiranje
pravčastih ploha.Ta metoda omogućuje jednostavnu kon-
strukciju izvodnica pravčaste plohe prvenstveno pomoću
računala, a ne samo u klasičnom smislu. Opisana
je metoda za definiranje i konstrukciju poznatih ploha,
ali i za modeliranje novih. Uvedeni matematički opis
omogućuje stvaranje interaktivnog modeliranja ploha
pomoću računala i vrlo brzi dizajn plohe te projekcije
njezinih odabranih dijelova. Slike prikazuju računalne
grafičke izlaze.

Ključne riječi: pravčaste plohe, razvojne plohe, vitopere
plohe

A Method for Creating Ruled Surfaces and its
Modifications

ABSTRACT

The paper presents a non-traditional method for defining
ruled surfaces. This method enables a simple construc-
tion of the ruled surfaces generating lines, not only with
the classical means, but first of all with a computer. The
method for defining and constructing known surfaces and
also modelling of new surfaces is described here. The in-
troduced mathematical description enables creation of the
interactive modelling of surfaces by using a computer and
very quick surface design and projection of its arbitrary
segments. The pictures are presenting the graphical out-
put from a computer.

Key words: developable surface, ruled surface, skew sur-
face

MSC 2000: 65D17, 51N05, 51N20

1 Definition of a ruled surface and construc-
tion of generating lines

We will work in the Euclidean spaceE3 and in the vec-
tor spaceV (E3) with the Cartesian coordinates system
〈O,x1,x2,x3〉 .
Let these vector functions be set:

y1(x1) = (x1,0, f (x1)), x1 ∈ I1,

y2(x2) = (0,x2,g(x2)), x2 ∈ I2 . (1)

Let the real functionsf andg in (1) be continuous and dif-
ferentiable on the intervalsI1 andI2. These intervals can
contain many points for which derivative of the functions
f andg are improper. Vector functions (1) describe curves
k1 ⊂ x1x3 andk2 ⊂ x2x3 . We assume that these curvesk1

andk2 are not intersected (Fig. 1).
Let the curvem be defined by the vector function (2) in the
planex1x2

Fig. 1

x(t) = (x(t),y(t),0), t ∈ I, (2)

where for anyt ∈ I is x(t) ∈ I1, y(t) ∈ I2 and
dx(t)

dt
= x′(t)

is a non-zero vector.
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Now, we will construct the generating linep in this way
(Fig. 1):

a) We choose a pointM on the curvem and mark its or-
thogonal projections to the axesx1 andx2 asK1 and
L1 .

b) PointsK andL are points located on curvesk1 and
k2 respectively, whileK1 andL1 are their orthogonal
projections to the planex1x2 .

c) The linep joins the pointsK andL.

The line p is a generating line of the ruled surfaceϕ and
with this method we would construct next generating lines
of the surfaceϕ .

2 Parametric representation of the ruled
surface ϕ

We obtain the coordinates of the pointsK andL with the
substitution of (2) to (1). Then

K = [x(t),0,F(t)] and L = [0,y(t),G(t)],

whereF(t) = f (x(t)) andG(t) = g(y(t)) .
Let the generating linep be defined for example by the
centre

S =
[

x(t)
2

,
y(t)
2

,
F(t)+ G(t)

2

]

of the line segmentKL and by the direction vector

p(t) =
1
2

(x(t),−y(t),F(t)−G(t)) . (3)

Then the ruled surfaceϕ has the following parametric rep-
resentation:

x1 =
x(t)
2

(1+ u),

x2 =
y(t)
2

(1−u),

x3 =
F(t)+ G(t)

2
+ u

F(t)−G(t)
2

,

t ∈ I, u ∈ R . (4)

Example 1: The surface of an elliptic movement

The vector functions (1) are

y1(x1) = (x1,0,q1), x1 ∈ R,

y2(x2) = (0,x2,q2), x2 ∈ R , (5)

whereq1 andq2 are non-zero constants fromR , q1 �= q2 .

Curvesk1 andk2 are lines,k1‖x1 andk2‖x2 . Let the curve
m become a circle defined by the vector function

x(t) = (acost,asint,0), t ∈ 〈0,2π〉 . (6)

The surfaceϕ defined in this way has the following para-
metric representation according to equation (4):

x1 =
acost

2
(1+ u),

x2 =
asint

2
(1−u),

x3 =
q1 + q2

2
+ u

q1−q2

2
,

t ∈ 〈0,2π〉, u ∈ R . (7)

In Fig. 2a the curvesk1, k2 andm are shown.
In Fig. 2b a surface segment, which is called the surface of
an elliptic movement is shown.

Fig. 2a

Fig. 2b
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3 The section of the surface ϕ by the plane
x1x2

If the curvek3 is the section of the surfaceϕ by the plane
x1x2, (x3 = 0), then we get its parametric representation
from (4)

x1 =
G(t)x(t)

G(t)−F(t)
, x2 =

−F(t)y(t)
G(t)−F(t)

, x3 = 0, t ∈ I . (8)

If for any t ∈ I is

G(t) = F(t), (9)

then the corresponding generating linep‖x1x2 and its in-
tersection point with the planex1x2 is a point at infinity.

The section of the surfaceϕ of elliptic movement by the
planex1x2 (from the example 1 according to (8)) has the
following parametric representation

x1 =
aq2

q2−q1
cost, x2 =

−aq1

q2−q1
sint,

x3 = 0, t ∈ 〈0,2π〉. (10)

This section is the ellipsek3 with the centre in the origin of
the coordinate system, values of the semiaxes are∣∣∣∣ aq2

q2−q1

∣∣∣∣ and

∣∣∣∣ aq1

q2−q1

∣∣∣∣ .

In the case when the equation (9) expresses identity for the
interval I all generating lines of the surfaceϕ are parallel
to the planex1x2 and the section of the surface by the plane
x1x2 cannot be described by equations (8).

If we choose the vector functions (1) as

y1(x1) = (x1,0, f (x1)), x1 ∈ I1,

y2(x2) = (0,x2, f (x2)), x2 ∈ I1, I1 = I2 (11)

and the curvem is a line parametrized by the vector func-
tion

x(t) = (t,t,0), t ∈ R, (12)

thenF(t) = G(t) = f (t).

The ruled surfaceϕ has the following parametric represen-
tation according to (4):

x1 =
t
2
(1+ u),

x2 =
t
2
(1−u),

x3 = f (t), t ∈ I1, u ∈ R (13)

and it is a cylindrical surface. Its generating lines are par-
allel to the planex1x2 . The curvesk1 andk2 are congruent.
Revolving the curvek1 about the axisx3 by the angle 90o

we would get the curvek2 .

The sectionk3 of the cylindrical surface (13) by the plane
x1x2 is composed from the surface generating lines. Their
number is equal to the number of common points of the
curvek1 and the axisx1 .

Example 2: Circular cylindrical surface

Curvesk1 and k2 are semicircles with centresS1 ∈ x1 ,
S2 ∈ x2, with the same radiusr and |OS1| = |OS2| = p .
The semicircles are parametrized by the vector functions

y1(x1) =
(

x1,0,
√

r2− (x1− p)2

)
,

x1 ∈ 〈p− r, p+ r〉,

y2(x2) =
(

0,x2,
√

r2− (x1− p)2

)
,

x2 ∈ 〈p− r, p+ r〉, 0 < p− r .

The surfaceϕ is a half of the circular cylindrical surface
which has the following parametric representation accord-
ing to (13)

x1 =
t
2
(1+ u),

x2 =
t
2
(1−u),

x3 =
√

r2− (t − p)2,

t ∈ 〈p− r, p+ r〉, u ∈ R . (14)

Fig. 3a illustrates curvesk1 , k2 , m , and the section of
the surface by the planex1x2 which is created by linesl1
andl2 .

In Fig. 3b the segment of the circular cylindrical surface is
shown.

Fig. 3a

Fig. 3b
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4 Developable and skew surfaces ϕ

The generating line of the surfaceϕ is defined by choice
of the parametert ∈ I. When we substitute the parametric
representation (2) of the curvem to the vector functions
(1) and differentiate the vector functions (1) according to
argumentt, then we get:

y′1(t) = x′(t)

(
1,0,

[
d f (x1)

dx1

]
x1=x(t)

)
and

y′2(t) = y′(t)

(
0,1,

[
dg(x2)

dx2

]
x2=y(t)

)
.

These vector functions for chosent ∈ I are defining the di-
rection vectors of the tangent lines of curvesk1 andk2 . To
make the generating line of the surfaceϕ torsal, vectors
y′1(t) , y′2(t) and (3) must be linearly dependent. From this
condition we get equation:

x′(t)y′(t)
(

F(t)− x(t)
[

d f (x1)
dx1

]
x1=x(t)

−
(

G(t)− y(t)
[

g(x2)
dx2

]
x2=y(t)

))
= 0. (15)

If the equation (15) is identity on the intervalI, the surface
ϕ is created by torsal lines only and it is a developable sur-
face. If the equation (15) is not identity, the surfaceϕ is a
skew surface on which torsal generating lines can exist.

The equation (15) of the surface of an elliptic movement
has the form:

a2(q1−q2)sint cost = 0, t ∈ 〈0,2π〉.

Then the lines for parameterst = 0, π/2, π, 3π/2 are tor-
sal lines located in the planesx1x3 andx2x3 .

In the case when the cylindrical surface has the parametric
presentation (13) we can simply verify that the equation
(15) is an identity and the cylindrical surface will be a de-
velopable surface. The intersection pointsK1 andL1 of the
line l1 with the semicirclesk1 andk2 from the example 2
(Fig. 3a) are examples of points in which derivative of the
functions f and g is improper. The tangent lines of the
curvesk1 andk2 in the pointsK1 andL1 are parallel with
the axisx3 . Analogously for the linel2 .

5 Continuity between the surfaces ϕ and
skew surfaces

Continuity between the mentioned ruled surfacesϕ and
skew surfaces, which are defined by three basic curves, is
clearly seen on the surface of an elliptic movement. If the

section of the surfaceϕ by the planex1x2 is the curvek3 ,
then it is possible to define the surfaceϕ by basic curves
k1 , k2 andk3 . The generating lines of the surfaceϕ are
lines intersecting the basic curves.

6 Envelope of orthographic views of the
ruled surface generating lines in the plane
x1x2

Generating lines of the ruled surface are orthogonally pro-
jected to the planex1x2 and parametric representation of
these orthographic views can be given by the first two
equations in (4) without the parameteru:

y(t)x1 + x(t)x2− x(t)y(t) = 0, t ∈ I . (16)

The equation (16) is the equation of a one-parametric line
system and its envelope can be found by differentiating of
the equation (16) according to parametert:

y′(t)x1 + x′(t)x2− x′(t)y(t)− x(t)y′(t) = 0. (17)

From the equations (16) and (17) we get:

x1 =
x2(t)y′(t)

x(t)y′(t)− x′(t)y(t)
,

x2 =
−y2(t)x′(t)

x(t)y′(t)− x′(t)y(t)
,

x3 = 0, t ∈ I . (18)

If an envelope exists and it is a curve marked asm ′, then
the equations (18) are its parametric representation. The
points for whichx(t)y′(t)− x′(t)y(t) = 0 do not have to be
necessarily troublesome points. This problem will be not
investigated here.

The envelopem′ depends only on the curvem, what is evi-
dent from the equations (18) and the geometric view, too.

If the curvem is a circle parametrized by the function (6),
then according to (18) the envelopem ′ has the following
parametric representation:

x1 = acos3 t, x2 = asin3 t, x3 = 0, t ∈ 〈0,2π〉, (19)

the curvem′ is an asteroid (Fig. 4a).
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’

Fig. 4a

’

Fig. 4b

Orthographic views of the cylindrical surface generating
lines (example 2) in the planex1x2 are examples for the
one-parametric system of lines which has not any enve-
lope.

7 Modification of the method for the cre-
ation of ruled surfaces

The idea described above allows us to define and create
ruled surfaces by a method which we could call dual for
defining and creating the surfacesϕ . The surface is de-
fined by the curvesk1 andk2 which are parametrized by the
functions (1). Let the curvem ′ be without singular points
in the planex1x2 . Tangent lines of the curvem ′ create a
one-parametric system of lines. LetK1 andL1 be the inter-
sections of one tangent line (which is the intersecting line
with the axesx1 andx2 too) of the one-parametric system
with the axisx1 andx2 . We can construct the surface gen-
erating linep by means of pointsK1 andL1 with the same
method as in the first part (see Fig. 1).

Example 3:

Let the surfaceϕ be defined by curvesk1 andk2 , which
are parametrized by the vector functions (5) and the curve
m′ ⊂ x1x2 is a parabola expressed by parametric represen-
tation

x1 = − 1
2p

t2, x2 = t, x3 = 0, t ∈ R .

The vector function

y(v) =
(
− 1

2p
t2− 1

p
tv, t + v,0

)
, v ∈ R (20)

of the parameterv describes the system of tangent lines to
the parabolam′ for any value of parametert ∈ R (Fig. 4b).

The intersections of the tangent lines with the axesx1 and
x2 are the pointsK1 andL1 with the following coordinates

K1 =
[

1
2p

t2,0,0

]
and L1 =

[
0,

t
2
,0
]

. (21)

The coordinates of the pointsK andL are

K =
[

1
2p

t2,0,q1

]
and L =

[
0,

t
2
,q2

]
.

The surface parametric representation according to (4) has
the following form:

x1 =
t2

4p
(1+ u),

x2 =
t
4
(1−u),

x3 =
q1+ q2

2
+ u

q1−q2

2
,

t ∈ R, u ∈ R . (22)

The set of pointsM which are projected orthogonally to
the pointsK1 andL1 on the axesx1 andx2 can be parame-
terized according to (21) by the function

x(t) =
(

t2

2p
,

t
2
,0

)
, t ∈ R .

The pointsM are therefore located on the parabolam which
is the generatrix of the ruled surfaceϕ constructed by the
method described in the first part.

The both modifications of the presented method are illus-
trated in Fig. 4b showing the construction of the surfaceϕ
projected orthogonally to the planex1x2. A similar con-
struction can be seen in Fig. 4a, where the curvem is a
circle and the curvem′ is an asteroid.
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Description of the surfaceϕ construction is shown in
Fig. 5a. The segment of the surface is shown in Fig. 5b.

Fig. 5a

Fig. 5b

The section of the surfaceϕ by the planex1x2 has the fol-
lowing parametric representation according to (8):

x1 =
q2

2p(q2−q1)
t2, x2 =

−q1

2(q2−q1)
t, x3 = 0, t ∈ R ,

the curvek3 is a parabola.

The equation (15) has the form

1
2p

t(q2−q1) = 0

and therefore the surface has only one torsal basic line cor-
respondent to the parametert = 0 .

Now we will show some examples of the surfacesϕ.

Example 4: Conical surface

The vector functions (1) are

y1(x1) = (x1,0,q1), x1 ∈ R,

y2(x2) =
(

0,x2,
1

2p
x2

2 + q2

)
, x2 ∈ R .

The curvek1 is a line, the curvek2 is a parabola. Let the
curvem be a line parallel to the axisx2 defined by the vec-
tor function

x(t) = (k, t,0), t ∈ R, (23)

wherek is a non-zero constant from R (Fig. 6a).

The surfaceϕ has the following parametric representation
according to (4):

x1 =
k
2
(1+ u),

x2 =
t
2
(1−u),

x3 =
2p(q1+ q2)+ t2

4p
+ u

2p(q1−q2)− t2

4p
,

t ∈ R, u ∈ R . (24)

Fig. 6a
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Fig. 6b

It is evident that the surfaceϕ is a conical surface with a
vertex in the pointK, so this surface is developable. In this
case the equation (15) is an identity, because in the vector
function (23) is x′(t) = 0 for all t ∈ R . The segment of
the surface is illustrated in Fig. 6b.

We could construct generating lines by the means of a one-
parametric system of lines in the planex1x2 , too. In this
case, the system of lines would be a pencil of lines with
the centre in the pointK1 (without the linem). The linep1

is one line from the pencil of lines (see Fig. 6a). This is
nothing new for us, it is a classical construction of conical
surface generating lines.

Example 5: Frezier’s cylindroid

The vector functions (1) are

y1(x1) =
(

x1,0,
√

r2− (x1− p)2

)
,

x1 ∈ 〈p− r, p+ r〉, 0< p− r,

y2(x2) =
(

0,x2,
√

r2− (x2− p)2+ q

)
,

x2 ∈ 〈p− r, p+ r〉,

whereq is a non-zero constant from R.

The curvesk1 andk2 are semicircles as in the example 2 for
the cylindrical surface, but the circlek2 is translated by the
translation vector(0,0,q). The curvem is a line defined by
the vector function (12), Fig. 7a.

This surface is so called Frezier’s cylindroid and its seg-
ment is shown in Fig. 7b. The surface is a skew surface
which has two torsal generating lines. The equation (15)
has the form

√
r2− (t − p)2+

t(t − p)√
r2− (t − p)2

=
√

r2− (t − p)2+ q+
t(t − p)√

r2− (t − p)2

and this is fulfilled only for the pointst = p± r, in which
derivative of the functionsf and g is improper. Ortho-
graphic views of torsal lines in the planex1x2 are the lines
l1 andl2 (Fig. 7a).

It is possible to construct cylindroid generating lines anal-
ogously using the one-parametric system of lines as at a
conical surface. It this case the system of lines is parallel
to the linel1.

Fig. 7a

Fig. 7b

At the end of this paper there are illustrated two compli-
cated surfaces (see Figs 8 and 9). The segment of the
surface demonstrated in Fig. 8 is defined by curvesk1 , k2

andm , where the curvek1 is the Witch of Agnési, k2 is
a parabola and the curvem is an epicycloid. In Fig. 9 is a
segment of the surface for which the curvek1 is a parabola,
the curvek2 is Witch of Agnési and the curvem is a circle
with its centre in the origin.
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Fig. 8 Fig. 9

References
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Some Remarks to the Paper
”The Goose that Laid the Golden Egg”

Neka zapažanja o članku “Guska koja nese zlatno
jaje”

SAŽETAK

Članak [1] potaknuo me da povežem transcedentalne
LAMÉove krivulje sa svojim opažnjima o realnim ptičjim
jajima [2]. Dijelovi dviju različitih krivulja spajaju se u
točkama na osi y. Dobiveni jajoliki oblik izgleda lijepo, ali
nas oko vara. U točki spajanja krivulje imaju zajedničku
tangentu, ali su polumjeri zakrivljenosti 0 i ∞. Te nezam-
jetne pojave sažete su u dva teorema.

Ključne riječi: jajolike krivulje, ptičja jaja, zlatni rez

Some Remarks to the Paper ”The Goose that
Laid the Golden Egg”

ABSTRACT

The paper [1] induced me to combine the transcendental
curves of LAMÉ with my observations on real bird-eggs
[2]. Two segments of different curves are connected at
junctions points located on the y-axis. The obtained egg-
like shape looks nice, but the eye is cheating. It turns out
that the curvature of these curves at the junction point
has some surprising properties. These imperceptible phe-
nomena are summarized in two theorems.

Key words: bird-egs, egg-shaped curves, golden ratio

MSC 2000: 53B99, 92B05

Introduction

It is natural to determine the form of bird-eggs in order to

distinguish and describe the eggs of different bird species.

It is an old problem for nature scientists named oologists

(zoologists studying bird eggs).

Geometers interpret all bird-eggs as bodies with rotational

symmetry. Their longitudinal cross section is an egg-curve

[2]. As dimensions we usually use the lengthl, the width

denoted by 2b, and the axial sections denoted byp and

q = l − p (p � q) [3]. These can exactly be measured. To

distinguish bird-eggs the oologists use the quotientsp/q

andl/2b, which only by few bird species can be equal to

the golden ratio.

In the following we apply the real measured data on

Fibonacci-related functions [1] which give egglike shapes.

This type of egglike curve has the advantage that it can eas-

ily be modified in order to meet the measurements given by

oologists.
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Fig.1 The notation of measured data

1 Basic formulas

In [1] the author used the golden ratio

θ =
√

5+1
2 = 1.618033989

for obtaining different shapes of biological forms. Two
parts of curves determined by equations

a) xθ + yθ = 1; b) xθ2
+ yθ2

= 1; c) xθ +
( y

θ

)θ
= 1

were connected. The junction points of the two segments
were located on they-axis.
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Among the presented examples there were also egg-curves,
but only of the eggs which have the characteristicsp/q= θ,
i.e. l/2b = (1+θ)/2.

Now this method will be generalised. For this purpose it is
necessary to modify the above equations into

b1)
( |y|

b

)θ2

+
( |x|

q

)θ2

= 1,

c1)
( |y|

b

)θ
+

( |x|
p

)θ
= 1.

(The curves of this kind are known as transcendent curves
of LAM É.)

If x is running from−q to 0, the plot ofb1) presents the
blunt end (see Fig.1, left hand side). For 0� x � p the plot
of c1) gives the pointed end of the egg-curve. Thex-axis
is the axis of symmetry. With the data of the peewit egg
(vanellus vanellus) b = 16.45mm, p = 26.3mm, q = 19mm
we get the ”usual” egg-curve given in Fig.1.

If also the left segment obeys formulac1), butp is replaced
by q andx by −x, we get the shape of bird-eggs with two
pointed ends in Fig.2a (see ”zweispitzige Eier” in [3]). The
two segments are corresponding under a perspective affine
transformation.

� ���

�

���

���

����

��

����

�

�

a)

� ���

�

���

���

����

��

����

�

�

b)

Fig.2 The egg-curve with two pointed ends and two
blunt ends

When only the formulab1) is used, we get the bird-eggs
of the form in Fig.2b (”wurstf¨ormige Eier” in [3]).

Both possibilities can also be used forp = q. Contrary to
the cases presented in [2], we obtain plots which are not el-
lipses or circles. Since also the exponentθ can vary, these
composed egg-curves offer more possibilities than all the
others before.

2 About the curvature in the end points

2.1 The right part

If we observe the formulas of the curves composed in Fig.1
we can also make some conclusions about the variation
of the curvature. Let us first observe the right part of the
curve:

|y| = b

(
1−

( x
p

)θ
) 1

θ
. (1)

The first and second derivatives ofy � 0 are

y′ = − bxθ−1

(
1−

(
x
p

)θ
)1− 1

θ
· pθ

(2)

and

y′′ = −(θ−1)b
pθ ·


 x2θ−2(

1−
(

x
p

)θ
)2− 1

θ
·p

+ 1(
1−

(
x
p

)θ
)1− 1

θ
·x1− 1

θ


 .

(3)

The first derivative vanishes ifx = 0. This gives the maxi-
mum point.

The denominator ofy ′′ is equal zero ifx = 0 or x = p. It
means that the second derivative is undetermined atx = 0,
but lim

x→0
y′′ = −∞. In the point(p,0) we have the same sit-

uation.

2.2 The left part

The part determined byb1) for −q � x � 0, y � 0 reads:

y1 = b

(
1−

(−x
q

)θ2) 1
θ2

. (4)
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The derivatives are

y′1 =
b(−x)θ2−1

(
1−

(
−x
q

)θ2
)1− 1

θ2

qθ2

(5)

and

y′′1 = − θb

qθ2


 (−x)2θ(

1−
(

−x
q

)θ2)θ

qθ2

+ (−x)θ2−2(
1−

(
−x
q

)θ2)1− 1
θ2


 . (6)

y′1 vanishes ifx = 0, and it is undetermined forx = −q.
Exactly the same holds fory′′1 but

lim
x→−q+0

y′1 = ∞ and lim
x→−q+0

y′′1 = −∞.

2.3 The curvature radius

The formula for the curvature radius (sincey” < 0 for all
x ∈ [−q, p]) is

r = −|1+ y′|3/2

y′′
(7)

and, on the right hand part of the egg-curve, givesr = 0
if x = 0 or x = p. It means that at the observed points the
curvaturec = 1/r of the right part tends forwards infinity.

Substitution ofy′1 andy′′1 into the definition (7) shows that
the curvature radius of the left part at the pointsx = 0 and
x = −q tends to infinity.

We summarise this surprising facts in

Theorem 1 In the Fig.1 at the point (0,b) the two curves
have the same tangent, but the curvature radii as well as
the curvatures are extremely different.

Theorem 2 The composed egg-curve given in Fig.1 has at
the blunt end (−q,0) the curvature radius r = ∞, at the
pointed end (p,0) is r = 0.

REMARK:

In Fig.1 the curvature radius at the left side appear the min-
imal valuer ∼ 1.58 inx ∼−1.6, and the maximal value of
the right sider ∼ 4.2 in x ∼ 1.1.

The investigation of the other Fibonacci-related functions
listed in [1] is advisable using data appearing in the nature.
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Ecken- und Kantenhöhen im Tetraeder

Vřsne i bridne visine tetraedra

SAŽETAK

k-visina nekog n-simpleksa siječe njegovu k-stranicu i njoj
nasuprotnu stranicu okomito. Tetraedar TTT ima četiri “vřsne
visine” (k = 0) i tri “bridne visine” (k = 1). Visine oba tipa
izvodnice su posebnih hiperboloida povezanih s tetraedrom
TTT.

Članak obrad-uje te hiperboloide na način nacrtne geome-
trije i daje sintetičke dokaze nekih dobro poznatih svojsta-
va. Pokazuje se, na primjer, da ako se visine jednog tipa
sijeku u jednoj točki da se tada i visine drugog tipa sijeku
u jednoj točki te da te točke koincidiraju.

Ključne riječi: tetraedar, hiperboloid visina, centralna pro-
jekcija

Vertex- and Edge-Altitudes of a Tetrahedron

ABSTRACT

A k-altitude of an n-simplex meets a k-face and its opposite
face orthogonally. A tetrahedron TTT possesses four “vertex-
altitudes”(k = 0) and three “edge-altitudes” (k = 1). The
altitudes of each type are generators of special hyperbolo-
ids connected with T.

The paper treats these hyperboloids in terms of descriptive
geometry and gives synthetic proofs for some well-known
properties. It turns out, for example, that if the altitudes
of one type intersect in one point, then so do the others,
and the points of intersection coincide.

Key words: tetrahedron, hyperboloid of altitudes, central
projection

MSC 2000: 51N05, 51N20, 51M04

1 Einführung

Die Anregung von A. Sliepˇcević aufgreifend, elementar-
geometrischen Fragestellungen wieder mehr Beachtung
zu schenken, (vgl. [21]), wird hier u.a. ein elementares
Problem der Raumgeometrie vorgestellt: die Bestimmung
und Analyse der Gemeinnormalen windschiefer Kanten-
paare eines Tetraeders, also dessen “Kantenh¨ohen” und
der “Eckenh¨ohen”. Ziel ist es einerseits, mit diesem Pro-
blemkreis jugendlichen Forschern schon in der Endpha-
se ihres Schulunterrichts ein Trainingsgebiet bereitzustel-
len. Andererseits werden mittels elementarer darstellend-
geometrischer Methoden durchaus auch Zug¨ange zu den
nächsten Etagen der “H¨oheren Geometrie” er¨offnet.

2 Zum Höhenbegriff eines Tetraeders

Aus der ebenen Elementargeometrie ist gel¨aufig, dass die
Höhen eines Dreiecks kopunktal sind, (kurz, jedes ebe-
ne Dreieck besitzt ein OrthozentrumO). Ebenso sind die
Mittelsenkrechten der Dreiecksseiten und die Schwerlini-
en kopunktal (mit den SchnittpunktenC bzw. G). Genau
für gleichseitige Dreiecke fallen diese drei Punkte zusam-
men, sodass diese Dreiecke eine Sonderrolle spielen. F¨ur

alle anderen Dreiecke sindO, C und G verschieden und
kollinear mit der sogenannten Euler-Geradene. Eine erste,
dimensionsm¨aßige Verallgemeinerung des Begriffs “Drei-
eck” ist der des “Tetraeders” bzw. “n-Simplexes”. Ein Te-
traederTTT besitzt 4 EckenA0, ...,A3, 6 Kantenai j = AiAj ,
die als drei windschiefe Paare auftreten, sowie 4 Facetten-
dreieckeα l = AiAjAk.

Ein einenn-dimensionalen (euklidischen) Raum aufspan-
nendern-Simplex SSS(n) besitzt dementsprechend(n + 1)
Ecken und

(n+1
k+1

)
k-dimensionale Facetten.

De f inition :De f inition :De f inition :

Unter einer H¨ohengeraden (kurz: “H¨ohe”) h j1, ...,hjk von
SSS(n) wollen wir das “Gemeinlot” des Facettenraumes
α j1, ...,α jk und dessen komplement¨arer Facette verstehen.

Demnach besitzt ein Dreieck nur eine Art von H¨ohen,
ein Tetraeder hingegen zwei Arten, von denen den
“Eckenhöhen” h j seit G. MONGE weitreichende Unter-
suchungen gewidmet wurden, (siehe [4], [6], [10], [15],
[20]).

Weniger Beachtung fanden die “Kantenh¨ohen”hi j vonTTT.

Im Folgenden sollen beide Arten von Tetraederh¨ohen mit
darstellend-geometrischen Mitteln behandelt werden.

71



KoG•6–2002 G. Weiss, H. Havlicek: Ecken- und Kantenh¨ohen im Tetraeder

3 Die Eckenhöhen eines Tetraeders

Bekanntlich gilt (vgl. etwa [10]) der

SatzSatzSatz1 :1 :1 :

Für jedes TetraederTTT mit zwei bzw. genau einem bzw.
keinem Paar orthogonaler Gegenkanten schneiden die vier
Höhengeraden einander in genau einem PunktO bzw.
zweimal 2 Höhengeraden in verschiedenen PunktenO1,
O2 bzw. gehören sie einem Regulus auf einem gleichsei-
tigen HyperboloidΨ an.

Bemerkung1: Für TetraederTTT mit zwei Paaren orthogo-
naler Gegenkanten ist auch das dritte Kantenpaar ortho-
gonal. Solche Tetraeder heißen “orthozentrisch” mitO als
Höhenschnittpunkt.

Bemerkung2: Der Mittelpunkt M des RegulusΨ bzw.
der Strecke[O1,O2] bzw. der PunktO liegt zur Um-
sphärenmitte C bez¨uglich des EckenschwerpunktesG
spiegelbildlich. Die Tr¨agergeradee von C, G und M
heißt EULER-Gerade vonTTT. Der Punkt M heißt der
MONGE-Punkt von T; er verallgemeinert also den
Höhenschnittpunkt eines Dreiecks.

Bemerkung3: Ein (bekannter) konstruktiv-geometrischer
Beweis für die im allgemeinen Fall reguloide Lage der vier
Höhengeradenhi benützt einen Normalriss vonTTT auf eine
Facettenebene, etwa aufα4, siehe Figur 1.

Dann isth4 projizierend,(A′
4 = h′4), undh′1, h′2, h′3 fallen in

die mit dem Dreiecksh¨ohenschnittpunktM4 kopunktalen
Höhengeraden des Dreiecks(A1A2A3). (Der (nichtproji-
zierende) Normalriss einer Ebenennormalen ist n¨amlich
stets normal zu den Hauptgeraden dieser Ebene, ein Sach-
verhalt, der als “Satz vom Normalriss eines rechten Win-
kels” bekannt ist.) Damit existiert eine zuh4 paralle-
le Treffgeraden4 an h1, h2, h3; ihr Normalriss fällt in
den HöhenschnittpunktM4 von (A1A2A3). In der projek-
tiven Erweiterung des Anschauungsraumes istn4 mithin
eine Treffgerade aller vier Tetraederh¨ohenhi. Zu jeder der
vier Facetten vonTTT existiert also eine zu dieser norma-
le Treffgeradeni der Höhenhi. Da vier nicht-reguloide,
windschiefe Geraden h¨ochstens zwei Treffgeraden besit-
zen können1, folgt damit, dass die H¨ohen reguloid liegen
und deshalb einer einzigen QuadrikΨ angeh¨oren. Aus der
Existenz paralleler Erzeugenden aufΨ folgt unmittelbar,
dassΨ eine Mittelpunktquadrik sein muss und kein Pa-
raboloid sein kann. DiesëUberlegungen lassen allerdings
offen, dassΨ ein gleichseitiges Hyperboloid ist, also eine
einparametrige Schar von Tripeln paarweise orthogonaler
Erzeugenden besitzt.

1
A

2
A

3
A

1
h′

2
h′ 3

h′

.

.

.

4 4
M n′=

4 4
A h′ ′=

Figur 1: Normalriss eines TetraedersTTT auf eine Facette-
nebeneα4.

1
A 2

A

3
A

4
A′

M ′

e

e′

G′

4
G

4
M2

1

1
4

C C′=

3

Figur 2: Die EULER-Geradene, e4 eines TetraedersTTT
und seines Facettendreiecks(A1A2A3).

Bemerkung4: Da parallele Erzeugenden einer Ringqua-
drik spiegelbildlich zum MittelpunktM liegen, erscheint
der NormalrissM′ dieses Mittelpunktes als der Mittel-
punkt der Strecke[A′

4,m4], vgl. Figur 2. Der RissC′ der
UmkugelmitteC von TTT koinzidiert mit der Umkreismitte
C4 des Basisdreiecks und ist ein gemeinsamer Punkt des
Euler-Geradenbildese′ = C′M′ von TTT und der Eulerge-
radene4 := C4M4 des Basisdreiecks(A1A2A3). Liegt A′

4
nicht aufe4, dann sinde′ unde4 verschieden. Der Schwer-
punkt G4 von (A1A2A3) ist dann vom NormalrissG′ des
Schwerpunktes vonTTT ebenfalls verschieden.

Insgesamt bilden die sechs PunkteM ′, M4, G′, G4, A′
4 und

C′ die Ecken eines vollst¨andigen Vierseits und auf dessen
Seiten “merkw¨urdige Teilverhältnisse”. Im Einzelnen gilt:

1Drei der vier windschiefen Geraden bestimmen genau einen Treffgeradenregulus, also eine RingquadrikΦ. Eine Treffgerade aller vier Geraden geh¨ort
diesem Treffgeradenregulus an und geht durch einen Schnittpunkt vonΦ mit der vierten gegebenen Geraden.
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TV(C′,M′,G′) = −1, TV(A′
4,M4,M

′) = −1,

TV(M4,C
′,G4) = −2, TV(A′

4,G4,G
′) = −3.

Dieser Sachverhalt legt die Untersuchung von Punkt-
Konfigurationen nahe, deren Geraden ausschließlich Punk-
tetripel mit ganzrationalem Teilverh¨altnis enthalten.

Bemerkung5: Die Spurkurvek4 der TrägerquadrikΨ
des Höhenregulus in der Ebeneα 4 enthält die Punk-
te (A1,A2,A3,A′

4) und k4 ist wie jeder durch die
Ecken eines Dreiecks und dessen H¨ohenschnittpunkt
gehende Kegelschnitt einegleichseitige Hyperbel, Fi-
gur 3. (Das durch die Punkte(A1,A2,A3) und M4

bestimmte Kegelschnittb¨uschel induziert n¨amlich auf
der Ferngeraden seiner Ebene genau die von einer
Rechtwinkel-Involution induzierte “absolute Involution”
als DESARGUES-Involution.)

1
A

2
A

3
A

1
h′

2
h′

3
h′

4 4
A h′ ′=

4 4
M n′=

.

Figur 3: Die Spurkurvek4 des Höhenregulus in der Fa-
cettenebeneα4 ist eine gleichseitige Hyperbel.

Auf Ψ existieren somit zu den Asymptoten vonk4 parallele
Erzeugenden, die gemeinsam mit der Erzeugendenh4 ein
Tripel paarweise orthogonaler Erzeugenden bilden. Da al-
le Facettenebenen gleichberechtigt sind, liegen aufΨ vier
solche Tripel paarweise orthogonaler Erzeugenden.

Für den synthetischen Nachweis, dass damit eine ein-
parametrige stetige Schar solcher Erzeugendentripel exi-
stiert, ist es zweckm¨aßig, den Anschauungsraum durch die
Fernebeneω projektiv abzuschließen und den Fernkegel-
schnittkω vonΨ zu untersuchen, Figur 4.

kω

kπ

ω

Figur 4: Der Fernkegelschnittkω von Ψ und sein
absolut-polarer Bildkegelschnittkπ

ω als Kegel-
schnittpaar in ’PONCELETscher Schließungs-
lage’ für ein- und umbeschriebene Dreiecke.

Die Orthogonalitätsstruktur des Anschauungsraumes indu-
ziert in ω eine elliptische Polarit¨at π, die sogenannte “ab-
solute Polarit¨at”. (Im Zentralriss aus einem AugpunktA
auf eine Ebeneα erscheint diese absolute Polarit¨at π be-
kanntlich als “Antipolarität” πc des Distanzkreises vonA.)
Demgemäß bilden die Fernpunkte der in Rede stehenden
Erzeugendentripel Poldreiecke inπ. Wie jede Polarit¨at sind
π und kω bereits durch zwei solche Dreiecke bestimmt.
Die Seiten dieser Dreiecke sind Tangenten eines zukω ab-
solut polaren Kegelschnitteskπ

ω, sodass das Paar(kω,kπ
ω)

gemäß einemporistischen Problemvon PONCELET ei-
ne stetige Schar vonkπ

ω um- und kω einbeschriebenen,
Dreiecken besitzt, die nun s¨amtlich auch Poldreiecke inπ
sind. Somit istΨ ein Hyperboloid mit einer stetigen Schar
von Tripeln paarweise orthogonaler Erzeugenden, also ein
gleichseitiges Hyperboloid. (Der Asymptotenkegel eines
solchen Hyperboloides besitzt ebenfalls eine solche Schar
orthogonaler Dreibeine, vgl. [19], [10].)

Bemerkung6: Der zum Höhenregulus erg¨anzende Regulus
enthält neben den schon betrachteten Normalenni durch
die Höhenschnittpunkte der Facettendreiecke vonTTT noch
weitere einfach zu konstruierende Erzeugenden: die durch
die EckenAi legbaren Treffgeradent i der Höhenhi .

Im Zentralriss ausA4 auf (A1,A2,A3) erscheintΨ als ein
Punktepaar, bestehend aus dem PunktA′

4 und dem Schnitt-
punkt T4 der Zentralrissehc

i := AiHc
iu der Höhenh1, h2,

h3, vgl. Figur 5. Dabei repr¨asentiertT4 = Tc
4u den als “el-

liptischen Höhenschnittpunkt” von(H c
1u,H

c
2u,H

c
3u) deutba-

ren Zentralriss der Erzeugendent4 durch den AugpunktA4.
Die Erzeugendeti entsteht als Schnitt der Verbindungsebe-
nenAi ∨h4 undAi ∨hj . Das Spur-Fluchtspurpaar ersterer
fällt in die GeradeAiA′

4 das Spur-Fluchtspurpaar der zwei-
ten besteht aus der GeradenAiAj und der zu ihr parallelen
durchHc

ju, siehe Figur 5. Damit f¨allt der SpurpunktTi von
ti in Ai und der Fluchtpunkt in den SchnittpunktT c

ju der
genannten Fluchtspuren.
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Figur 5: Zentralprojektion des TetraedersTTT aus der EckeA4 auf (A1,A2,A3) von TTT. Der Fluchtpunkt vonh4 fällt in
A′

4 die übrigen HöhenfluchtpunkteH c
ju sind die Antipole der Seiten des Basisdreiecks(A1,A2,A3) vonTTT. Die

Dreiecke(A1,A2,A3) und (Hc
1u,H

c
2u,H

c
3u) sind perspektiv; das Perspektivit¨atszentrum ist der (projizierende)

Zentralriss der durchA4 gehenden Erzeugenden des erg¨anzenden Regulus zum H¨ohenregulus.

A1 A2
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C12

C34
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Figur 6a: Der Mittelpunkt jeder gleichseitigen Hy-
perbel durch ein Dreieck und dessen
Höhenschnittpunkt liegt auf dem Feuerbach-
Kreis dieses Punktsystems.
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Ck

x
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I

I
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k

Figur 6b: Das zu einer Sehne einer Hyperbelk gehörige
asymptotenparallele Parallelogramm besitzt ei-
ne durch den Mittelpunkt vonk gehende Dia-
gonale.
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Bemerkung 7: Die Spurkurvek4 der TrägerquadrikΨ des
Höhenregulus ist nach Bemerkung 5 eine gleichseitige Hy-
perbel durch das Viereck(A1,A2,A3,M4) und den PunktA′

4
vgl. Figur 3. Man beachte dabei den

Hil f ssatz:Hil f ssatz:Hil f ssatz:

Die Mittelpunkte aller Kegelschnitte durch ein Drei-
eck und dessen H¨ohenschnittpunkt liegen auf dem
FEUERBACH-Kreis des Dreiecks.

Da in einem Punktsystem bestehend aus einem
Dreieck und dessen H¨ohenschnittpunkt jeder Punkt
Höhenschnittpunkt des Rest-Dreiecks ist, und jedes dieser
Dreiecke ein und denselben FEUERBACH-Kreisf besitzt,
sprechen wir im Folgenden vom FEUERBACH-Kreis des
Punktesystems.
Zum Beweis von Hilfssatz 1 projiziert man die vier Grund-
punkte des B¨uschels aus FernpunktenU undV orthogona-
ler Richtungen. Dabei repr¨asentierenU undV die Asym-
ptotenfernpunkte einer speziellen gleichseitigen Hyperbel
k durch diese Grundpunkte, vgl. Figur 6a und Figur 6b.
Zu einer Sehne[A1,A2] gehörige Projektionsstrahlen geben
Anlass zu einem Rechteck, vgl. Figur 6b, dessen zweite

Diagonale ein Durchmesser vonk ist. (Mit den Bezeich-
nungen aus Figur 6b folgt dies unmittelbar ausx1(y1 +
∆y) = (x1 +∆x)y1 = const.).

Für orthogonale Sehnen sind die entstehenden Rechtecke
ähnlich und umπ/2 gegeneinander verdreht. Deren “zwei-
te” Diagonalen sind daher rechtwinklig und gehen durch
die Sehnenmittelpunkte. Der Thaleskreis ¨uber der Sehnen-
mittenstrecke[C12,C34] ist aber genau der FEUERBACH-
Kreis zu dem aus den vier Sehnenendpunkten bestehenden
Punktsystem (vgl. hierzu auch [12]). Der Schwerpunkt die-
ses Punktsystems f¨allt übrigens in den MittelpunktF des
FEUERBACH-Kreises. �

4 Die Kantenhöhen eines Tetraeders

Im Gegensatz zu den vier Eckenh¨ohen vonTTT, die lini-
engeometrisch abh¨angig sind und zu weiteren mitTTT ver-
knüpften Gebilden in besonderen Relationen stehen, (siehe
[4], u.a.), scheinen die Gemeinnormalen der drei Gegen-
kantenpaare eines Tetraeders, also die Kantenh¨ohenhi4 nur
wenige nennenswerten Eigenschaften zu besitzen.
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′A4

′N1
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N u
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N u
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N u

c

3

h
c
14

h
c
24

h
c
34

′h24

′h34

′h14

Figur 7: Konstruktion der Zentral- und Grundrisse der Kantenh¨ohen eines Tetraeders.
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Für die konstruktive Behandlung erweist sich ebenfalls
die oben verwendete Zentralprojektion aus der Tetraede-
recke A4 auf die Ebeneα4 der übrigen drei Ecken als
zweckmäßig.
Die Spur der Richtebeneρi des Kantenpaares(AiA4,AjAk)
verläuft durchAi parallel zur KanteAjAk und fällt mit
der Fluchtspur vonρi zusammen. Demnach ist das Flucht-
punktedreieck(Nc

1u,N
c
2u,N

c
3u) der drei Kantenh¨ohenhi4 je-

nes Dreieck, welches bez¨uglich der Antipolarität πc des
Distanzkreises vonA4 antipolar zu dem Basisdreieck von
TTT seitenparallel umschriebenen Dreiseits ist, Figur 7. Folg-
lich fallen die Zentralrissehc

i4 der Kantenh¨ohen in die
VerbindungsgeradenAiNc

iu, welche die KanteAjAk im
HöhenfußpunktN̄i schneidet. Der Grundriss vonhi4 ist
dann parallel zuA′

4Nc
iu und schneidet den Grundriss der

GegenkanteA4Ai im Normalriss des H¨ohenfußpunktesNi .

Bemerkung8: Offenbar bilden die Zentralrisse der Kan-
tenhöhen im allgemeinen Fall ein Dreieck (vgl. Figur
7), andernfalls m¨ussten die Dreiecke(Nc

1u,N
c
2u,N

c
3u) und

(A1A2A3) perspektiv sein. Also sind die Kantenh¨ohen nicht
für jedes TetraederTTT kopunktal und spannen einen Regu-
lus Φ auf. Zur Konstruktion des MittelpunktesN von Φ
gehen wir wie in Bemerkung 3 vor: Wir konstruieren die
zu einer Kantenh¨ohehi4 parallele Treffgeradeui aller Kan-
tenhöhen als Schnittgerade der Verbindungsebenen eines
Höhenfernpunktes mit den beiden ¨ubrigen Höhen, vgl. Fi-
gur 8. Die Spurkurvek von Φ enthält die drei Spurpunkte
N̄i der Kantenh¨ohen sowie die SpurpunkteUi der zu ih-
nen parallelen Treffgeradenui und ist damit bestimmt. Das
Zentralbildkc

u der Fernkurveku vonΦ besitzt mitk die sel-
ben Fernpunkte und ist durch diese und durch die Flucht-
punkteNc

iu der Kantenh¨ohen festgelegt.
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Figur 8: Konstruktion des MittelpunktesN des Kantenh¨ohenregulusΨ unter Ben¨utzung des Zentral- und Grundrisses
der Kantenh¨ohen und der zu diesen parallelen Treffgeradenu i aus dem erg¨anzenden Regulus.
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Bemerkung9: Auch für die Kantenh¨ohen ist die Diskussi-
on sinnvoll, unter welchen Bedingungen der von den drei
Kantenhöhen gebildete RegulusΦ ausartet oder eine Son-
derform bildet.
Wir untersuchen im Folgenden den Fall schneidender Kan-
tenhöhen.

Projiziert man ein TetraederTTT orthogonal auf eine Rich-
tebeneρ zweier Kantenh¨ohenh24, h34, so mussTTT we-
gen des ’Satzes vom Normalriss eines rechten Winkels’ als
(vollständiges) ParallelogrammTTTn = (An

1, ...,A
n
4) erschei-

nen. Die Kantenh¨ohenbilderhn
24, hn

34 sind gewisse Norma-
len der parallelen Seitenpaare vonTTTn; wir bezeichnen ihre
auf den Tetraederkanten liegenden Fußpunkte mit 2,2̄ bzw.
3, 3̄. Dann gilt, vgl. Figur 9.

Bedingung: Die Verbindung der Fußpunkte 2,̄3 auf den
von A2 ausgehenden KantenA1A2, A2A4 trifft die Kante
A1A4 in einem Punkt und dieser geh¨ort der Verbindungs-
geraden der anderen Fußpunkte 2,3̄ genau dann an, wenn
h24 undh34 einander schneiden.
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h
n

24

h
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34

. .

.

.

A
n

1

A
n

2

3n

2n
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Figur 9: Normalprojektion eines Tetraeders auf eine
Richtebene zweier schneidenden Kantenh¨ohen.

Zur Realisierung dieser Bedingung fassen wir in Figur 10
das KantenbildAn

1An
4 als Perspektivit¨atsachseq zweier Par-

allelbüschel der Richtbeneρ auf, deren Richtungens und
t normal zuhn

24 bzw. zuhn
34 sind. Dann liegtQ := 2n3̄n∨

3n2̄n genau dann aufq, wenn für die BüschelgeradensQ

bzw.tQ gilt

TV(s2,s2̄,sQ) = TV(t3, t3̄, tQ). ⊕
Diese Bedingung⊕ kennzeichnet aber auch, dass die Drei-
ecke(Q2n2̄n) und (Q3n3̄n) ähnlich sind: Sie besitzen in
Q gleiche Winkel und der H¨ohenfußpunkt auf derQ je-
weils gegen¨uberliegenden Seite(2n, 2̄n) bzw. (3n, 3̄n) bil-
det mit deren Endpunkten gleiches Teilverh¨altnis, vgl. Fi-
gur 10. Daher stimmen auch die Winkel∠ 2̄n3n3̄n und
∠ 2̄n2n3̄n überein und⊕ ist gleichbedeutend damit, dass
(2n, 2̄n,3n, 3̄n) ein Kreisviereck ist. Ist die Bedingung⊕

erfüllt und legen wir die Richtebeneρ durch den Punkt 2,
so fallen 2,2̄, 3, 3̄ mit ihren Normalprojektionen zusam-
men. Somit gilt:

SatzSatzSatz2 :2 :2 :

Ein TetraederTTT besitzt genau dann zwei schneidende Kan-
tenhöhen, wenn ihre Fußpunkte im Normalriss auf die
Richtebene dieser H¨ohen ein Kreisviereck bilden. (Diese
Fußpunkte bilden dann dieses Kreisviereck.)
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Figur 10: Normalprojektion eines Tetraeders auf eine
Richtebene zweier schneidender Kantenh¨ohen.

Es interessiert die Lage der dritten Kantenh¨ohe im Fall ei-
nes schneidenden Kantenh¨ohenpaares.
Gibt man gem¨aß Satz 2 die Normalrisse zweier Kan-
tenhöhenh24, h34 auf deren Richtebene r durch den Punkt
2 zulässig vor, so sind die NormalrisseAn

i der Tetraeder-
eckenAi bestimmt. Gibt man dann noch den (orientierten)
Distanzkreis2 Az

i eines der PunkteAi vor, so sind die (ori-
entierten) DistanzkreiseAz

j der übrigen EckenAj mitbe-
stimmt: z.B. sindAz

4 undAz
3 zentrischähnlich, wobei das

Ähnlichkeitszentrum ein DiagonalpunktR des Fußpunkts-
vierecks der H¨ohenh24, h34 ist. Für die ZykelpaareAz

2, Az
4

bzw.Az
3, Az

4 sind 2 bzw. 3 dieÄhnlichkeitszentren, vgl. Fi-
gur 11. Damit kann die TetraederkanteA2A3 durch parallel
verschoben werden. Ihr SpurpunktR̃ und der SpurpunktQ
von A4A1 spannen die Fluchtspurnc

u der Richtebene des
dritten Kantenpaares vonTTT auf, wenn man wiederA4 als
Augpunkt einer Zentralprojektion aufρ auffasst. Der An-
tipol dieser Fluchtspur bez¨uglich Az

4 ist somit der Flucht-
punktNc

1u der gesuchten H¨oheh14 die wiederum als Treff-
gerade ausN1u anA1A4 undA2A3 bestimmt wird, vgl. Fi-
gur 11:
Die Spure und die Fluchtspurec

u der projizierenden Ebe-
ne N1u ∨ (A4A1) fallen in die GeradeQNc

1u; die Ebene
N1u∨ (A2A3) hat die Fluchtspurf c

u = R̃N1u und die dazu
parallele Spurf durch R, sodass sich der SpurpunktN1

vonh14 im Schnitt vone und f findet. Variiert die Distanz
vonA4,

2Wir benutzen also zus¨atzlich zum Normalriss auf die Richtebeneρ noch eine“Zyklographie” genannte Abbildung der Raumpunkte auf ihre orien-
tierten Distanzkreise. Entsprechend heißt das zyklographische Bild eines Raumpunktes dessen“Bildzykel” und als Abbildungszeiger verwenden wirz.
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Figur 11: Konstruktion m¨oglicher Tetraeder zu gegebenem Paar schneidender Kantenh¨ohen. Die dritte H¨ohe hat ihren
Spurpunkt auf einer gleichseitigen Hyperbel durch die Diagonalpunkte des Fußpunktvierecks der schneiden-
den Höhen und den Mittelpunkt des Umkreises dieses Fußpunktvierecks.

so variiert der SpurpunktN1 der Höheh14 als Erzeugnis
projektiv gekoppelter B¨uschel umQ und um R̃ auf einem
Kegelschnitt. Dieser enth¨alt die Diagonalpunkte des Fuß-
punktsvierecks(2, 2̄,3, 3̄) und den Mittelpunkt von dessen
Umkreis. Letzterer ist H¨ohenschnittpunkt des Diagonal-
dreiecks; (vgl. hierzu auch [23, “Schmetterlingssatz”]), al-
so ist der in Rede stehende Kegelschnitt einegleichseitige
Hyperbel h.

Da der FluchtpunktNc
1u der Kantenh¨oheh14 auf der zunc

u
normalen Geraden ¯n durchAn

4 und mit dem zugeh¨origen
Spurpunkt projektiv gekoppelt variiert, wobei der gemein-
same FernpunktU von n̄ und der Hyperbelh dabei selbst-
entsprechend ist, durchl¨aufth1 einParaboloid.

Zusammenfassend gilt also

SatzSatzSatz3 :3 :3 :

Es gibt zu vorgegebenem Paar von Kantenh¨ohen, deren
Endpunkte ein Kreisviereck bilden, eine stetige Schar von
Lösungstetraedern, die durch orthogonale perspektive Af-
finität auseinander hervorgehen. Die dritte Kantenh¨ohe va-
riiert dabei auf einem Paraboloid, welches von der Ebene
der beiden gegebenen H¨ohen nach einer gleichseitigen Hy-
perbel geschnitten wird.

Bemerkung10: Wir schließen nun eine Kennzeichnung
derjenigen TetraederTTT an, deren drei Kantenh¨ohen einan-
der in einem gemeinsamen Punkt schneiden.
Aus der Schnittbedingung f¨ur je zwei Kantenh¨ohen
gemäß Satz 2 folgt, dass s¨amtliche Höhenfußpunkte einer
einzigen Kugel angeh¨oren müssen:
• Die Höhenfußpunkte liegen nie s¨amtlich komplanar, an-
dernfalls die drei Kantenh¨ohen eine Richtebeneρ besizen
müssten, wobei sich die Gegenkantenpaare vonTTT bei Nor-
malprojektion aufρ in drei Paare paralleler Geraden pro-
jizieren. Ein vollständiges Viereck kann aber h¨ochstens 2
Paare paralleler Gegenseiten haben.3

• Die Umkreise der vier H¨ohenfußpunkte vonh14, h24 und
vonh14, h34 haben genau die H¨ohenfußpunkte 1,̄1 vonh14

gemeinsam, liegen also s¨amtlich auf einer Kugel.
• Im Normalriss auf die Ebeneρ j = hi4∨hk4 fällt der Mit-
telpunkt N̄ dieser Kugel in den MittelpunktGn des je-
weiligen Tetraeder-Normalrisses, also stimmtN̄ mit dem
SchwerpunktG vonTTT überein.
Diese im Augenblick konstruktive nicht verwertbare Ei-
genschaft erg¨anzen wir durch eine weitere mit folgen-
der, die Figur 11 weitgehend wiederholenden Konstrukti-
on in Figur 12: Wählen wir den SpurpunktN1 von h14 im

3In affinen Nicht-FANO-Ebenen ist diese Aussage falsch.
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SchnittpunktP der beiden anderen H¨ohen, so ergibt sich
Nc

1u als Schnitt von ¯n mit e= ec
u = Q∨P.

Nun ist durchNc
1u undnc

u als Paar Antipol/Antipolare der
DistanzkreisAz

4 =: πvon A4 bestimmt und es erweist sich
(Q,R̃,Nc

1u) als Antipoldreieck vonπc. Die KantenA1A4

undA2A3 mit den bez¨uglichπkonjugierten Fluchtpunkten
Q bzw.R̃sind daher orthogonal!
Aus analogenÜberlegungen f¨ur die Richtebenenρ1 =
h24∨h34 undρ2 = h34∨h14 folgt unmittelbar, dass auch die
anderen beiden Kantenpaare Fluchtpunkte 2= Ac

24u,A
c
13u

bzw. 3= Ac
34u,A

c
12u besitzen, die bez¨uglich πc konjugiert

sind. Somit besitztTTT drei Paare orthogonaler Gegenkan-
ten und ist damit (bez¨uglich der Eckenh¨ohen) orthozen-
trisch. Umgekehrt besitzt jedes orthozentrische Tetraeder

auch kopunktale Kantenh¨ohen, wobei deren Schnittpunkt
und der Schnittpunkt der Eckenh¨ohen zusammenf¨allt.
Zusammenfassend gilt

SatzSatzSatz4 :4 :4 :

Ein TetraederTTT besitzt genau dann drei kopunktale Kan-
tenhöhen, (es heißt dann “kantenh¨ohen-orthozentrisch”),
wenn es “eckenh¨ohen-orthozentrisch” ist, also drei Paa-
re orthogonaler Gegenkanten besitzt. F¨ur ein solches
TetraederTTT fallen der Schnittpunkt der Kantenh¨ohen
und derjenige der Eckenh¨ohen zusammen, was die Be-
zeichnung “orthozentrisch” f¨ur TTT rechtfertigt. Die Kan-
tenhöhenfußpunkte geh¨oren sämtlich einer im Schwer-
punkt vonTTT zentrierten Kugel an.
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Figur 12: Konstruktion eines Tetraeders mit kopunktalen Kantenh¨ohen.
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MILJENKO LAPAINE

O problemu istoznačnica
u matematičkoj terminologiji

Sve šira primjena geodezije u raznim oblicima ljudske
djelatnosti, kao i utjecaj op´ceg razvitka znanosti i tehnike
na geodeziju, znatno su proˇsirili opseg jezika kojim se
danas geodeti sluˇze. Već se duˇze vrijeme osje´ca u našoj
geodetskoj djelatnosti, i to u znanstvenom, nastavnom i
stručnom radu, nedostatak rjeˇcnika u kojima bi bilo zabi-
lježeno struˇcno nazivlje kakvo se danas upotrebljava.

Na hrvatskom jeziku objavljen je 1977. god.Višejezi čni
kartografski rječnik što su ga priredili nastavnici Zavoda
za kartografiju Geodetskog fakulteta. Taj rjeˇcnik može
poslužiti kao osnovni izvor za podruˇcje kartografije. Osim
toga 1980. god. objavljen jeVišejezi čni geodetski rečnik u
izdanju tadaˇsnjeg Saveza geodetskih inˇzenjera i geometara
Jugoslavije. Medutim, taj nas rjeˇcnik ni u terminološkom,
ni u jezičnom pogledu ne zadovoljava.

Stoga je Drˇzavnoj geodetskoj upravi 1995. godine
predložen projekt izrade geodetskog rjeˇcnika. Ideja je
prihvaćena i od tada se jeziˇcna grada prikuplja i obraduje.
Bilo je predvideno da ´ce rad na projektu trajati tri godine,
no to je razdoblje udvostruˇceno. Voditelj projekta je prof.
dr. sc. Nedjeljko Franˇcula, a suradnici su aktivni i umirov-
ljeni nastavnici te pojedini poslijediplomanti Geodetskog
fakulteta Sveuˇcili šta u Zagrebu.

Geodetski rjeˇcnik koji se pomalo dovrˇsava obuhva´ca ter-
mine iz sljede´cih područja (navedenih abecednim redos-
lijedom): fizika, fizikalna geodezija, fotogrametrija i da-
ljinska istraživanja, geodetski instrumenti, informatika,
inženjerska geodezija, kartografija, katastar i zemljiˇsna
knjiga, matematika, metrologija, praktiˇcna geodezija, viˇsa
geodezija i ostalo.

Pojedini termin obavezno obuhva´ca definiciju i podatke
o području kojem pripada i o autoru, tj. osobi koja je
taj termin obradila. U neobaveznom dijelu mogu do´ci is-
toznačnice, upute na srodne termine, engleski, francuski i
njemački ekvivalent i upotrijebljena literatura. Ilustrirajmo
to na dva primjera iz matematiˇckog dijela rječnika:

binom

Takoder: dvočlani izraz; dvoˇclan
Algebarski izraz koji se sastoji od dva ˇclana; npr. 2x + 5y
ili 2 − (a+ b) .
Vidi: monom, trinom, polinom
Područje: matematika
En. binomial
Fr. binôme
Nj. Binom
Lit. Gusić: Matematički rječnik
Autor: Lapaine

promjer

Takoder: dijametar
Promjer kružnice je duˇzina koja spaja dvije toˇcke kružnice
i prolazi središtem kružnice. Ujedno je i duljina te duˇzine.
Analogno se definiraju promjeri kruga, sfere i kugle. Pro-
mjer se moˇze definirati i za op´cenitije skupove.
Vidi: tetiva, polumjer
En. diameter, diametre
Fr. diamètre
Nj. Durchmesser, Diameter
Lit. Gusić: Matematički rječnik
Autor: Lapaine

Pri izradi matematiˇckog dijela geodetskog rjeˇcnika poja-
vio se problem obrade istoznaˇcnica ili sinonima. Prirodno
se postavilo pitanje treba li uvijek dati prednost hrvat-
skoj riječi pred stranom ili posudenicom. Ima li moˇzda
neki drugi ključ kojim bi se riješio uočeni problem? Od-
govor na to pitanje potraˇzen je na sastanku Hrvatskoga
društva za konstruktivnu geometriju i kompjutorsku gra-
fiku, održanom 26. veljaˇce 2001. Nakon kra´ceg usmenog
objašnjenja, dvadeset nastavnika matematiˇckih kolegija,
uglavnom s hrvatskih tehniˇckih fakulteta, zamoljeno je za
sudjelovanje u anketi koju donosim u nastavku u izvornom
obliku:
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Molim od predloženih parova izabrati onaj koji je po
Vašem mišljenju kod nas uobiˇcajeniji i označiti ga znakom√

. Ukoliko se po Vaˇsem mišljenju ne radi o sinonimima,
molim staviti znak�=.

baza osnovica
bisektrisa simetrala kuta
centar središte
čunjosječnica konika
djelitelj divizor
direktrisa ravnalica
faktor djelitelj
fokus žarište
generatrisa izvodnica
granična vrijednost limes
homogenost jednorodnost
interpolacija umetanje
iteracija ponavljanje
koeficijent faktor
medijan težišnica
modul apsolutna vrijednost
nesumjerljiv inkomenzurabilan
paralelnost usporednost
paralelogram romboid
poligon mnogokut
polumjer radijus
prirast priraštaj
promjer dijametar
segment odsječak
simetrala os simetrije
produkt umnožak
spirala zavojnica
stožac konus
valjak cilindar

Anketa je anonimna, ali ako ˇzelite slobodno se potpiˇsite.
Cilj ankete je utvrdivanje prioritetnih naziva u hrvatskoj
matematiˇckoj terminologiji. Rezultati ankete upotrijebit
će se pri izradi geodetskog rjeˇcnika.

Zahvaljujem na uloˇzenom trudu!

Svi prisutni odazvali su se pozivu. Rezultati ankete prika-
zani su i zorno na slici 1. Toˇcke koje u koordinatnoj ravnini
odreduju parovi istoznaˇcnica oznaˇcene su kvadrati´cima.
Koordinate svake toˇcke predstavljaju broj izbora jedne,
odnosno druge inaˇcice pojedinog termina. Sa slike se ne
vidi o kojim je istoznaˇcnicma riječ, ali se svakako lijepo
vidi da nema nekog op´ceg zakona ili ˇcarobne formule koja
bi dala globalno rjeˇsenje na postavljeno pitanje. Koso pos-

tavljeni pravci su pomo´cni pravci koji će nam pomo´ci u
donošenju zakljuˇcaka. Najprije uoˇcimo značenje srednjeg
pravca. Kad bi toˇcka pripadala tome pravcu, to bi znaˇcilo
da je broj ispitanika za obje inaˇcice medusobno jednak.
Što je točka bliža tome pravcu, to znaˇci da se broj ispita-
nika koji su se odluˇcili za jednu ili drugu inaˇcicu manje
razlikuje. I obratno, ˇsto je točka udaljenija od srednjeg
pravca, to znaˇci da se broj ispitanika koji su se odluˇcili
za jednu inaˇcicu, jače razlikuje od broja onih koji su iz-
abrali drugu inaˇcicu. Nacrtana elipsa izdvaja ”sumnjive”
istoznačnice, tj. one parove za koje je velik dio ispitanika
ustvrdio da nisu istoznaˇcnice.

0 4 8 12 16 20

0

4

8

12

16

20

Slika 1. Grafički prikaz rezultata ankete

Na primjer, točka s koordinatama (1, 20), predstavlja par
(generatrisa, izvodnica), a znaˇci da je samo jedan ispitanik
odabrao inaˇcicu generatrisa, a dvadeset ispitnika inaˇcicu
izvodnica.

Točke koje su na slici 1 u gornjem lijevom uglu ili u
donjem desnom uglu predstavljaju termine kod kojih su
ispitanici dali veliku prednost jednoj od dvije ponudene
inačice.

Točke koje su na slici 1 bliˇze srednjem pravcu predstav-
ljaju termine kod kojih su ispitanici dali izvjesnu prednost
jednoj od dvije ponudene inaˇcice.

Za pojedine ispitanike nisu istoznaˇcnice: bisektrisa i sime-
trala kuta, faktor i djelitelj, homogenost i jednorodnost, ko-
eficijent i faktor, poligon i mnogokut, segment i odsjeˇcak,
paralelogram i romboid, simetrala i os simetrije. U tablici
3 prikazani su oni takvi parovi za koje ve´ci broj ispitanika
smatra da to nisu istoznaˇcnice. Pogledajmo pobliˇze svaki
od tih parova.
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Tablica 1. Parovi istoznaˇcnica kod kojih se jedna upotrebljava
prili čno rijetko, a druga vrlo ˇcesto

Upotrebljava se prilično rijetko Upotrebljava se prilično često
bisektrisa simetrala kuta
centar središte
čunjosječnica konika
divizor djelitelj
generatrisa izvodnica
jednorodnost homogenost
umetanje interpolacija
medijan težišnica
inkomenzurabilan nesumjerljiv
priraštaj prirast
konus stožac
cilindar valjak

Tablica 2. Obje se istoznaˇcnice upotrebljavaju
često, a ispitanici su dali izvjesnu
prednost terminu u lijevom stupcu

osnovica baza
ravnalica direktrisa
žarište fokus
limes granična vrijednost
apsolutna vrijednost modul
paralelnost usporednost
mnogokut poligon
polumjer radijus
promjer dijametar
odsječak segment
produkt umnožak
zavojnica spirala

Tablica 3. ”Sumnjive” istoznaˇcnice

Broj ispitanika za koje navedeni parovi nisu istoznaˇcnice
faktor djelitelj 10
koeficijent faktor 8
paralelogram romboid 15
simetrala os simetrije 10

Faktor i djelitelj

Deset ispitanika smatralo je da to nisu istoznaˇcnice,četiri
daje prednost terminufaktor, a sedam terminudjelitelj. U
drugom razredu osnovne ˇskole uči se mnoˇzenje i da se pri-
tom u izrazuab = c, a naziva mnoˇzenikom,b množiteljem,
a c umnoškom. Nekada smo uˇcili da se mnoˇzenje još na-
ziva multiplikacijom, a multiplikandom,b multiplikato-
rom, ac produktom. Mnoˇzenik i množitelj, odnosno mul-
tiplikand i multiplikator zajedniˇcki se nazivaju faktorima.
S druge strane, u drugom razredu osnovne ˇskole takoder
se uči dijeljenje i da se pritom u izrazua : b = c, a naziva
djeljenikom,b djeliteljem, ac količnikom. Nekada smo
učili da se dijeljenje joˇs naziva divizijom,a dividendom,b
divizorom, ac kvocijentom (Krajnović, 1999/2000).

Uzevši u obzir navedeno, u prvi se ˇcasčini da terminifak-
tor i djelitelj ne mogu biti istoznaˇcnice jer se pojavljuju pri
različitim računskim operacijama - faktor pri mnoˇzenju, a
djelitelj pri dijeljenju. Medutim, ako npr. pogledamo u
Vi šu algebruD. Kurepe (1965) vidjet ´cemo da se tvrdnje
”k je kratnik odm”, ” k je djeljivo sm” ili ” k je kongruentno
0 modulom”, mogu izreći i ovako: ”m je faktor odk”, ” m
je mjera odk” ili ” m je djelilac odk”.

U Matematičkom rječniku (Gusić, 1995) stoji: FAKTOR
- djelitelj, čimbenik. Na primjer, prirodni brojevi 1, 2, 3,
4, 6 i 12 su faktori (djelitelji) broja 12. Broj 12 nije pravi
faktor, a ostali jesu. Polinomg(x) = x− 1 jest faktor po-
linoma f (x) = x3− x2 + x−1 . Naime,x3− x2 + x−1 =
(x−1)(x2+1) .

U The Pan Dictionary of Mathematics (Gibson, 1990)
stoji: factor (divisor) A number by which another num-
ber is divided. See also common factor.

U jednom drugom matematiˇckom rječniku (Clapham,
1990):factor See divides

divides Let a andb be integers. Thena divides b (which
may be written asa|b) if there is an integerc such that
ac = b. It is said thata is adivisor or factor of b, thatb is
divisible by a, and thatb is amultiple of a.

Na temelju izloženoga, mogli bismo zakljuˇciti da se ter-
mini faktor i djelitelj ipak mogu smatrati istoznaˇcnicama.

Koeficijent i faktor
Osam ispitanika smatralo je da to nisu istoznaˇcnice, 12 je
dalo prednost terminukoeficijent, a samo jedanfaktoru. U
Matematičkom rječniku (Gusić, 1995) piše:
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KOEFICIJENT - pojam koji se rabi u raznim okolnostima
u matematici.
1. koeficijent polinoma ili algebarske jednadˇzbe je
broj koji množi neki od monoma. Tako je u jednadˇzbi
x2−3x+5= 0 , broj 5 nulti (slobodni),−3 prvi, a 1 drugi
(vodeći) koeficijent.
2. koeficijent smjera pravca s jednadˇzbomy = kx + l jest
broj k.
3. koeficijent sličnosti dvaju sliˇcnih trokuta je kvocijent
duljina odgovaraju´cih stranica. Analogno se definira ko-
eficijent sličnosti dvaju sliˇcnih geometrijskih likova ili
tijela.

Dakle, mogli bismo zakljuˇciti da koeficijent moˇze biti
faktor (kao što je to npr. u sluˇcajevima 1. i 2.), ali i
ne mora biti (sluˇcaj 3.). Medutim, iako je−3 faktor
u produktu−3x, ne kaže se da je−3 faktor polinoma
P(x) = x2 − 3x + 5 ili faktor jednadžbex2 − 3x + 5 = 0,
nego se kaˇze da je−3 koeficijent polinoma, odnosno ko-
eficijent u jednadˇzbi (primjer 1.). Isto tako, iako jek
faktor u produktukx, ne kaže se da jek faktor jednadˇzbe
y = kx+ l, nego njezin koeficijent ˇsto stoji uzx (primjer 2.).

Paralelogram i romboid

Petnaest ispitanika smatralo je da to nisu istoznaˇcnice,
sedam daje prednost terminu paralelogram, a tri terminu
romboid. Pogledajmo zbog ˇcegačak 75% ispitanika ne
prihvaća paralelogram i romboid za sinonime. U Mate-
matičkom rječniku (Gusić, 1995)čitamo:

PARALELOGRAM (usporednik) - ˇcetverokut kojemu su
suprotne stranice paralelne. Ekvivalentno: paralelogram je
četverokut kojemu se dijagonale prepolavljaju. Takoder,
paralelogram je ˇcetverokut kojemu su suprotne stranice
jednake. Paralelogram kojemu su nutarnji kutevi pravi jest
pravokutnik, a paralelogram koji ima jednake stranice jest
romb; ako je ispunjeno i jedno i drugo, paralelogram je
kvadrat.

Pojam romboid na´ci ćemo u jednom drugom mate-
matičkom rječniku (Manturov i dr., 1969): ROMBOID
- vidi Deltoid.

DELTOID - konveksničeverougaoABCD koji ima jednu
osu simetrije (dijagonalaBD na slici). Deltoid se naziva i
romboidom.

A C

B

D

��
�
�

�
�

U Hrvatskom op´cem leksikonu (Kovaˇcec, 1996) ˇcitamo:
romboid (grč.), paralelogram s nasuprotnim stranicama
jednake duljine i kutovima razliˇcitima od pravog, od kojih
su nasuprotni jednaki.

U Rječniku stranih rijeˇci (Anić, Goldstein 1999):romboid
kosi četverokut jednakih nasuprotnih strana.

U vrlo opsežnom ameriˇckom rječniku (Flexner, 1993) stoji
slika i sljedeći tekst:rhomboid an oblique-angled paralle-
logram with only opposite sides equal

�
�

�
�

Ako pogledamo definiciju paralelograma na´ci ćemo
sljedeću sliku i tekst:

parallelogram quadrilateral having both pairs of opposite
sides parallel to each other

�
�

�
�

U The Pan Dictionary of Mathematics (Gibson, 1990)
stoji: rhomboid A parallelogram that is neither a rhombus
nor a rectangle. See parallelogram.

parallelogram A plane figure with four straight sides, and
with opposite sides parallel and of equal length. The oppo-
site angles of a parallelogram are also equal. In the special
case in which the angles are all right angles the paralle-
logram is a rectangle; when all the sides are equal it is a
rhombus.

Iz navedenoga je oˇcito da dok je pojam paralelograma
manje-više jasan, postoje razliˇcita poimanja pojma rom-
boid. Za neke je to sinonim za paralelogram, za druge
je specijalni sluˇcaj paralelograma, a za tre´ce deltoid, tj.
četverkout koji op´cenito nije paralelogram.

Simetrala i os simetrije

Deset ispitanika smatralo je da to nisu istoznaˇcnice, devet
daje prednost terminu simetrala, a ˇsest terminu os sime-
trije.

U Matematičkom rječniku (Gusić, 1995) piše: SIME-
TRALA (raspolovnica, sumjernica) 1. simetrala pod-
skupa ravnine jest pravac s obzirom na koji je taj podskup
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osno simetriˇcan (os simetrije). Tako se govori o sime-
trali dužine (pravcu koji je okomit na duˇzinu i prolazi
njezinim polovištem), simetrali I. i III. kvadranta (pravcu
s jednadˇzbomy = x), simetrali dvaju pravaca koji se si-
jeku u točki. Neki podskupovi ravnine nemaju simetrale,
dok je svaki pravac koji prolazi srediˇstem kruga, simetrala
kruga. Taj se naziv katkad upotrebljava u neˇsto drugaˇcijem
značenju. Tako je:
a) simetrala kuta jest zraka s poˇcetkom u vrhu kuta kojoj
je bar još jedna (dakle sve) toˇcka jednako udaljena od kra-
kova kuta.
b) simetrala kuta trokuta jest simetrala tog kuta, ali i duˇzina
odredena vrhom kuta i toˇckom u kojoj simetrala kuta sijeˇce
suprotnu stranicu trokuta, a i duljina te duˇzine.
2. simetrala podskupa prostora jest ravnina s obzirom na
koju je taj podskup simetriˇcan (ravnina simetrije). Tako
se govori o simetrali duˇzine (ravnini koja je okomita na
dužinu i prolazi polovištem duˇzine), simetrali dviju rav-
nina kojima je presjek pravac, itd.

Dakle, možemo na kraju zakljuˇciti da je simetrala
općenitiji pojam odosi simetrije.

Zaključak

Na temelju provedene ankete i njezine obrade moˇze se do-
nijeti nekoliko zaključaka. Prvi je da na hrvatskom jeziku
nemamo sveobuhvatnijeg matematiˇckog rječnika. Drugi je
da za ve´ci broj matematiˇckih pojmova postoji dvojnost u
nazivima. Anketa je pokazala da tu dvojnost nije mogu´ce
riješiti na jednostavan naˇcin, tj. da ne postoji neko jasno

pravilo za odabir. Jedanput se prednost daje hrvatskoj
riječi, a drugi put posudenici. Treći je zaključak da postoje
matematiˇcki pojmovi začije nazive medu matematiˇcarima,
a pogotovo medu autorima raznih rjeˇcnika (koji obično
nisu matematiˇcari) postoji izvjesna nesigurnost i koleblji-
vost. Možda bi jedan od zadataka Hrvatskoga druˇstva za
konstruktivnu geometriju i kompjutorsku grafiku mogao
biti izrada rječnika pojmova iz podruˇcja kojima se druˇstvo
bavi.
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ANA SLIEPČEVIĆ

Koliko poznajemo perspektivnu kolineaciju?

U prošlom broju KoG-a u ˇclanku ”Eine Anwendung der

perspektive Kollineation” na nekoliko je primjera po-

kazana velika primjenjivost perspektivne kolineacije u

rješavanju zadataka vezanih uz krivulje drugoga stupnja

konstruktivnom metodom. Neka sljede´ci zadatak bude

samo još jedan u nizu zadataka toga tipa.

ZadatakZadatakZadatak

S pet točaka A, B, C, D, E zadana je hiperbola. Odredite

joj središte, osi i asimptote.

Analiza rješenja:

Prema poloˇzaju zadanih toˇcaka evidentno je zadana hiper-

bola. Osnovni nam je cilj konstruirati joj asimptote, jer

tadaće joj osi biti simetrale kuteva med-u asimptotama, a

u njihovomće sjecištu biti središte hiperbole. Analizirat

ćemo ovdje dvije mogu´cnosti rješenja, te jedno od njih i

konstruirati.

Prvi način

Ako dobro vladamo projektivitetima, pa ako znamo nado-

punjavati kolokalne [1, str. 23], pa i beskonaˇcno daleke

projektivne nizove, zadatak moˇzemo riješiti na sljede´ci

način.

Spojimo li dvije od zadanih pet toˇcaka, npr. toˇcke A i B

s preostale tri toˇcke hiperbole, dobivamo dva projektivna

pramena pravaca(A) i (B), koji proizvode zadanu hiper-

bolu. Beskonaˇcno daleki pravac sijeˇce ova dva pramena u

dva kolokalna projektivna niza toˇcaka [1, str. 23], a njihove

će dvostruke toˇcke biti beskonaˇcno daleke toˇcke hiperbole.

U tim se točkama onda mogu konstruirati tangente, dakle

asimptote, uz pomo´c npr. Pascalova teorema [1, str. 38].

Drugi način

Ukoliko ne prijateljujemo s projektivitetima, ali zato poz-

najemo sve tajne perspektivne kolineacije u ravnini, zada-

tak se moˇze i ovako riješiti.

Treba odrediti elemente (os, srediˇste i par pridruˇzenih

točaka) jedne od beskonaˇcno mnogo mogu´cih perspektiv-

nih kolineacija u ravnini, koje ´ce zadanu hiperbolu presli-

kati u kružnicu, pri ćemuće se beskonaˇcno daleke toˇcke

hiperbole preslikati u sjeciˇsta te kruˇznice s nedoglednim

pravcem te perspektivne kolineacije. Tangente kruˇznice

u tim sjecištima bit će kolinearne slike asimptota, pa je

same asimptote iz te ˇcinjenice lako mogu´ce konstruirati.

Uz pretpostavku da je ova druga mogu´cnost rješenja ve´cini

prihvatljivija, opisatćemo odgovaraju´ci konstruktivni pos-

tupak.

Konstruktivno rješenje:

Po analogiji rješavanja zadataka u prethodnom broju

KoG-a [[2]] potrebno je po volji odabrane ˇcetiri zadane

točke, npr. A, B, C, D preslikati u vrhove pravokutnika.

Tom pravokutniku opisana kruˇznica mora biti kolinearna

slika hiperbole, a na njoj mora leˇzati i kolinearna slika

točkeE.

Da bi se četverokut ABCD preslikao u paralelogram

A′B′C′D′, moraju sjeciˇstaN1, N2 njegovih nasuprotnih stra-

nica ležati na izbjeˇznom pravcui te perspektivne koline-

acije, a da bi to bio pravokutnik, moraju mu susjedne stra-

nice biti medusobno okomite. Slijedi da je spojnicaN1N2
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izbježni pravac perspektivne kolineacije kojoj se srediˇsteS

mora nalaziti na Talesovoj kruˇznici s promjeromN1N2.

Da bi se kolinearna slikaE ′ točke E nalazila na spome-

nutoj kružnici, moraju se spojniceEA i ED preslikati u

med-usobno okomite tetive nad promjeromAD kružnice.

Slijedi da se sjeciˇsta M1 = EA∩ i, M2 = ED∩ i, moraju

preslikati u beskonaˇcno daleke toˇcke med-usobno okomi-

tih smjerova. Srediˇste perspektivne kolineacije stoga mora

ležati i na Talesovoj kruˇznici s promjeromM1M2. Time

je središteS tražene perspektivne kolineacije odred-eno u

sjecištu spomenutih dviju Talesovih kruˇznica.

Os kolineacijeo postavimo po volji paralelno s izbjeˇznim

pravcem. Toˇcku A′ pridruženu točki A odredimo kao

sjecište zrakeSA perspektivne kolineacije s pravcem koji

je paralelan sSN2 i prolazi sjecištemo∩AB.

Sada smo u mogu´cnosti konstruirati kruˇznicuh ′ koja je pri

ovako odabranoj perspektivnoj kolineaciji slika zadane hi-

perboleh.

Odredimo li nedogledni pravacn ′ ove kolineacije, njegova

će sjecištaA′
1, A′

2 s kružnicomh′ biti slike beskonaˇcno da-

lekih točaka hiperbole, a tangente kruˇznice u tim točkama

bit će slike asimptota, pa je zadatak rijeˇsen.
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LIDIJA PLETENAC

Hipar - aproksimacija minimalne plohe

Minimalne plohe
U graditeljstvu i arhitekkturi, posebno na podruˇcju najno-
vijih laganih konstrukcija, minimalne plohe su od izuzet-
nog znaˇcaja zbog svojih osobina. Naprezanja konstrukcija
na takvoj plohi u ravnoteˇznom stanju jednolika su i uvijek
u dirnoj ravnini plohe. No, te idealne oblike konstrukcije
teško je posti´ci zbog anizotropnosti materijala. Nekad se
namjerno odustaje od minimalne plohe da bi se zadovoljilo
neke druge uvjete.

Minimalne plohe dobiju se minimalizacijom povrˇsine za
dane rubne uvjete. Karakterizira ih srednja zakrivljenost
jednaka nuli u svakoj toˇcki. One zadovoljavaju Lagrange-
ove diferencijalne jednadˇzbe:

(1+ f 2
y ) fxx +2 fx fy fxy +(1+ f 2

x ) fyy = 0. (1)

Minimalne plohe su beskonaˇcne, vitopere (ˇsto garan-
tira geometrijsku krutost konstrukcije) i lokalno sed-
lastog oblika. Ima ih beskonaˇcno mnogo, klasifi-
cirane su i mogu se parametrizirati. Osim sustava
Mathematica i Maple, za vizualizaciju sloˇzenih mini-
malnih ploha raˇcunalom postoji grafiˇcki sustav Mesh
(http://www.msri.org/publications/sgp/jim/software/mesh/
mainc.html) koji aproksimira sve familije ovih ploha.
Dakle, prikladna aproksimacija olakˇsava vizualizaciju.

Minimalnost ili približna minimalnost plohe moˇze biti po-
trebna iz konstruktivnih, funkcionalnih ili estetskih raz-
loga. Minimalnost plohe omogu´cava uštedu materijala za
pokrov, oblaganje pa i minimalnu oplatu konstrukcije (npr.
betonske konstrukcije nad nekim paviljonom, graniˇcnim
prijelazom ili željezničkim peronom).

Kod ploha u arhitekturi, koje imaju relativno male visinske
razlike, prve derivacije daju male iznose (f x ≈ 0, fy ≈ 0)
pa ne utjeˇcu bitno na Lagrangeovu jednadˇzbu. Ako se za-
nemare ti ˇclanovi, Lagrangeova jednadˇzba aproksimira se
Laplaceovom:

fxx + fyy = 0. (2)

Kod ploha koje moraju imati relativno velike visinske raz-
lik ti članovi nisu zanemarivi.

Hipar- najčešća ploha
Hiperbolički paraboloid (hipar) poznat je svim studentima
grad-evine i arhitekture kao beskonaˇcna kvadrika negativne
Gaussove zakrivljenosti s dva sustava izvodnica (i ravna-
lica) i dvije direkcijske ravnine. To je ujedno i klizna ploha
koja nastaje translacijom parabole po paraboli. Hipar1 je
poslije ravnine moˇzda najzastupljenija ploha u arhitekturi.
Njime se lako natkrivaju tlocrti razliˇcitih oblika, od neke
zatvorene krivulje do nepravilnog ˇcetverokuta, deltoida,
paralelograma ili trokuta. To moˇze biti i drvena konstruk-
cija s mimoilaznim nosaˇcima ili čak zid promjenjivog na-
giba.

U nekim radovima konaˇcni dio hipara spominje se i tretira
kao minimalna ploha (http://www.hoberman.com/fold/Hy-
par/hypar.htm). U matematiˇckim klasifikacijama minimal-
nih ploha hipara nema. Tu su ravnina, katenoid i helikoid2,
Enneperova, Scherkova3 ploha i mnoge druge. Ipak, hipar
u nekim uvjetima moˇze posluˇziti kao dobra i jednostavna
aproksimacija minimalne plohe.

Poznato je da neoptere´ceno horizontalno uˇze poprima
oblik lančanice zbog vlastite teˇzine. Kad se optereti konti-
nuiranim optere´cenjem lanˇcanica prelazi u parabolu. Ako
je neka lagana vise´ca konstrukcija sastavljena od takvih
nosača, u dva med-usobno okomita smjera, oni ne mogu
zadržati oblik lančanice. Ti nosaˇci stalno djeluju jedni
na druge (vise jedni na drugima) i bez optere´cenja vanj-
skim silama. Pod djelovanjem tih jednakih i pravilno
raspored-enih sila med-udjelovanja toˇcke lančanice prelaze
u točke parabole. Nastaje prostorna poligonska mreˇza upi-
sana u hipar.

Smješten simetriˇcno u odnosu na ishodiˇste hipar ima jed-
nadžbu:

z = f (x,y) =
x2

a2 −
y2

b2 . (3)

Kad su direkcijske ravnine vertikalne i med-usobno oko-
mite hipar lako natkrije pravokutni tlocrt. Za razliku od

1Naziv ”hypar” uveo je arhitekt Heinrich Engel u knjizi ”Structure Systems” 1967 (strana 215.)
2Katenoid i helikoid pronaˇsao je još 1776 Meusnier.
3Konstruirane su pomo´cu računala.
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drugih materijala, tkani materijali za lagane konstrukcije
ne preuzimaju posmiˇcna naprezanja tj. deformiraju se pa
tako kvadrat na tkanini prelazi u romb.

Ako je a = b, tada su horizontalni presjeci plohe istostrane
hiperbole, a jednadˇzba (3) moˇze se pisati u obliku:

f (x,y) = c(x2− y2), (4)

gdje jec = 1/a2 konstanta to manja ˇsto je dimenzija polu-
osi a plohe veća.

Hipar kome se horizontalne izvodnice poklapaju s osimax
i y (uz relativno male poluosia = b = 1) ima jednadˇzbu:

z = f (x,y) = xy. (5)

Provjera aproksimacije
Za hipar (3) s poluosimaa i b parcijalne derivacije

fx =
2x
a2 , fy = −2y

b2 ,

fxy = fyx = 0, fxx =
2
a2 , fyy = − 2

b2 (6)

mogu poprimiti male vrijednosti (zaa,b � 1), ali poka-
zuju da hipar nije minimalna ploha jer jednadˇzba (1) nije
zadovoljena. Naime,
(

1+
4y2

b4

)
2
a2 −

(
1+

4x2

a4

)
2
b2 �= 0. (7)

Za istostrani hipar parcijalne derivacije funkcije (4) su

fx = 2cx, fy = −2cy,

fxy = fyx = 0, fxx = 2c, fyy = −2c, (8)

pa Lagrangeova jednadˇzba (1) poprima oblik

8c3(y2− x2) = 0. (9)

To je ispunjeno samo za toˇcke u ravninamay = x. Kako
je c � 1, za ostale toˇcke taj izraz teˇzi k nuli to brže što
je c manji. Ovo nije minimalna ploha, ali se u okolini is-
hodišta i za velike vrijednosti poluosia ponaša se sliˇcno
minimalnoj.

Med-utim, takav hipar (a = b) očito zadovoljava Laplace-
ovu jednadˇzbu (2) pa ga smatramo dobrom aproksimaci-
jom minimalne plohe.

Funkcija (5) ima parcijalne derivacije

fx = y, fy = x,

fxy = fyx = 1, fxx = 0, fyy = 0, (10)

što ne zadovoljava Lagrangeovu jednadˇzbu (2xy = 0) osim
u ishodištu, ali zadovoljava Laplaceovu.

Zaključak
Hipar nije minimalna ploha, ali konaˇcni dio hipara ponaˇsa
se kao minimalna ploha - aproksimira je. U graditeljskoj
praksi plitki hipar je ”praktički” minimalna ploha, posebno
dio oko ishodišta kod istostranog hipara. U sluˇcaju visokog
hipara na nekim njegovim djelovimaodustajemo od pri-
bližno minimalne plohe. Koliko je to u pojedinom sluˇcaju
poželjno odlučuje projektant.
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Vijesti
i izvješća

GODIŠNJA SKUPŠTINA
HDKGIKG-A

U dvorani P2 Grad-evinskog fakulteta u
Zagrebu odrˇzana je 25.rujna 2001. go-
dine godišnja skupˇstina HDKGIKG-a.
Sastanak je tekao prema uobiˇcajenom
dnevnom redu: prvo izvjeˇstaji pred-
sjednice, tajnice, Izdavaˇckog savjeta i
Nadzornog odbora, a zatim plan rada
Društva za slijede´cu godinu.

Predsjednica Druˇstva Ana Sliepˇcević
izvjestila je o radu u proteklom razdob-
lju. Ministarstvu znanosti i tehnologije
RH podneseni su zahtjevi za dodjelu
sredstava za odrˇzavanje znanstvenog
skupa, za podupiranje udruge i izdava-
nje časopisa KoG. Odrˇzani su sastanci
Društva i to u veljaˇci i lipnju 2001. Na
sastanku u veljaˇci, uz dva odrˇzana pre-
davanja, raspravljalo se o kadrovskoj
problematici, a o lipanjskom druˇzenju
pod nazivom Dan HDKGIKG-a moˇze
sečitati u 5. broju KOG-a. Predsjed-
nica je zatim izvjestila o dopisu Ukra-
jinskog društva za geometriju i grafiku
u kojem pozivaju da napiˇsemočlanak
o hrvatskim geometriˇcarima za knjigu
”Who is who in Geometry and Grap-
hics”. Na kraju je predsjednica istak-
nula da imamo i nekoliko novih mladih
članica Društva.

Tajnica Društva Ivanka Babi´c izvjes-
tila je o financijskom stanju. Istak-
nula je da je Ministarstvo znanosti i

tehnologije dodijelilo sredstva za po-
dupiranje udruge i djelomiˇcno za iz-
davanje ˇcasopisa KoG. Upla´cena je
med-unarodna ˇclanarina za Zentrall-
blatt. Sredstava ima dovoljno za sve
troškove vezane uz tisak ˇcasopisa KoG
i ostale teku´ce izdatke.

Za Izdavaˇcki savjet izvjestila je Sonja
Gorjanc. Istaknula je da je ˇcasopis
KoG izašao kao dvobroj, a novost je ˇsto
je tisak digitalan. Kako je ve´c ranije
najavila Sonja Gorjanc je ponovila da
zbog opseˇznosti posla ne moˇze više biti
glavna urednica ˇcasopisa i predloˇzila
je Jelenu Beban-Brki´c. Prihvaćen je
prijedlog da urednice ˇcasopisa KoG
budu Sonja Gorjanc i Jelena Beban-
Brkić. Vlasta Szirovicza je povukla
svoječlanstvo u Izdavaˇckom savjetu te
predložila na svoje mjesto Nikoletu Su-
detu. Prijedlog je prihva´cen.

Nadzorni odbor nije imao primjedbi.
Sva izvješća su prihva´cena.

Na kraju sastanka usvojen je plan rada
Društva za slijede´cu godinu. Plan
uključuje: organizaciju i odrˇzavanje
skupova u veljaˇci, lipnju i znanstveno-
stručnog kolokvija u rujnu 2002. go-
dine, izdavanje novog broja ˇcasopisa
KoG, sudjelovanje ˇclanica i članova
Društva na med-unarodnim skupovima,
suradnju sa kolegama iz inozemstva,
konzultantima i recenzentima na znans-
tvenim temama.

Ivanka Babić

7. ZNANSTVENO-STRUČNI

KOLOKVIJ HDKGIKG-A

ZAGREB, 24-25. RUJNA 2001.

U Zagrebu je 24. i 25. rujna 2001.
održan 7. znanstveno - struˇcni kolokvij
Hrvatskog druˇstva za konstruktivnu ge-
ometriju i kompjutorsku grafiku. Spon-
zori skupa bili su Grad-evinski fakul-
tet u Zagrebu i poduze´ce za grafiˇcke
usluge SAND d.o.o. iz Zagreba. Uz
dvadeset i dvoje doma´cih sudionika,

skupu je prisustvovao i gost iz Ljub-
ljane dipl. ing. Domen Kuˇsar. Odrˇzana
su sljede´ca znanstvena i struˇcna preda-
vanja:

J. Beban-Brkíc, N. Sudeta:
Mathematicau nastavi

S. Gorjanc:
Mathematicau nastavi geometrije na
tehničkim fakultetima

K. Jurasíc:
Grafovi ravninskih i prostornih krivulja
zadanih prirodnom jednadˇzbom prika-
zani pomo´cu programaMathematica

L. Pletenac:
Necirkularne cisoidne krivulje i plohe

A. Sliep̌cevíc:
Svi leptirovi teoremi

V. Szirovicza:
Inverzija u hiperboliˇckoj ravnini

M. Lapaine:
O problemu istoznaˇcnica u matematici

Z. Čerin:
Lucasove kruˇznice

TEMATSKI SASTANAK

HDKGIKG-A

ZAGREB, 25. VELJAČE 2002.

U vijećnici AGG fakulteta u Zagrebu
održan je 25. veljaˇce 2002. te-
matski sastanak HDKGIKG-a. Osim
članova Društva sastanku su prisustvo-
vali i gosti prof. dr.sc. Mirko Polonijo s
PMF-a te prof. dr. sc. Branko Kuˇcinić
s Grad-evinskog fakulteta u Zagrebu.

Prvi dio sastanka posve´cen je sto-
godišnjici rod-enja Vilka Ničea. Spo-
menuli smo ga se kao velikog znans-
tvenika i još većeg čovjeka o čemu
su nam svjedoˇcile Vlasta Ščurić i
Ana Sliepčević. Svoje uspomene i
razmišljanja o njemu podijelili su s
ostalima Ksenija Horvati´c-Baldasar,
Branko Kučinić, Sonja Gorjanc,
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Zdravka Božikov te na kraju Mirko
Polonijo.

Prva tema razgovora bili su udˇzbenici
iz geometrije. Izvijeˇsćeno je o radu
nastavnica Grad-evinskog fakulteta u
Zagrebu na udˇzbeniku prilagod-enom
vježbama iz Nacrtne geometrije na ve-
leučili štu. Izdavaˇc udžbenika biti će
HDKGIKG.

Nastavnice Grad-evinskog fakulteta u
Zagrebu, Babi´c, Gorjanc, Sliepˇcević i
Szirovicza, prijavile su MZT-u znans-
tveni projekt koji je i prihva´cen. Na
projekt je, od 01.03.2002., kao znans-
tvena novakinja primljena Dora Predri-
jevac.

Zdravka Božikov obavijestila nas je o
otvaranju studija arhitekture u Splitu
povodomčega je sastavila plan nastave
iz kolegija Metode projiciranja. Na-
dalje, radi na pripremi udˇzbenika iz
Primijenjene geometrije prilagod-enom
predavanjima na Grad-evinskom fakul-
tetu u Splitu.

Uslijedila su izvješća, o financijskom
stanju izvjestila je tajnica Druˇstva
Ivanka Babić, a o situaciji u ˇcasopisu
KoG Sonja Gorjanc.

Ema Jurkin i Marija Šimić

DAN HDKGIKG-A

ZAGREB, 1. SRPNJA 2002.

Naše uobičajeno lipanjsko druˇzenje,
koje se ove godine trebalo odrˇzati 24.
lipnja, odgodili smo za 1. srpanj ra-
di državnog praznika. Osim razgo-
vora o raznim problemima u vezi s vi-
sokoškolskom nastavom geometrijskih
predmeta, ˇculi smo nekoliko zanimlji-
vih izlaganja.

Jelena Beban-Brki´c u kratkim je cr-
tama opisala podruˇcje djelovanja Stu-
dentskog informacijskog obrazovnog
centra SIC. To je savjetodavni cen-
tar o mogu´cnostima visokog obrazova-
nja u Hrvatskoj i inozemstvu u kojem
se mogu polagati razredbeni ispiti za
američke fakultete. J.Beban Brki´c po-
kazala je jedan takav test iz matema-
tike.

Sonja Gorjanc upoznala nas je s
pozivom MZT-a za prijavu pro-
jekta primjene informacijske teh-
nologije za 2002. godinu. Infor-
macije se mogu dobiti na adresi
www.mzt.hr/djelatnosti/informatika/
projekti.

M.Lapaine je predstavio knjigu
”Ugledni znanstvenici u svijetu” ured-
nika Janka Heraka te dao pregled ge-
ometrijskih sadrˇzaja u srednjoˇskolskim
udžbenicima geografije uz demonstra-
ciju na jednom od devet(!) udˇzbenika
za prvi razred.

Na kraju sastanka predsjednica Druˇstva
Ana Sliepčević izvjestila nas je da
će u rujnu ove godine biti realiziran
tečaj AutoCAD-a te nas obradovala
obaviješću daće se VIII Znanstveno-
stručni kolokvij HDKGIKG-a 23. i 24.
rujna održati u Begovom Razdolju.

Dora Predrijevac

10. INTERNACIONALNA

KONFERENCIJA O

GEOMETRIJI I GRAFICI

KIJEV, 28. 7. - 2. 8. 2002.

U organizaciji Med-unarodnog druˇstva
za geometriju i grafiku (International
Society of Geometry and Graphics
- ISGG - www.isgg.tu-dresden.de) i
Ukrajinskog društva za primjenjenu ge-
ometriju (Ukrainian Association of Ap-
plied Geometry) u Kijevu (Ukrajina) je
od 28. srpnja do 2. kolovoza 2002.
održana10. med-unarodna konferencija

o geometriji i grafici(10th International
Conference on Geometry and Graphics
- www.geometry.kiev.ua).

O prethodnim konferencijama u orga-
nizaciji ISGG-a, njihovoj ulozi i svrsi te
o sudjelovanju ˇclanova naˇsega Druˇstva
u njihovom radu moˇze se ˇcitati u 1. i 3.
broju KoG-a.

11. konferencija za geometriju i gra-
fiku održat će se 2004. u NR Kini, na
Tehnǐckom sveǔcili štu Guandong.

Za Kijev kažu da je najstariji slaven-
ski grad, nazivaju ga i ”majkom ruskih
gradova”, ima gotovo tri miliona sta-
novnika, 30 kazaliˇsta, 5 sveuˇcili šta,...
Smješten je na breˇzuljcima uz obale
velikog Dnjepra, bogat zelenilom te
lijepom i zanimljivom arkitekturom.
Stanovnici su srdaˇcni i blagi, a ko-
munikacija ukrajinski-hrvatski funkci-
onira. Tri članice naˇsega Druˇstva (Je-
lena Beban-Brki´c, Sonja Gorjanc i Ni-
koleta Sudeta) provele su ugodan ljetni
tjedan u tom dalekom gradu te sudjelo-
vale u radu Konferencije koja okuplja
nastavnike geometrije sa tehniˇckih fa-
kultetaširom svijeta.

Konferencija je zapoˇcela pozdravnim
govorima M. Z. Zgurovskog(Rektor
Ukrajinskog nacionalnog univerziteta)
i G. Weissa(predsjednik ISGG-a) te po-
zivnim predavanjima:

V. Ye. Mykhailenko (Ukrajina):
Achievements of the Ukrainien School
of Applied Geometry

G. S. Ivanov (Rusija):
The History and Perspectives of Deve-
lopment of Applied Geometry in Ru-
ssia

K. Suzuki (Japan):
The Activites of Japan Society for
Graphic Science - Research and Edu-
cation.

Rad je nastavljen u tematskim sekci-
jama: Teorijska grafika, Primjenjena
geometrija, Grafička edukacija i kom-
pjuterska tehnologija, a posebnu su
grupacijučinili Posteri.

U dvije knjige Zbornika radova, koje
svatko zainteresiran moˇze dobiti na
uvid, objavljeno je 135 ˇclanaka.
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Članice naˇseg Društva održale su ˇcetiri
zapažena predavanja:

J. Beban - Brkíc:
Isometric Invariants of Quadrics in Do-
uble Isotropic Space

S. Gorjanc:
Quartics with Multiple Line inE3

S. Gorjanc:
Some Examples of Using MATHEMA-
TICA in Teaching Geometry

N. Sudeta, J. Beban - Brkić:
New Geometric Package at Software
MATHEMATICA.

Nikoleta Sudeta i Sonja Gorjanc

11th SEFI

EUROPEAN SEMINAR ON

MATHEMATICS IN

ENGINEERING EDUCATION

GÖTEBORG, 9.-12. 6. 2002.

Ponovo smo se sastali u jednoj skandi-
navskoj zemlji. UŠvedskoj, u G¨ote-
borgu, vrlo lijepo ured-enom gradu, pro-
metno dobro organiziranom i prepu-
nom zelenila, od 9. do 12. lip-
nja 2002. godine odrˇzan je Jedana-

esti SEFI europski seminar o mate-
matici u iňzinjerskoj naobrazbi(11th
SEFI European Seminar on Mathema-
tics in Engineering Education). SEFI-
Europsko druˇstvo za inžinjersku na-
obrazbu (European Society for Engi-
neering Education) osnovano je 1973.
godine. Svrha je druˇstva širiti infor-
macije o obrazovanju inˇzinjera, pos-
piješiti komunikaciju i razmjenu iskus-
tava med-u nastavnicima, istraˇzivačima
i studentima, razvijati suradnju med-u
institucijama koje se bave naobraz-
bom inžinjera, promoviranje suradnje
na nivou industrija - obrazovne us-
tanove te pridonositi razvoju i po-
boljšanju istoga u postoje´cem socijal-
nom, kulturnom i gospodarskom ok-
viru (vidi http://www.ntb.ch/SEFI/ i
http://learn.lboro.ac.uk/mwg/).

Matematička radna grupa u sklopu
SEFI udruženja (Mathematics Working
Group of SEFI) osnovana je 1982. go-
dine i od tada, pribliˇzno svake druge
godine, organizira seminare o matema-
tici. Ovaj put doma´cini su bili ko-
lege saChalmers University of Tec-
hnologyu Göteborgu, jedne od dvije
najveće takve obrazovne ustanove u
Švedskoj, s 8800 upisanih studenata u
širokom rasponu obrazovnih programa
(vidi http://www.chalmers.se). Svi su
referati održani naDepartment of Ma-
thematical and Computing Sciences, uz

poneku nedostatnu tehniˇcku podršku.
Rad Seminara odvijao se u jednoj sek-
ciji, a prisustvovalo je pedesetak ma-
tematičara i inžinjera iz gotovo svih
europskih zemalja. Osnovne teme ovo-
godišnjeg seminara bile su:

- Obrazovanje ”na daljinu” (Distance
Education)

- Kontinuirana matematiˇcka izobrazba
(Lifelong Learning of Mathematics)

- Ocjenjivanje kompjuterski podrˇzanog
učenja matematike (Evaluation of
Computer Aided Learning of Mathe-
matics)

- Kompjuterski podrˇzano ocjenjivanje
(Computer Aided Assessment)

- Nastava matematike & Bolonjska
Deklaracija

U radu Seminara sudjelovala sam refe-
ratom napisanim u koautorstvu s doc.
dr. sc.Goranom Novaković, pod naslo-
vom The Way of Solving Some Geode-
tic Tasks. Sažeci izlaganja su tiskani u
knjizi Abstractsa, dok se knjiga Procee-
dingsa uskoro oˇcekuje na web-u.

Sljedeći Seminar ´ce se odrˇzati u Aus-
triji, u Beču 2004. godine.

Jelena Beban-Brkić

Kako nabaviti KoG?
KoG je najjednostavnije nabaviti u uredniˇstvučasopisa:

Nikoleta Sudeta (nsudeta@arhitekt.hr)
Arhitektonski fakultet, Kaˇcićeva 26, 10 000 Zagreb
Tel: 01 4561 219 , Fax: 01 4828 079

Za Hrvatsku je cijena primjerka 145 KN + 10 KN za
poštarinu.

Nakon uplate za:
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Osnivač i izdavač
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