InZenjerska metoda pomaka
Primjer

Nacrtajte dijagram momenata savijanja!

- w; = 3mm
©, = 0,0006
2
ty = 0°C
t ty = 42°C
Qy = 1075 Kil
3
EI = 162000 kNm?
N (EI){Q,;J,} = (EI){3,4} = K
(E[){LQ} = 2F1
h{172} = 60 cm
nepoznanice:
Smin = 32 — 4 P2 P2 P2
= 2 U, Uf2,3} Wa, U2 3} U, W2
a.

Mo = 2kpgy w2 — 6k 1/){(?12} 6 k{12 ¢{12} - M; 5
My = 4kpgy o2 — 6kpg @Z){(ilg} 6 k1,23 1/1{1 2} '+ M,
Moz = Mys = 3kp3zyp2 — 3kpgs w{(;:g} 3 k23 lﬂ{;;}g} + Mg,

Mys = Myz = —3ksa ¢{(§,14} 3 k3.4 ¢{§{42}3 + M,



(u1) Uy
1/’{1,12} = Y = E}
wg“”) = ;-1
(u1)
u w
o) by = Vi = 5
_ i
2 6
(w1) _
U1 1/}{3,14} =0
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®
m o Yl
L \u{23y
1,2 2,3
¥s [
(u U233
bag = ¥ = ——{3 }
P57 u
U{23} o o {2,3}
Vs = V5= g
(wpa) _ o U{23)
Vg = VE T T,
®
Uf2,3} —
Mo = 2kpoy 2 — 616{12} 3 6k{12}< ) + Mo

= 2k 02 — 2kpoyur + 2kpoyupesy + ]\71,2

U{2,3}

U _
Msy1 = 4kpoy o2 — 6k 31 — 6kq19 (— ) + Ma,
= 4k o2 — 2kpoyur + 2k{1,2} U233y + ]\72,1

U2,3}

M273 = M 31{3{2 3} Y2 — 3k5{2 3} 6 3k{2 3} ( ) + MQC’:))
1 —
. 3k3{2,3} P2 — §k‘{2,3} up + 51‘5{2,3} Uf2,3) + M2C,3

_ 3 o
bt Mis = —5kpayups + Mi;

c U3



[

()
Vo =

()
Vingy =

(w1) _
\ Vizay = 0

L

by = V12+92 = V10 = 3,16m

t1 + 12 0+ 42

t, = - — 21°C
2 2
Al = oyt ligy = 107°-21-4/10 = 0,000664 m
7 3 6 6
o = 5= =2 =190m
2 lpy Y lhay V10
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+ 3
11T T I = 1+ X = 3@{172} = 948 m

2
(ts) Al C2y s (vi0)’
1/’{2,3} = ¢y = — 7 = —ats b1y 6 - —10 'QI-T = —0,000 350
(ts) Al g ts 2
= ¢ = — = 02 0,0000700
¢{172} wl T+ T2 35{172} ’

(ts)
Pigay = 0

ili:

[Pu] [Yw |, 1]

objasnjenje trokut(i¢)a sa stranicama A/; i !wé ot

Al (vektor duljine A¢; na osi Stapa {1,2}) nije pomak 89 &vora 2, tako da ni projekcije
vektora Ht na vertikalnu i na horizontalnu os nisu projekcije pomaka gg na te osi; Ht je
samo komponenta pomaka 5)2 na osi Stapa {1, 2}, uzrokovana njegovim produljenjem. Osim
sto se produljuje, stap {1,2} se zbog spoja sa Stapom {2, 3} i zaokrece (oko pola 2), pa 82
ima i komponentu w2 okomitu na os stapa {1,2}. Kako évor 2 ,pripada” i stapu {2, 3},
pomice se po okomici na os toga Stapa, tako da zbroj komponenata Klz i W12 pomaka gg
mora biti na toj okomici (pogledajte i plan pomaka na prethodnoj stranici), pa se 32 i
) poklapaju, 8y = Wa, aprojekeija Us

njegova projekcija w9 na vertikalnu os (dulJlne ’wg =)
na horizontalnu os is¢ezava, 1y = 0, ug = 0.

(ts) 2

s lgy (t) liz) 5 o, (V10)
= Y= Al = —107"-21- = 0,000700

Aét 3 g }U)2 t 3 3 s m

t ‘wgtS)
iy = Yu =~ = ~0,000350
2+ x3 B f{l,g} 9 B (prema skici na
li2y 1 - 2423 = fugy = 10m prethodnoj stranici)

(ts)
w

w{(ii} = = ——2’ jxg = —0,0000700
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At = tdolje - tgore =1y -1 =42 -0 = 42°C —(an)

A A
= (EDpgyou —— = 2EToy —

8 T hiy h1,2y )\
49

= 2.162000-107°- —= = 226,80 kNm
0,6 ta\t1

MSY = —NAY = 296,80 kNm © ey
ili:
5 (at)
At = taolie — tgore = t1 — tg = 0 — 42 = —42°C © M;;
_ A,
M5Y = 2EIaq, \/
’ P1,2)
42
— 2.162000-107° - —= = —226,80 kNm ta\t1
076 @ ‘Ml(Af)
MY = —M5Y = 226,80 kNm
CM:E?) = —3ki4 9,

2F] 2-162000

k = = = 102458 kNm
(1,2} lna) i
ET 162 000 ET
kiog = - — 81000 kNm, kg4 = — 81000 kNm
{ ’ } é 2 { ’ } g
{2,3} {3,4}

= —6-102458 -0 — 6-102458 - (—0,00007) — 226,80 = —183,77 kNm
M271 = M;’?l) + MQ(SS) + Ml(ét) = —6 k{l,Q} w{(f;} 6k{1 2} 1/}{1 2} + Ml(,gt)

= —6-102458 -0 — 6-102458 - (—0,00007) + 226,80 = 269,83 kNm
_2073 _ CM2(7w1) c 2(7535) - 3 k{2,3} ¢f§;)} _ 3]{{273} w{(;s’;}

= —3-81000-0,0015 — 3-81000-(—0,00035) = —279,45 kNm

My = MY = —3kiyy @y = —3-81000- (—0,0006) = —145,80 kNm

jednadzba ravnoteze momenata u ¢voru 2:

— My — Mys = 0 = My + Mys = 0
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[4k2y 02 — 2kpoyun + 2kpoy sy + Mo |

1 _
S ksy ugsy + Mz‘ig] =0

1
+ l?) kg 02 — = kppsyur + 5

2

1
(4 /{3{172} + 3]6{2,3})%02 + (—2 k’{LQ} — 5]43{2’3}) Ul

1 — —
+ (2 k{l,g} + 5]{3{2,3}) U{2,3} = _MQ’l — M2073

652832 - ¢y — 245416 - uy + 245416 - up3 = —269,83 — (—279,45)

652832 - 0y — 245416 - uy + 245416 - up3 = 9,62 (ss)

jednadzba rada na virtualnom pomaku du; (projekcije pomaka za u; uz dodani 8):

(du1) du (du1)
(Mo + Ma,) 677Z){1 9y T My 6w{(2,31}) + My 6¢{3 a4 =

\§°

(6 kgoy o2 — 4dkpoyur + dkpoyugs + ]\71,2 + le)

w
|
8

1 1 —
+ (3 k231 92 — §k‘{2,3} up + 51‘3{2,3} Uz + M2C,3)

3 _
+ (—5 kg4 uga3y + M4C,3> 0=20 v ouy

1 4 1
(2 kg2 + ék{Q,S}) P2 — (g ka2 + D k{2,3}) 51

4 1 1 — — 1 —
S ks + —k — (M + Fy) — = M
+ (3 ny 5 {273}) Us,3 3( 12 + Ma;) Mz

- (—279,45)

| =

1
245416 ¢y — 143361 uy + 143361upy = —5 - (~183,77 + 260.83) —

245416 oy — 143361 u; + 143361 ugs — 17,89 x (—1)

—245416 o + 143361 u; — 143361 ug3 = —17,89 (&)
jednadzba rada na virtualnom pomaku dug g (projekcije pomaka za us 3 uz dodani §):
(bu (bu (bu
(Ml 9 + M, 1) 5’17D{ (2:3) + M, 3 6'¢1{2 3{}2 ) + M43 5¢{3 4{}2 ) =0

1,2}

(6 kgoy o2 — 4dkpoyur + dkpoyugs + ]\71,2 + Mz,l) (——)

3
1 1 _
+ <3 ]{5{2,3} Y2 — 51{?{2,3} u; + 5]{?{273} U3 + M2073> (-%)
3 — Otta 5
+ (—5 K34y u23 + M4C,3) — = 0 Y Suy
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1 4 1
— <2 kgay + 3 lf{2,3}> w2 + (g kgoy + ) k{z,g}) Uy

4 1 3
— |k —k —k
(3 {12y + 19 23} + 1 {3,4}> U2,3

- %(1\71,2 + M) + %_;3 — %_;3
245416y + 143361 u; — 204 111 uy s
— %-(—183,77 + 269,83) + é-(—279,45) — %-(—145,80)
245416 0y + 143361 u; — 204111 uy3 = 55,01 x (—1)
245416 0y — 143361 u; + 204111 uys = —55,01 (~F.)

rjesenje sustava jednadzbi (ss«), (&) & (~R.):

w2 = —0,00009026, u; = —0,001479m & wupz = —0,0012m

vrijednosti momenata na krajevima Stapova:
My = kg (2 Y2 — 2uy + 2“{2,3}) + ]\71,2
= 102458 - [2 - (=0,00009026) — 2-(—0,001479) + 2-(—0,001 2)] — 183,77
= —145,09 kNm
M271 = ]{5{1,2} (4g02 — 2u; + 2“{273}> + Mg,l
= 102458 - [4 - (—0,00009026) — 2-(—0,001479) + 2-(—0,001 2)] + 269,83

— 290,01 kNm
1 1 _
M3 = k3 (3 Y2 — 5“1 + EU{2,3}> + Mjs
1 1
= 81000 - l3 - (=0,000 090 26) — 3" (—0,001479) + 3 (—0,0012)| — 279,45
— 290,08 kNm
3 3

My = =3 kpayuizs) + Mz = =3 -81000-(=0,0012) — 14580 = 0

(,neravnoteza” momenata u ¢voru 2 posljedica je pogresaka zaokruzivanja)



momentni dijagram:

290,04

w2

¢{1 2} = w 1

w2

¢{2 3} =Yy = 9
(w2)
Vizay =

(isti mehanizam kao za 4; u a., ali je ,vodeéi” pomak
—>
sada wo)

oIl
wil
<
-~
V)
w
[
; /

8 @
ﬁ
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Mo =

My =

2k{1,2} Y2 — 6]43{1,2} sz){(qu;} 6]{7{1 2} ¢{1{2 ) + MLQ

2k1,0) P2 — 6k oywe + My

Ak 9y 2 — 6k 2y 1[)8'3} 6 ky1,2) w{l{z )y My,

Ak 0y 02 — Bk oy wy + My

Mss = 3k3 p2 — 3ka3 w{(;é} 3k, ¢{§{32}3} + Mgy
3kia3y 02 — §]{’{2,3} wy + Mgy

My = =3k 7!1{3 4} — 3k34 7/){3{2 ) M,

—579{3,4} ugay + M

(w1) w1
w{l,;} = 7/11 = _T
= —0,003
— 71’{2 3} = 71’{34}
w1
z C2) by
- = = €r =
3 \
(ts) Agt
¢{1 2} ¢I = 7
_ 386 000630 Qe
b2

’ V By g
N Gy = Vi



My = M5+ M5 + M5V = —6kpay ol — 6kaay v, + M5"

= —6-102458 - (—0,003) — 6-102458-0,00063 — 226,80 = 1230,15 kNm

T 7 (W FWAE) a7 (A w A
My, = Mg(,ll) + M2(,tl) + Mz(,lt) = —6kp 9 1/’{(1,3} 6 k1,2) d’{l gy T M2(,1t)

= —6-102458-(—0,003) — 6-102458-0,00063 + 226,80 = 1683,75 kNm

ATcC cag(w car(ts w ts

Mgy = My5Y + My = —3hpayviys) — 3kiagy Yy, = 0

Mgy = M%) = —3kgy %, = —3-81000- (~0,0006) = —145,80 kNm
jednadzba ravnoteze momenata u ¢voru 2:

—M271 — M273 =0 = M271 + M273 =0

_ 3 _
[4 k{172} Y2 — 6/6{172} wo + M271] + |:3 k{273} Y9 — ik{Q’S} wo + M573} =0

(4kg0y + 3kio3)) p2 + <—6 ki12) — ;k‘{2,3}> wy = —May — Mgy
652832 - g — 736248 - wy = —1683,75

jednadzba rada na virtualnom pomaku dws:
(Miz + M 1)5711{;”;? + M235¢{§1§§ + M435¢{§1ﬁ =0

(6kg10y 02 — 12k oywe + My + May) Sy

3 O\ Sws 3
+ (3 ]6{273} Y2 — 5 k{273} wo + M2C’3> 72 + <—2 k’{374} ’LL{273} + M4 3>

—

3 3 — _
(6 ki12y + 2k5{2,3}) P2 — (12 k(12 + 4k{2,3}> we = —Mio — May — 5

\)

736248 oo — 1290246 ws = —1230,15 — 1683,75 — %.0
736248 o — 1290246ws = —2913,90 ‘ x (—1)
736248 0y + 1290246 ws = 2913,90

jednadzba rada na virtualnom pomaku dus 3:
(Miz + Mag) 8 o™ + Mg spon® + Magsugy ™ = 0
(M2 + Mag) -0 + Mag 0 + Mig 8™ = 0

(s )% -

5 By uesy + My,
—60T50upy = 129 | x (-1)
60 750 Uz = —72,9

10

(&)



rjeSenje sustava jednadzbi (sw+y), (&) & (Be)):
iz (“&4,) neposredno: ugy 3 = —0,0012m
iz (sway,) € (&) w2 = —0,00009025 & wy = 0,002207 m
vrijednosti momenata na krajevima Stapova:
My = kg (2902 — 6ws) + Mo
= 102458 - [2 - (=0,00009025) — 60,002 207] + 1230,15 = —145,09 kNm
May = k19 (42 — 6ws) + My
= 102458 - [4 - (=0,00009025) — 60,002 207] + 1683,75 = 290,01 kNm

3 -
Mys = k3; (3 w2 — ng) + Mg,

3
= 81000 - {3 - (—0,00009025) — 3 0,002 207] + 0 = —290,08 kNm

3 — 3
Mis = — kpayugoy + Mfs = —3 81000+ (~0,0012) — 145,80 = 0

momentni dijagram na vrhu stranice 8

isti mehanizam kao za 3y u b, isti mehanizam kao za i3 u a.,
ali s drugim ,,vodeéim” pomakom ali s drugim ,,vodeéim” pomakom
— nastavite sami! — nastavite sami!

Prije no Sto okrenete stranicu, pokusajte sami nacrtati dijagrame projekcija pomaka i(li)
planove pomaka za zadani prisilni pomak i za utjecaj promjene temperature!
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Prorac¢un provedite sami!




