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ABSTRACT

We give an infinite sets of circles which generate
Archimedean circles of a collinear arbelos.
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1 Introduction

For a pointO on the segmemB, leta, B andy be circles

with diametersAO, BO and AB respectively. Each of the

Lamoenove kruznice kolinearnog arbelosa
SAZETAK

Pokazujemo beskonaéne skupove kruZnica koje generiraju
Arhimedove kruznice kolinearnog arbelosa.

Kljuéne rijeti: arbelos, kolinearni arbelos, potencijalna
kruZnica, Lamoenova kruZnica

generated circles are Archimedean, we Jagenerates
Archimedean circles wit®. Frank Power seems to be the
earliest discoverer of this kind Archimedean circles: The
farthest points o and from AB generate Archimedean

areas surrounded by the three circles is called an arbelos¢ircles withy [6].

The radical axis of the circles andp divides each of the
arbeloi into two curvilinear triangles with congruent inci

Let | be one of the points of intersection pand the rad-
ical axis ofa andp. Floor van Lamoen has found that the

cles (see the lower part of Figure 1). Circles congruent to endpoints of the diameter of the circle with diameitér

those circles are said to be Archimedean.

I

Figure 1:A circle generating Archimedean circleswith y

For a pointT and a circled, if two congruent circles of
radiusr touching afl also touchd at points different from
T, we sayT generates circles of radiuswith 8, and the
two circles are said to be generated Dywith . If the

perpendicular to the line joining the centers of this circle
andy generate Archimedean circles wifti2] (see the up-
per part of Figure 1). We say a cirafegenerates circles of
radiusr with §, if the endpoints of a diameter gfgenerate
circles of radiug with 6. Circles generating Archimedean
circles withy are said to be Lamoenian. In this article we
consider those circles in a general way.

2 Thecollinear arbelos

In this section we consider a generalized arbelos. For two
pointsP andQ in the plane(PQ) andP(Q) denote the cir-

cle with diametelPQ and the circle with centdP passing
throughQ respectively. For a circld, Oy denotes its cen-
ter. For two point® andQ on the lineAB, leta = (AP),

B = (BQ) andy = (AB). Let O be the point of intersec-
tion of AB and the radical axis of the circlesandf3 and
letu=|AB|, s= |AQ|/2 andt = |BP|/2. Unless otherwise
stated, we use a rectangular coordinate system with origin
O such that the point8, B andP have coordinate&, 0),
(b,0) and(p, 0) respectively witha — b = u. The configu-
ration(a, B,y) is called a collinear arbelos if the four points
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lie in the order (i)B, Q, P, Aor (ii) B, P, Q, A, or (iii)) P, B,

A, Q. In each of the cases the configurations are explicitly
denoted byBQPA), (BPQA) and(PBAQ) respectively. In
the casé® =Q =0, (a,B,y) gives an ordinary arbelos, and
(a,B,y) is called a tangent arbelos. Archimedean circles of

the ordinary arbelos are generalized to the collinear arbe-

los (a,B,y) as circles of radiust /(s+t), which we denote
byra [3]. Circles of radiug a are also called Archimedean
circles of(a,B,y). The radius is also expressed by

_|AOlIBP _alp-b)
A 2u 2u

(1)

3 Lamoenian circles of the collinear arbelos

A circle generating circles of radiug with yis also said
to be Lamoenian for the collinear arbel@s (3,y). In this
section we give a condition that a circle is Lamoenian. For
a circled of radiusr and a poinfT, let us define
[r?—|TO5|?|
rTo)=————

(T.3) T
which equals the radius of the generated circled lwith
0 by the Pythagorean theorem.

Theorem 1 Let & be a circle of radiusr and let J, H be
pointswith J lying on &. The circle (HJ) generates circles
of radiusswith & if and only if

|HO3|? = r(r + 4s). (2)

In this event, the following statements are true.

(i) If a points K lies on the circle Og(H), the circle (KJ)
generates circles of radius swith d.

(ii) The point Oy lies on the circle of radius r /2 with
center Ono,)-

Proof. Let h = |HOs/| (see Figure 2). We use a rectangu-
lar coordinate system with origi®s such that the coordi-
nates ofH is (h,0) in this proof. Let(f,g) be the coordi-
nates of the poin®;), and letT be one of the endpoints
of the diameter ofHJ) perpendicular t@sO 3. Then
O(Hy) I =k(—g,f) and(ﬁ = (f —kg,g+kf) for a real
numberk. From|O T| = [Opg)H|, (—kg)?+ (kf)2 =

(f —h)2 4 @2, which implies

(f—h?+¢?

2 _
K= f2+g?

3)
The circle(HJ) generates circles of radisswith o if and
only if

2= ((f —kg)?+ (g+kf)?)|
2r

r(T,0) = =s
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Since (3) holds, the last equation is equivalent to

1, h 5, 1
Zrh +<f—§> +9 —Er(riZS),

where the plus (resp. minus) sigh should be taken vilhen
lies outside (resp. inside) &f If (v,w) are the coordinates
of the pointJ, (v+h)/2= f andw/2 = g. Therefore the
last equation is equivalent to

1, 1, 1
Zh +Zr = 2r(rj:2$),

which is also equivalent to (2). The part (i) obviously
holds. The center ofHJ) is the image of] by the dila-
tion with centerH and scale factor /2. This proves (ii).
O

Figure 2

Let € be the circle with cente®, belonging to the pen-
cil of circles determined byt and 3 for the collinear ar-
belos (a,B,y). We call € the radical circle of(a,f,y).
The circle is considered in [4] and [5] fdiBQPA) and
(BPQA). If a and have a point in commorg passes
through the point. Fo(BQPA) letV be the point of tan-
gency of one of the tangents affrom O (see Figure 3).
Then|OV|? = ap. If |00,|? > ap, a tangent fron®y to the
circleO(V) can be drawn. Theapasses through the point
of tangency. If00y|2 = ap, € is the point circledy, which
coincides with one of the limiting points of the pencil. If
|00,|? < |ap|, € does not exist. Let be the radius of.
For (BQPA), € = |00y|? — ap by the Pythagorean theo-
rem. For(BPQA) and (PBAQ), & = |00,|? + |ap| (see
Figure 4). In any case

& = |00y|? —ap. 4)

P

00 P

B

Figure 3:The case |0,0]2 > |ap| for (BQPA)
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P B 0,0 A 0

Figure 4:(PBAQ)

Theorem 2 For a collinear arbelos (a, 8,y) with radical
circleg, if pointsJ and H lie on y and € respectively, then
thecircle (HJ) is Lamoenian.

Proof. For (BPQA) and (BQPA), ra = a(p—b)/(2u) by
(). Therefore by (4),

u,/u _ (a—b)? _ (a+b)? B
§(§—4rA)_T—a(p—b)_ 2 —ap=~¢€.
Similarly for (PBAQ), we get

u/u

> (é +4I‘A) — e
Hence the theorem is proved by Theorem 1. O

4 Quartet of circles

In this section we show that a Lamoenian circle given by

Theorem 2 is a member of a set of four Lamoenian circles.

All the suffixes are reduced modulo 4 in this section. Let
Jo be a point on a circlé, and letH be a point which does
not lie ond (see Figures 5, 6). L&yR; be the diameter of
the circle(HJp) perpendicular to the lin®;0 14, and let
Rp andR; generate circles of radisswith 8. LetJ; be the
point of intersection of the lingyR; andd, and letR; be
the point such thatR1J1 R, is a rectangle. Then the circle
(HJ;) also generates circles of radsiwith 6 by Theorem
1. While Ry generates circles of radigsvith 6. Therefore
R> also generates circles of radigsvith . Similarly we
construct the pointg andJs ond and the point®; andR,
such thatl, andJs lie on the linesJ;R, andJ;R3 respec-
tively andHR,JR3 andHR3J3R, are rectangles. TheRs
generates circles of radigswith & andR,4 coincides with
Ro. Now we get the pointg; on d andR; (i =0,1,2,3)
such thaR R 1 is the diameter ofHJ;), R generates cir-
cles of radius with &, JopJ1J2J3 is a rectangleR lies on the
line JJ_1. The four circlegHJ) (i =0,1,2,3) are called
a quartet od, andH andJyJi1J2J3 are called the base point
and the rectangle of the quartet respectively.

Figure 6:H lies outside of &

By the definition ofR;, Ry, Re, H are collinear, alsdr;,

Rs, H are collinear, and the two lines are perpendicular.
Letli = [HR|. Then|HJo|?+ |HL[2 =12 +12+12+12 =
IHJ|2 4 |HJ|2. Therefore|HJo|? 4 [H)? = [HI|? +
|HJs|2 holds.

Figure 7:A quartet of Lamoenian circles on € for (PBAQ)
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Ro

For a collinear arbelo&, 3,y) with radical circleg, if the
two pointsH and Jy lie on € andy respectively, we can )
construct a quartgtHJ;) (i = 0,1,2,3) ony consisting of R,y J1 Jo
Lamoenian circles by Theorem 2. Alsohf and Jy lie
ony ande respectively, we can construct a quair(et;)
(i=0,1,2,3) on € consisting of Lamoenian circles (see

Figure 7).

Jo J3 R3
Theorem 3 For aquartet (HJ) (i=0,1,2,3) onacircle R3
0, the rectangle is a square if and only if (HJ;) touches Figure 9

o6 for somei. In this event, (HJ;2) also touches 6, and

(HJi-1) and (HJ11) are congruent and intersect at Oj. _
5 Special cases

Proof: If (HJp) touchesd, RyJoRy is an isosceles right tri-  We conclude this article by considering the tangent arbelos
angle, sincéOsRo| = |OsRy|. This implies thatlzJoJ; is (a,B,y) with O = P = Q. Sincee = O,(0), Power’s result
also an isosceles right triangle, i.doJiJoJs is a square. mentioned in the introduction is restated as botAnd 3

. are Lamoenian. Figure 10 shows a quarteyaevith base
Conversely let us assumiglloJs is a square. We as- pointO with Jy = A, in whicha andp are members of the
sume that(HJ;) does not touctd for i = 0,1,2.3. The i aret. Figure 11 shows a quartetowith base poinA
sides or the extended sides of the square and the circlgyjth J, = O. In this figurea and the reflected image @f

Os5(Ro) intersect at eight points, four of which aRg, Ry, in Oy are members of the quartet. In each of the cases, the
Ro, Rs. If |JRi| = |JRi41], (HJ) touchesd. Therefore  rectangle is a square.

|JiRi| # |JRi+a| for i =0,1,2,3. This can happen only
when Ry, Ry, Rs, Ry lie inside of o (see Figures 8 and
9). Hence|JoRo| = |J1R1| = |J2R2| = |J3R3| 75 |JOR1| =
|J1R2| = |Rs| = |JsRo|. Therefore the four rectangles
HRJR11 (i=0,1,2, 3) are congruent. Then they must be
squares, sinckl is their common vertex. But this implies
|JiRi| = |[JRi11], a contradiction. HencéHJ,) touchesd
for somei. ThenH lies onJJi;2. ThereforeHJ12) also
touchesd. While J_1J;11 andHOg are perpendicular and
intersect alOs. Therefore(HJ_1) and (HJi;1) are con-

gruent and pass throu@Dy. O
J1 Jo
R
Ro
8
Ry
R3
Ja J3
Figure 8 Figure 11:A quartet on € with base point A
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Let £ be the radical axis af and. Quang Tuan Bui has the same side of asA. Figure 12 shows a quartet gn
found that the points of intersection of the circlg®Og) ~ With base poinO with Jo = K. In this figureRo andR,
and(BOy) lie on £ and generate Archimedean circles with lie on AB while R; lies on L. Figure 13 shows a quartet

on € with base poinK with Jyp = O. In this figure,R1Jo
yfor the tangent arbelos:, B,y) [1]. Let Ry be one of the touchess at O. Thereforeld; = Jo = O, i.e., the rectangle

points of intersection, and let the line parallelAB pass-  degenerates into a segment, and the quartet consists of two
ing throughR; intersecty at a pointK, whereK lies on different Lamoenian circles.

- T~ |
Ji ‘1 L \Jo = K TRy TR
_ | ( ) 7 /|
™~ AV e LR
R \R :‘///OB \ B J()=JéB \
NN B
/ \ € ) /
Y, 7\‘\,,,, J3=J2 €
B _\ y B Ro 5/R2
J2 i 3
| 3
: W
Figure 12:A quartet on y with base point O Figure 13:A quartet on € with base point K
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