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Circles Related to a Complete Quadrangle
ABSTRACT

This paper presents an overview of some properties of a
complete quadrangle ABCD in the Euclidean plane. We
study the circles with diameters AB, AC, AD, BC, BD, and
CD, as well as the pedal triangles and the pedal circles of
the points A, B, C, D with respect to the triangles BCD,
ACD, ABD and ABC, respectively. The presented results
are known in literature, but here we prove them using a
single method.
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1 Introduction

Studying the geometry of the complete quadrangle in the
Euclidean plane, we came across a large number of papers
in which the properties of the quadrangle are proven in
different ways. Our aim was to prove these claims using

one method and, if possible, to prove some original claim.

This paper is the third in a series of such works. In [12] we
introduced the choice of the suitable coordinate system that
enables us to prove all the properties in the same way, while
in [13]] we focused on the center, anticenter and a diagonal
triangle of the quadrangle, as well as on the isogonality
with respect to the four triangles formed by the sides of
the quadrangle. In this paper we give an overview of some
properties of the quadrangle regarding the circles related
to it. Let us start by recalling some basic definitions and
statements proved in [12]] and [[13].

The complete quadrangle ABCD is formed by four points
A,B,C,D and six lines AB, AC, AD, BC, BD, CD. There we
distinguish the opposite sides, ones that have no common
vertex. We use rectangular coordinates working with four
parameters a,b,c,d # 0. For such a quadrangle we have

Kruznice pridruZzene potpunom cetverovrhu
SAZETAK

U radu dajemo pregled nekih svojstava potpunog
tetverovrha ABCD u euklidskoj ravnini. Prou¢avamo
kruZnice s promjerima AB, AC, AD, BC, BD, CD, kao i
nozisne trokute i noZzisne kruZnice totaka A, B, C, D s
obzirom na trokute BCD, ACD, ABD, ABC redom nave-
dene. Svi prikazani rezultati su poznati iz literature, ali ih
ovdje dokazujemo koristeéi istu metodu.

Klju€ne rijeci: potpuni Cetverovrh, noZidni trokuti, noZisne
kruznice

proved: each quadrangle with no perpendicular opposite
sides has a circumscribed rectangular hyperbola.

Choosing suitable coordinate system we get for the circum-
scribed hyperbola

xy=1. (1)

The center of this hyperbola is the point O and we will call
it the center of the quadrangle ABCD. Asymptotes of #
are the axes of the quadrangle ABCD.
Vertices of the quadrangle ABCD are

1 1 1 1
A= (a7a> 7B: <b7b> 7C: <C7C> 7D: (d7d>7 (2)

and the sides are

AB...x+aby=a+b, AC...x+acy=a+rc,
AD...x+ady=a+d, BC...x+bcy=>b+c, 3)
BD...x+bdy=b+d, CD...x+cdy=c+d.

Very often we will use elementary symmetric function in
four variables a,b,c,d:

s=a+b+c+d, g=ab+ac+ad+bc+bd+cd,
r =abc+abd +acd+bcd, p=abcd. (@)
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The Euler’s circles of the triangles BCD, ACD, ABD, and
ABC are given in the next equation on the example of the
circle Aj; of the triangle ABC

Ny ... 2abc(x*+y*)+[1—abc(a+b+c)x
— (a®b*c* —ab—ac —bc)y =0 (5)

with the center

1 1 1/71 1 1
No=(~(at+bte——),~(~+-+-—abc)). 6
d (4<a+ te abc>’4<a+b+c ac>> ©

By H,,H,,H.,H; we denote the orthocenters of the trian-
gles BCD, ACD, ABD, and ABC, respectively. Their forms

are
H,= ! —bed H, = L d
“=\ b’ ¢ b= acd’” 4 )

1 1
HC = (_abd, _abd) 5 Hd = <—abc, _abc> . (7)

The diagonal triangle UVW of the quadrangle ABCD is
given by the vertices

ab(c+d)—cd(a+b) a+b—c—d
ab—cd ab—cd )’
ac(b+d)—bd(a+-c) a+c—b—d> ®
ac—bd " ac—bd )’
ad(b+c)—bc(a+d) a+d—b—c
ad — bc " ad—bc )7

U=ABNCD= (

V=ACNBD= (

W—ADﬂBC_<

and the sides are

U=VW ... ©)
(a+b—c—d)x+ab(c+d)—cd(a+Db)]y=2(ab—cd),
V=UW...
(a+c—b—d)x+ac(b+d)—
W=UV...
(a+d—b—c)x+ad(b+c)—

bd(a+c)]y=2(ac—bd),

be(a+d)]y =2(ad — bc).

By A’,B',C’',D’ we consider the points isogonal to the
points A, B,C, D with respect to the triangles BCD, ACD,
ABD, ABC, respectively. E. g.

D 2d —s r—2abc . (10)
p—1 —1
And, the following relations are also valid
AB-CD — <a—b><c—d>’1@’
b—d)
ac-pp=|@=9b=d) ’wmp, (11)
p
AD-BC — (a=d)(b—c) V.
p
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where the next notations are used

V:azdz—i—l7
vV =b*c?+1. (12)

A=a*b*+1, p=d*c®+1,
N=cd?+1, d=bd*+1,

The circumscribed circles of the triangles BCD, ACD, ABD,
ABC are given by

Ky ... bed (x*+y*) —[1+bcd (b+c+d)]x
— (b*c*d* +bc+bd+cd)y
+b+c+d+bced(bc+bd+cd) =0,

K ... acd(x2+y2)7[1+acd(a+c+d)]x
- (a202d2 +ac+ad+ cd)y
+a+c+d+acd(ac+ad+cd) =0,

K ... abd(x*+y*)—[1+abd(a+b+c)x
— (a*b*d* +ab+ad +bd) y
+a+b+d+abd(ab+ad+bd) =0,

Ky ... abc(x*+y*)—[l+abc(a+b+c)x
— (a2b202 +ab+ac+ bc) y
+a+b+c+abc(ab+ac+bc) =0

with the centers

1 1 1/1 1
OH(2(b+c+d+bcd),2<b+c+d+bcd)>,
1 1 1/1 1
Ob:<2<a+c+d+acd),2<a+c+d+(lcd)>,
1 1 1/1 1 1
Oc:(z(““’*d abd)’Z(a+b+d+abd)>’
Oy = ] +b+c+ : 1 1+ +1+ b
1= \2 “ ¢ abc)’2\a b ane

and the radii

pa -

20p
1 - 1|d y
PcZE*\/%.UVy pd:i;\/l'uv’ (13)

respectively.

It would be important the following formula for two lines

L and £ with slopes % and % and their oriented angle
(L, L)

Dl
tg/(L,r) =" (14)

mm' +nn'’
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2 Circles with diameters AB, AC, AD, BC,
BD, CD and few more circles

The points P, = (x1,y1) and P> = (xp,y,) are incident to
the circle with the equation

4y = (x1 +x2)x — (1 Fy2)y+xix Fyya =0 (15)

with the center in the midpoint (3 (x| +x2), 3(y1 +2)) of
these points, so (I3) is the equation of the circle with the
diameter Py P». Using this formula, for the circle with diam-
eter AB we get the equation
2 9 a+b 1

— b)x — —— b+—=0
x4y —(a+b)x A y+a +ab
so the power pap of the point P = (x,y) with respect to that
circle is

2., 2 atb 1

= — b)x — —— b+ —.

pap=x"+y" —(a+bjx—— =y+ab+
Analogously, the power pcp of the point P with respect to
the circle with the diameter CD equals

2 9 c+d 1
= — dx— —— d 4+ —
pep =x"+y" = (c+d)x——ry+ed+ —,
so it follows

b+ cd
PAB+pCD:2x2—|—2y2—sx—£y+ab—|—cd+a ta .
p 4

For the power of the point P with respect to the circles with
diameters AC, BD and AD, BC the following equalities are
valid

bd
PAc+pBD:2x2+2y27sxfly+ac+bd+ac+ ,
p p

d+b
PAD+ch:2x2+2y2—sx—£y+ad+bc+a i C.
p p

The midpoints of the sides AB and CD are points (452, 412,
(%, %), and a power p, of the point P with respect to
the circle whose the diameter is connecting line of these

two midpoints, is equal to
2y i Yapyeray+ Lt b)era)
= —x— —yF-— c — c .
Pu y ) 2py 4 4p
Two more equalities are valid

2y S 1 1
py=x"+y 7% 2py+4(a+c)(b+d)+4p(a+c)(b+d),

S S S A RS
Pw=x"~+y % 2py+4(a+d)(b+c)+4p(a+d)(b+c)
for the powers of the point P with respect to the circles, for
which the diameters are connecting lines of the midpoints
of the sides AC, BD and AD, BC. Out of these equalities
the following statement is valid

Theorem 1 The powers of the point P with respect to the
circles, for which the diameters are connecting lines of the
midpoints of the sides AB, CD; AC, BD and AD, BC fulfil

PAB+Pcp + Pac + Pep = 4Pw,
PAB+ pcp + pap + pec = 4py,
Pac + PBp + pap + Pec = 4pu

and

PAB + pcp + pac + pep + pap + pec = 2(pu+ pv + pw),

where py, py, pw are powers of the point P with respect
to the circle whose the diameter is connecting line of the
midpoints of AB,CD; AC,BD and AD, BC.

The first three equalities can be found in [4], and the last
equality is in [[L1]].

Let L be the line with the equation fx+ gy+h =0. Its in-
tersection points with lines AB and CD from (3) are points
PAB = (ul,vl) and PCD = (uz,\/2), where

_agt+bgt+abh  af+bf+h
N T g VT Tabf—g
cg+dg+cdh cf+df+h
Up=—————————, V3 = ——————.
cdf —g cdf —g

As (abf —g)(cdf —g) = pf* — (ab+cd) fg+ g%, and

(abf —g)(cdf —g)(u1 +uz) =
= (ab+cd)gh+sg* —rfg—2pfh,
(abf —g)(cdf—g)(vi +v2) =
= (ab+cd)fh+rf* —sfg—2gh,
(abf —g)(cdf —g)(uu' +w') =
= ph® +rgh+(q—ab—cd)(f* +¢°) +sfh+ 1,
then the circle %yp cp with the diameter PapPcp has the
equation
[pf* = (ab+cd) fg+&°) (& +7)
—[(ab+cd)gh+sg* —rfg—2pfhlx
—[(ab+cd)fh+rf* —sfg—2ghly+ ph’ + rgh
+(g—ab—cd)(f*+g*)+sfh+h*=0.

Analogously, the circle K¢ gp with the diameter PycPpp
has the equation

[pf? = (ac+bd) fg+&°] (¥ +57)
—[(ac+bd)gh+sg* —rfg—2pfhlx
—[(ac+bd) fh+rf*—sfg—2ghly
+ ph® + rgh+ (g — ac — bd) (f* + &%) + sfh+h> = 0.
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Figure 1: Visualization of Theorem 2]

Subtracting these two equations and dividing the obtained
result by the common factor (a —d) (b — ¢) we get the equa-
tion of a circle X in the form

f8(x®>+y?) +ghx+ fhy+ f> +g> = 0.

Hence, the circles Kapcp, Kac,ap, X belong to the same
pencil of circles. However, out of symmetry of the circle
K ona,b,c,d we conclude that Kyp cp, Kap,pc, K belong
to one pencil of circles. Hence,

Theorem 2 Let L be a line. Three circles with diameters
PagPcp, PacPsp, PapPpc belong to one pencil of circles,
where Pap,Pcp, Pac, Pep,Pap, Ppc are intersection points
of the line L with lines AB,CD,AC,BD,AD,BC.

This result can be found in [7], [9] and [10]]. See Figure 1.
3 Pedal triangles and pedal circles of the

points A, B,C,D with respect to the trian-
gles BCD, ACD, ABD, ABC

A normal from the point A = (a, 1) to the line BC with equa-

tion x+ bcy = b+ c has the equation bex —y = abc — %, and
these two lines are intersected in the point

1 1

Ag= (—, (a*b*c* + ab+ac—be), — (ab*c 4 abc® —a*be+ 1)) ,
av av

(16)

54

and, analogously, the pedal of the normal from A to the
line BD is the point

1 1
Ac= (7/ (a*b*d* +ab+ad—bd), — (ab2d+abd27a2bd+l)) .
au au
amn

Because of that,

VA AR =
= [/ (a®b*? + ab + ac—bc) V' (a*b*d* + ab + ad —bd ) |?
+ i (ab?*c+abc® —a*be + 1) —V' (ab*d+abd* —a*bd+1)]2.

It is easy to see

(b2d* +1)(a*b*c* + ab + ac — bc)
— (P2 4 1)(a*b*d> + ab+ ad — bd)|* =
= (a—b)(c —d)(ab’c +ab*d — b*cd + 1),
(b*d* +1)(ab*c + abc* — a*be + 1)
— (b*c* +1)(ab*d +abd* — a*bd + 1) =
= (a—b)(c—d)(ab*cd — ab+bc+bd),
(ab*c +ab*d — b*cd +1)* + (ab’cd — ab+ be + bd)* =
= (@b + 1) (D A+ 1) (P> +1) =MV,

so a?u™V?A Al = (a — b)*(c — d)*>Md/V' or, finally,
AUV'AAL? = (a—Db)*(c —d)*\. We proved the first of
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three analogous formulae

|@=b)c—a)| [
AcAd* a ,U/V/?
a—c)(b—d
Ay = )a ) o (18)
_|(a=d)(b—c) v
ApAc = a Ny

for the lengths of the sides of the pedal triangle A,A.A4 of
the point A with respect to the triangle BCD. Analogous
formulae for the lengths of the pedal triangle B,B.B,; of the
point B with respect to the triangle ACD are

_|(a=b)(c—d) &
BCBd - b ‘UV7

_|a=ab-d)| [#
B.B; = b oy

a—ay-o)| [v
BBy = : T

Formulae for the lengths of the sides of the pedal triangles
C,CpCy and DDy, D, of the points C and D with respect to
the triangles ABD and ABC look similarly. Out of previ-
ously mentioned formulae

b| [ uv
ACAd : BCBd = AbAd . BaBC = AbAC : BaBd = ‘a‘ ,u’V’

follow, meaning that triangles A,A.A; and B,B;B, are sim-
ilar. Due to analogy, the triangles C;C,Cp and D DD, are
also similar to these triangles. So, we proved the result that
can be found in [2], [3] and [6].

Theorem 3 The pedal triangles of the points A,B,C,D
with respect to the triangles BCD,ACD,ABD,ABC, respec-
tively, are similar.

Out of the corresponding equalities (TT)) and (I8) we get
the ratios

AB-CD:AA;=AC-BD: AyAy = AD-BC : ApA, —
=/ ANuV' : |bed|
ie.

Theorem 4 The lengths of sides of the pedal triangles of
ApAcAg, BaBBy, C,.CpCq, DiDpD, are related as the prod-
ucts of the lengths of pairs of opposite sides of the quadran-
gle ABCD.

The last ratio equals to 2p, because of (I3). These state-
ments can be found in [6].

The point A; from is incident to the circle P, with the
equation

a(p—1)(P+y*) —ala(p+1)—slx+ (p+1—ar)y=0

i.e.

(=16 +2)-la(p+ 1) =sha+ (25 = r)y =0
(19)

because of

(p—1)[(@®b*c* +ab+ac—bc)*+(ab*c+abc® —a*be+1)%]—

—a(b*? +1)(d®b*c? +ab+ac—be)(a(p+1) —s)+

+ (b* + 1) (ab’c + abc® — a®be+ 1) (p+ 1 —ar) = 0.

Because of symmetry on b,c,d, of the equation (T9) the
circle 7, is a pedal circle of A with respect to the triangle
BCD. Obviously, it is incident to the center O. Hence,

Theorem 5 The pedal circles P,, Py, F., Py of the points A,
B, C, D with respect to the triangles BCD, ACD, ABD, ABC,
respectively are incident to the center O of the quadrangle
ABCD.

This result can be found in [1]], [2], [5]], [6].
The circle has the center

(a*bcd —b—c—d),

Fa= (Z(pl—l)

1 1
m(abC‘Fabd‘Facd — 5)) (20)

and the length OP, is the radius r, of that circle and easily
we get

1
rg=————1/(a2b2+1)(a2c2+1)(a?d?> +1) =
Sty V @ D@ 4 D@ )

1
=/,
2a(p—n)| V™

together with the first equality from (13) it proves the equal-
ity para = m\/?wv?u’,u’v’ . This equality together
with three analogous equalities prove that p,r, = pprp =
Pcfre = Pata, i.e.

Theorem 6 The radii of the pedal circles P,, By, P,, Py
of the points A, B, C, D with respect to the triangles
BCD,ACD,ABD,ABC respectively, are inversely propor-
tional to the radii of the circles BCD,ACD,ABD,ABC.

This result can be reached in [6] and [8]].

The point P, from (20) is the midpoint of the point A and
the point A’ analogous to the point D’ from (10}, that is in
accordance with the fact that the pedal circle of the point
with respect to the triangle has the center in the midpoint
of that point and its isogonal point with respect to this
triangle. The ratio of the radii r, = m\/k,uv and

rp = msﬁw’v’ is equal to the coefficient |§| % of
the similarity of the triangles A,A.A4 and B,B;B..
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Figure 2: Visualization of Theorem ]

The points A’ and B’ analogous to D’ from have the
midpoint

d d
My = (—”,abc+ ) @1
p—1 p-1

that is incident to the circle &, with the equation (19). Tak-
ing the analogous results in consideration, we proved

Theorem 7 The midpoints of the triples of seg-
ments A'B,A'C',A'D'; A'B',B'C',B'D/; A'C',B'C'.C'D';
A'D' \B'D',C'D’' are incident to the pedal circles
Po, Py, P., Py of points A,B,C,D with respect to the tri-
angles BCD,ACD,ABD,ABC, respectively.

This result can be reached in [[]].
The point A from is incident to the line with equation

(a*bd + abd* — ab*d + 1)x + (a*b*d* +ab + bd — ad)y =
=2b(a*d* +1),
and the point D, is also incident to this line because of

symmetry of this equation on a and d. We conclude that
this is the line A.D,. It is incident to the point

2b
(— m(ﬂsz‘i‘azbd — azcd—i— 1)7
2b (
(p—1DA
as well. Because the symmetry on ¢ and d in the form of

this point, obviously it lies on the line A;Cy, hence this
pointis A.D.NA4Cy.

a*bed + ac+ad — ab)) (22)

56

The point

1 2,22 L 5 > 5
— tac+be—ab), = (a*be+ab*c—abc®+1
Cu ((:7\. (@b c*+ac+bc—ab), o (a*bc+ab*c—abc”+1)

is analogous to A4 from (I6). It is incident to the line
c(a*bed + ab +ad — ac)x — c(a*be +a*cd — a*bd 4 1)y =
=(p—1)(@®3*+1),

and again because of symmetry on b and d, Cp, is incident
to it as well, so it is the line C;Cp,. This line is incident to
the point

-1
P a*be+a’bd — a*cd + 1),
2acdh
ac

-1
- 2pacd}h(a3bcd+ac—|—ad—ab)),

and that point lies on the line D.D;, because of the sym-
metry on ¢ and d in the form of this point. Hence, this
point is C;Cp N DpD.. The obtained points A.D. NA4Cy
and C;Cp N Dy D, have the proportional coordinates. Ho-
mothety with the center O and coefficient —ﬁ(p —1)?
associates one point to another. As this coefficient is sym-
metric on parameters a,b,c,d then by cyclic permutation
of b,c,d and B,C,D it follows that the same homothety
associates the point AyB; NADj to the point DD, N BBy,
and the point A,Cp NA.B, to the point B.B;NCyCp, i.e. the
mentioned homothety associates the triangle with vertices
AcD.NAGCy, AgBaNALDy, ApCp NAB, to the triangle
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formed by lines B.B;,CyCp,DpD,. It can be checked the
following theorem and also three more analogous state-
ments

Theorem 8 Let Ap,A.,Ay be pedal points and ‘B, pedal
circle of A with respect to the triangle BCD. Let B, B, By,
Cu,Cp,Cy, Dg,Dp,D. be pedal points of B, C, D with re-
spect to the triangle ACD, ABD, ABC, respectively. The
points AcD.NAyzCy, AgBaNApDy and ApCp NA B, are in-
cident to P,.

Because of the mentioned homothety, there is and the next
result

Theorem 9 The triangle formed by lines B:B;,C;Cp,DpD,
is inscribed to the circle that passes through the center O
and at that point touches the circle ‘P,.

All of these results can be found in [[1]] and they are associ-
ated to Q.T. Bui.

In [1]] the center of the quadrangle ABCD' is studied as
well. From Theorem 1 from [13] and Theorem [5] we know
that the center O of the quadrangle ABCD is incident to
the Euler’s circle A of the triangle ABC and to the pedal
circle P; of the point D with respect to that same triangle.
So the center of the quadrangle ABCD' is incident to the
Euler’s circle Aj; of the triangle ABC and to the pedal circle
of the point D’ with respect to that triangle. The latter circle
is the circle %, because the isogonal points in the triangle
have the same pedal circle. There is a question appearing:
Is this center the center of the quadrangle O or the other
intersection point of the circles Ay and %;? In the first
case the point D’ would lie on the hyperbola H and that is
possible, but if it would be always like that then the same
it should be valid for the points B',C’ and D'. The point D’
is incident to the hyperbola A under the condition that the
equality (d —a—b—c)(abd + acd +bcd — abe) = (p—1)?
is valid. The conditions for the points B',C’ and D’ look
similarly. However, adding up these four conditions we get
the equality —16p =4(p—1)>=01i. e. p= —1 and the
quadrangle ABCD is the orthocentric. If we exclude this
case, then we get the following statement.

Theorem 10 The center of the quadrangle ABCD' is the
second intersection point of the circles N and Py next to
the center O.

Three more analogous statements follow up.
The circle 2, with the equation (T9) and the circle B, with
analogous equation

(p= 162+~ B+ 1) = (2 =)y =0

have the radical axis with the equation abx+y = 0. The mid-
point of the point C and the point H; from (7) is the point
(3(c— =), 4(L —abc)) and it is incident to the radical axis.
The same is valid and for the midpoint of points D and H..

Points C and H, are incident to the line abdx —cy =p —1
that passes through the point (ab’(’;l ik —%). Because of
symmetry on ¢ and d, this point is also incident to DH.
However, the intersection point CH. N DH, is lying on the
mentioned radical axis, see Figure 3. This result can be
reached in [6] and [8]. The point M, from is also
incident to the mentioned radical axis with the equation
abx+y = 0. The statement on the collinearity of these four
points as well as five more such collinearities is given in [1].
Hence, the radical axis of the circles 2, and P, bisects the
segments CH,, DH, and A’B’. That radical axis is antipar-
allel to the line AB with respect the axes of the hyperbola
H, and the similar is valid for five more analogous radical
axes. We have just proved the following theorem and five
more analogous statements

Theorem 11 Let H.,H; be orthocenters of ABD, ABC, re-
spectively, and let A', B' be isogonal points of A, B and with
respect to BCD, ACD respectively, and ‘P,, P, pedal circles
of the points A, B with respect to the triangles BCD,ACD.
Then the following four points lie on the radical axis of ‘F,
and P,: midpoints of three segments A’B', DH., CH; and
the intersection point CH. N DH,.

The point M, obviously lies on the line CD as well as the
points A, and B,. It is easy to check that the point M is
incident to the line

(a*bc +ab*d — abed + 1)x + (a*b*cd + ac + bd — ab)y =
= (®* +1)(c+4d),

as well as the point A, from (I7). By substituting a <+ b and
¢ < d in the previous equation one obtains the line incident
to the point B;. Hence, the point M, is incident to the
line A.By, and analogously to the line A;B,. It means that
the point M, is the center of the perspectivity for triangles
ApAAy and B,B.B,;. Out of it follows that the line
OA. has the slope

ﬁ’ B ab?*d + abd* — a*bd + 1
n a?b2d>+ab+ad —bd’

and, analogously, the line OA}, has the slope

m ac?d + acd* — a*cd + 1
n a?d>+ac+ad—cd’

After some calculation we get

m'n—mn' = (a®d*+1)(a—d)(b—c)(p—1),

mm' +nn' = (a®d*+1)[(p—1)*+ad(b*+c*)+be(a*+d?)),
so due to (T4) it follows

(@a=d)(b—c)(p—1)

tg/ApOA, = .
8 e (p—1)?+ad(b>+c?)+ bc(a® + d?)
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Figure 3: Visualization of Theorem|[I1)|

Substituting a <> b and ¢ <> d the equality

(@a=d)(b=c)(p—-1)
(p—1)2+ad(b>+c*)+ bc(a® + d?)

follows up. By this we achieved the equality of the oriented
angles ZA,OA, = Z/B,0OB,, as well as ZA,OA; = £/B,OB,.
However, out of these equalities the equality ZA,OB, =
ZA.OB; = LA 0B, is valid meaning that the center O is
the center of the similarity of triangles A,A.A; and B,B;B..
So, we have just proved the following result and five more
analogous results that can be found in [6]]:

tg/B,OB, =

Theorem 12 The triangles ApA.Aq and B,ByB. are simi-
lar and perspective where the center of the similarity is the
center O, one intersection point of the circles ApA Ay and
B.B4B., and the center of the perspectivity is their other
intersection point M p.

For the oriented segments zﬁ and P, P, the following equal-
ities are valid

AB— (ba,li> L

b ab

— 1 1 1
PP, = ab2cdfafa2bcd+b,bcd—f—achr*
2(p—1) b a
b— 1
- M(ab, 1).
2ab(p—1)

As the vectors [ab,—1] and [ab, 1] have the same square
of the lengths equals to a>h? + 1, then from previous men-
tioned two equalities it follows that the ratio of the lengths
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P,P;, and AB equals to 2(‘;7*;11), the same is valid for the rest
of the corresponding sides of ABCD and P,P,P.P;. So, we
can conclude

Theorem 13 The quadrangles ABCD and P,P,P.P; are

similar and the coefficient of the similarity is 26:“_11).

This result can be reached in [§].

References

[1] AYME, J.L., Le point d’Euler-Poncelet d’un quadri-
latere, j1.ayme.pagesperso-orange.fr, Geome-
try 8 (2010), 133.

[2] FORDER, H.G., Illustrations in the use of crosses,
Note 2126, Math. Gaz. 34 (1950), 62-65.

[3] LADD, C., Question 4335, Educ. Times 21 (1874), 62.

[4] LAISANT, A., Question 1202, Nouv. Ann. Math. 15(2)
(1876), 191., solution par Paul et Maréchal, 286-287.

[5] LAWLOR, J.H., Pedal circles, Math. Gaz. 9 (1917),
127-130.

[6] LAWLOR, J.H., Some propositions relative to a
tetrastigm, Math. Gaz. 10 (1920), 135-139.

[7] LORIEUX, E. , Théoréme proposé au concours général
de 1849, Nouv. Ann. Math. 8 (1849), 369-376.


jl.ayme.pagesperso-orange.fr

KoG-27-2023

V. Volenec, E. Jurkin, M. Simi¢ Horvath: Circles Related to a Complete Quadrangle

[8] MALLISON, H.V., Pedal circles and the quadrangle,
Math. Gaz. 42 (1958), 17-20.

[9] NEVROUZIAN, A., Démonstration du théoréme donné

au concours de mathématiques élémentaires en 1849,
Nouv. Ann. Math. 11 (1852), 49-52.

[10] S., Solution de la question de géométrie proposée en
mathématiques élémentaires, au concours général de
1849, Nouv. Ann. Math. 8 (1849), 401-408.

[11] TERRIER, P., Note sur la question 1202, Nouv. Ann.
Math. 15(2) (1876), 287.

[12] VOLENEC, V., JURKIN, E., Smi¢ HORVATH,
M., On Quadruples of Orthopoles, J. Geom.
114 (2023), 29, https://doi.org/10.1007/
s00022-023-00692-4

[13] VOLENEC, V., Smi¢ HORVATH, M., JURKIN, E.,
On some properties of a complete quadrangle, Ap-
pliedMath, submitted

Vladimir Volenec
orcid.org/0000-0001-7418-8972
e-mail: volenec@math.hr

University of Zagreb Faculty of Science
Bijeni¢ka cesta 30, HR-10000 Zagreb, Croatia

Ema Jurkin
orcid.org/0000-0002-8658-5446
e-mail: ema.jurkin@rgn.unizg.hr

University of Zagreb
Faculty of Mining, Geology and Petroleum Engineering
Pierottijeva 6, HR-10000 Zagreb, Croatia

Marija Simi¢ Horvath
orcid.org/0000-0001-9190-5371
e-mail: marija.simic@arhitekt.unizg.hr

University of Zagreb Faculty of Architecture
Katic¢eva 26, HR-10000 Zagreb, Croatia

59


https://doi.org/10.1007/s00022-023-00692-4
https://doi.org/10.1007/s00022-023-00692-4

	Introduction
	Circles with diameters AB, AC, AD, BC, BD, CD and few more circles 
	Pedal triangles and pedal circles of the points A, B, C, D with respect to the triangles BCD, ACD, ABD, ABC

