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ABSTRACT

In this paper a technique for the construction of quartic
polynomial B-spline patches fitting on analytical surfaces
and triangle meshes is presented. The input data are cur-
vature values and principal directions at a given surface
point which can be computed directly, if the surface is
represented by a vector function.

In the case of discrete surface representation, i.e. on a
triangle mesh the required input data are computed from
a circular neighborhood of a specified triangle facet. Such
a surface patch may replace a well defined region of the
mesh, and can be used e.g. in re-triangulation, mesh-
simplification and rendering algorithms.
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B-splajn dijelovi koji pristaju na plohe i triangu-

larne mreže

SAŽETAK

U ovom se radu prikazuje metoda za konstrukciju kvartnog
polinoma B-splajn dijela podesnog za analitičke plohe i
mreže trokuta. Ulazni podaci su vrijednosti zakrivljenosti
i glavni smjerovi u danoj točki plohe, koji se mogu izravno
računati za plohu zadanu vektorskom funkcijom.

Za slučj diskretne reprezentacije plohe, tj. za triangularnu
mrežu, odgovarajući ulazni podaci računaju se iz kružne
okoline odred-enog trokuta mreže. Takvi dijelovi mogu za-
mijeniti dobro definirano područje mreže, i mogu se upotri-
jebiti npr. u retriangulaciji, simplifikaciji mreže i renderi-
ranju.

Ključne riječi: B-splajn ploha, localna aproksimacija
plohe, glavne zakrivljenosti, mreža trokuta

1 Introduction

Surface patches matching free form surfaces, triangular
meshes or point-based surfaces are widely used in com-
puter graphics and in many applications. Different types
of patches have been developed to reconstruct the surface
geometry.
A technique in [16] which generates a hole-free, piecewise
linear approximation to point-based surfaces uses circular
and elliptical planar surface segments, so-called splats, for
surface reconstruction and high-quality rendering. A cir-
cular splat is given by its center, its normal vector and its
radius. Elliptical splats need two additional vectors to de-
fine the major andminor axes replacing the radius, they can
adapt to the local curvature of the surface. Large number
of linear splats are needed to represent the shape of most
smooth models.
Quadrics are defined in [4] for mesh simplification al-
gorithms which produce an approximation composed of
fewer triangles that preserves surface shape. The quadrics

characterize the local shape of the surface, they are elon-
gated in directions of low curvature and thin in directions
of high curvature. Minimization of a quadric error metric
generates a triangulation with optimal triangle shape. In
[2] quadratic and cubic splats are computed using a mov-
ing least squares procedure. They provide good quality
and high rendering speed using fewer primitives than linear
splats. In [5] a rendering primitive, called differential point
is introduced with embedded curvature information in the
vicinity of the actual point. The method leads to a more
sparsely surface representation, to accelerated shading, to
a point-based simplification technique, and to a better qual-
ity of rendering than a pure splat-based approach. The in-
puts are NURBS surface or polygonal mesh. A differential
point is constructed from a sample point and principal cur-
vatures and principal directions. Practically, a local surface
is defined implicitly in the neighborhood of the point by a
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set of osculating circle arcs in normal planes passing
through given tangent vectors such that the distance of the
circle arc from the surface or mesh is less than a given
tolerance. The necessary curvature values for a mesh are
estimated by the method of Taubin ([15]).

A method for fitting NURBS surfaces for cloud-of-points
data representing rotational surfaces is shown in [1]. First,
a scalar valued B-spline function is fitted to the data, then
it is converted to a parametric NURBS. Three dimensional
object matching is the tool for fitting NURBS surfaces to
point based surfaces or to an other NURBS in [7]. Two in-
trinsic surface properties, the Gaussian and the mean cur-
vatures are used for matching, and an optimal rigid body
transformation is developed. A C2-continuous spline sur-
face is constructed to triangular meshes in [6]. The con-
struction is made in two phases. First, a so called guide sur-
face is constructed from vertices and boundary data, then
it is modified such that the final surface has a good shape
also in the case of triangulation with isolated extraordinary
vertices.

Trigonometric surface patches are constructed from curva-
ture data matching a neighborhood of a face of a triangular
mesh in [14] and a neighborhood on an analytical surface
[13]. The principal directions and curvature values of the
meshed surface are estimated by the method developed in
[11] and [12]. This is a face based method, different from
the vertex based algorithms used in the most papers in the
large literature dealing with discrete differential geometry
([8], [9], [10]).

In this paper the construction of a uniform polynomial
B-spline surface patch of 4× 4 degree from given curva-
ture values is presented. These curvatures are the princi-
pal curvatures of a base surface at a given point. They
determine its osculating circles in the two normal planes
through the principal directions. The construction is made
in two phases. First, the surface interpolates the two cir-
cle arcs by its middle parameter curves, and approximates
four additional surface points at its corner points. Then the
approximation is improved by correcting some boundary
data while minimizing an error between the B-spline patch
and the given base surface.

In Section 2 the approximation of a circular arc by a fourth
degree B-spline curve is analyzed. In Section 3 the com-
putation of a B-spline surface patch of 4×4 degree is pre-
sented from input data, which allow to fit the patch on a
base surface. In Section 4 the generation of the input data
from a base surface is shown in both, analytical and dis-
crete representations. Examples are shown in Section 5.

2 Approximation of a circular arc by a
fourth degree B-spline curve

The uniform polynomial B-spline curve is represented by
the vector function

g(t) =
[

t4 t3 t2 t 1
]

M4 [

p0 p1 p2 p3 p4
]T

, 0 ≤ t ≤ 1, (1)

where the coefficient matrix is

M4 =
1

24













1 −4 6 −4 1
−4 12 −12 4 0
6 −6 −6 6 0
−4 −12 12 4 0
1 11 11 1 0













. (2)

Let the circular arc of radius ρ and central angle 2α be
given in the xz coordinate plane parametrized as follows

c(t) = iρsin(α(2t−1))+kρcos(α(2t−1)), t ∈ [0,1]. (3)

Three points c(0), c(0.5), c(1) and two tangent vectors at
the end points ċ(0) and ċ(1) will be interpolated by solving
the system of linear equations

c(0) = g(0), c(0.5) = g(0.5), c(1) = g(1),

ċ(0) = ġ(0), ċ(1) = ġ(1)

for the unknown control points pi, i = 0 . . .4, where ċ and
ġ denote the derivatives according to the parameter t. A
unique (symbolical) solution exists, and the B-spline curve
with the computed control points approximates the given
circular arc with an error
∫ 1

0
(c(t)−g(t))2dt < 10−18, 2α ≤

π
3
. (4)

In the examples the relative error with respect to the arc
length is even smaller. The limit for the central angle is a
usual limit also in classical approximations.

3 Computation of a B-spline surface patch
of 4×4 degree from given geometric data
(symbolical solution)

The polynomial B-spline surface patch of 4×4 degree with
uniform knot vector is described by the vector function

r(u,v) =
[

u4 u3 u2 u 1
]

·M ·B·MT
·

[

v4 v3 v2 v 1
]T

, (5)
(u,v) ∈ [0,1]× [0,1].

The geometric data are the points of the control net:
B = [b[i, j]] , i = 0, . . .4, j = 0, . . .4.
The prescribed input data in our surface construction are
the data of two circular arcs lying in two orthogonal planes,
which will be interpolated by the middle parameter curves.
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Four additional boundary data are four corner points of
the required patch. For the parameter curve r(u,0.5) three
points of a circular arc

r(0,0.5) = M11, r(0.5,0.5) = M, r(1,0.5) = M12
and two tangent vectors at the starting and end points M11
and M12,

ru(0,0.5) = T 11, ru(1,0.5) = T 12
respectively, are given. Similarly, the other parameter
curve r(0.5,v) is determined by three points of a circular
arc

r(0.5,0) = M21, (r(0.5,0.5) = M), r(0.5,1) = M22
and by two prescribed tangent vectors at the points M21
and M22

rv(0.5,0) = T 21, rv(0.5,1) = T 22.

The parametrization of these arcs is the same as that of the
curve c(t) in (3). ru and rv denote the partial derivatives of
the function r(u,v) according to u and v, respectively. The
position vectors of the points Mi j are denoted by the same
letter, Ti j denote the corresponding tangent vectors.
The four corner points of the patch denoted by P00, P10,
P01 and P11 according to their parameter values are also
prescribed (Fig. 1). These are in all 13 input data.

Figure 1: The middle parameter curves of the surface
patch pass through M11, M, M12 and M21,
M, M22, respectively, the corner points are
P00, P10, P01 and P11.

The B-spline patch has 25 unknown control points there-
fore, 12 additional data are necessary for the computation.
These are generated from the previous data in the follow-
ing way.

ru(0,0) = −rv(0,0) =
1
4
(M21−M11)

ru(1,0) = rv(1,0) =
1
4
(M12−M21) (6)

ru(1,1) = −rv(1,1) =
1
4
(M12−M22)

ru(0,1) = rv(0,1) =
1
4
(M22−M11)

Four twist vectors at the corner points are determined by
the change of the first partial derivatives while moving

from a corner point into the corresponding midpoint along
a boundary curve.

ruv(0,0) = (rv(0.5,0)−rv(0,0)+ru(0,0.5)− ru(0,0)) ·λ
ruv(1,0) = (−rv(0.5,0)+rv(1,0)+ru(1,0.5)− ru(1,0)) ·λ
ruv(1,1) = (−rv(0.5,1)+rv(1,1)−ru(1,0.5)+ ru(1,1)) ·λ
ruv(0,1) = (rv(0.5,1)−rv(0,1)−ru(0,0.5)+ ru(0,1)) ·λ

(7)

Here the first partial derivatives on the right hand sides are
expressed by the prescribed points Mi j according to the
equations (6). The free parameter λ changes the lengths
of the twist vectors which strongly influence the shape of
the surface patch. It will be determined by minimizing an
error function. Putting all these conditions into a system
of equations does not result in a solution for the unknown
control points of the required patch however, all the equa-
tions are linear ones. Instead of this, the computation is
organized according to the following strategy.
The matrix of the control points B = [b[i, j]] , i =
0, . . .4, j = 0, . . .4 will be partitioned, and the control
points will be computed in three phases. Figure 2 shows
which control points are computed in one step by marking
them with the same symbol.

Figure 2: Partition of the matrix of the control points.

In the first step control points on the boundaries are com-
puted from the data of four boundary curves as the solu-
tion of four systems of linear equations by the interpolation
method of circular arcs in Section 2. Each boundary curve
is determined by three points and two tangent vectors at
the end points. Each system of linear equations result in
five control points. The data and the corresponding solu-
tions are as follows, while the boundary curves of the patch
follow in counter clockwise direction.
For the boundary curve v = 0 the data are P00, M21, P10,
ru(0,0), ru(1,0). The solutions are pu0

i , i = 0, . . .4.
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For the boundary curve u = 1 the data are P10, M12, P11,
rv(1,0), rv(1,1). The solutions are p1v

i , i = 0, . . .4.
For the boundary curve v = 1 the data are P01, M22, P11,
ru(0,1), ru(1,1). The solutions are pu1

i , i = 0, . . .4.
For the boundary curve u = 0 the data are P00, M11, P01,
rv(0,0), rv(0,1). The solutions are p0v

i , i = 0, . . .4.
Not all these solutions will be placed into the matrix of the
control points B.
In the second step the system of linear equations from the
interpolation conditions for the middle parameter curves is
solved.
The data are
r(0.5,0) = M21, r(0.5,0.5) = M, r(0.5,1) = M22,
rv(0.5,0) = T 21, rv(0.5,1) = T22,
r(0,0.5) = M11, r(1,0.5) = M12,
ru(0,0.5) = T11, ru(1,0.5) = T 12

The unique symbolical solution of this system are nine
control points b[i,2], i = 0 . . .4 and b[2, j], j = 0,1,3,4 ex-
pressed with these data and the remaining sixteen control
points.
Now, twelve from the sixteen control points will be re-
placed by the points of the solution in the first step as fol-
lows.

b[1,0] = pu0
1 , b[3,0] = pu0

3 , b[4,1] = p1v
1 , b[4,3] = p1v

3

b[1,4] = pu1
1 , b[3,4] = pu1

3 , b[0,1] = p0v
1 , b[0,3] = p0v

3

b[0,0] =
1
2
(pu0

0 +p0v
0 ), b[4,0] =

1
2
(pu0

4 +p1v
0 ),

b[4,4] =
1
2
(pu1

4 +p1v
4 ), b[0,4] =

1
2
(p0v

4 +pu1
0 ).

We note that the interpolation conditions for the corner
points are not satisfied, but “relaxed” by the last four equa-
tions. They will be corrected by minimizing an error func-
tion in the last step.
In the third step the last four control points are computed
from the system of four linear equations expressed by the
twist vectors at the corner points which are computed ear-
lier from the prescribed data in (7). The solution of the
system of the linear equations are the control points
b[1,1], b[3,1], b[3,3], b[1,3].

Finally, the matrix B = [b[i, j]] , i = 0, . . .4, j = 0, . . .4
is expressed by the prescribed data and the free scalar pa-
rameter λ.
In the fourth step the free parameter λ is determined from
an error function expressing the squared sum of distances
between the prescribed and computed corner points.

d(λ) =(r(0,0)−P00)2 +(r(1,0)−P10)2

+(r(1,1)−P11)2 +(r(0,1)−P01)2 (8)

This function is quadratic in λ, the minimization results in
a unique value of it.

In Example 1 two circular arcs of radius 2 and central an-
gle 2α = π/3 are given in the xz and yz coordinate plane,
respectively. The four corner points are rotated end points
of these circular arcs around the axis z. The computed
B-spline patch interpolates the given arcs within the in-
tegrated error (see (4)) of 10−8, the interpolation error at
the corner points (see (8)) is within 10−16. We note that
the interpolation error of the patch to the data of the given
circular arcs is practically zero (less than 10−28), and it is
independent from the value of λ. The length of the twist
vectors determined by λ effects on the error at the corner
points very strongly. The computed value of λ by mini-
mizing the distance function in (8) is 0.89, while the value
λ = 0 results in a very large error of 1.2.

In Example 2 the data are similar but they determine a hy-
perbolic surface patch. The analysis shows similar results
to that in Example 1.

The Figures 3 and 4 show the middle parameter curves
r(u,0.5) and r(0.5,v) of the resulting patches on the left
hand side, and the patches with the corresponding control
points on the right. The whole control net cannot be shown
clearly, therefore they are omitted in the figures.
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Figure 3: Example 1.
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Figure 4: Example 2.

4 Solution of the fitting problem; computing
the input data of the B-spline patch

A B-spline patch of 4× 4 degree fitting on a base surface
will be determined by two osculating circle arcs of the base
surface lying in two normal planes through the principal
directions at the actual surface point, and four additional
surface points in a neighborhood of this point. The neigh-
borhood is determined by the arc length of the osculating
circle arcs given by the user. Then by measuring the given
arc length on the surface from the point in normal planes
rotating around the surface normal a circular neighborhood
is constructed. In the case of a triangular mesh the neigh-
borhood is constructed around the barycentric center of a
specified face in the mesh.

N

e

e

d
max

d
min

α ρ

arc length

1

2

Figure 5: Circular neighborhood and an osculating circle in
a normal plane.

In Figure 5 such a circular neighborhood is shown with the
two osculating circle arcs of the shortest and largest chord
lengths denoted by dmin and dmax, respectively. They deter-
mine at a regular surface point the orthogonal principal di-
rections e1 and e2, if dmin �= dmax. The central angle 2α and
the radius ρ of an osculating circle arc in a normal plane is
computed from the given arc length s and the correspond-
ing chord length d in the following way ([11], [12]).
From ρα = s and ρsinα = d

2 and the approximation

sinα ≈ α−

α3

6
, 0 < α << 1

follows that

α ≈

√

(1−
d
2s

)6, ρ ≈

s
α

if α �= 0, κn ≈
α
s
.

The tangent vectors at the end points of the arc are com-
puted with the parametrization in the local coordinate sys-
tem determined by the vectors e1, e2, N according to the
vector equation (3) in Section 2.
In the case of an analytical surface the principal curva-
tures and principal directions are computed directly from
the known equation of the surface ([3]), though the con-
struction of the circular neighborhood (more precisely the
points of its boundary) is computed by a discrete method,
while measuring the given arc length along a polygonal
line which approximates the surface curve lying in an in-
tersecting normal plane.
From the constructed circular neighborhood five interpola-
tion points and four tangent vectors to the circular arcs (see
the second step in the computation of the control points in
Section 3) and four surface points on the boundary (deter-
mining the corner points of the patch) are used as direct
input data in the matrix B of the control points. The con-
trol net is expressed symbolically by these input data and
a scalar parameter λ. After replacing the actual numeri-
cal values into the matrix B, only the computation of λ is
necessary in the concrete examples (see the fourth step in
Section 3).
Figure 6 shows the data of a B-spline patch matching a cir-
cular neighborhood on the base surface. The interpolation
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points on the patch boundary Mi j and Pi j (i = 0,1, j =
0,1) are end points of the surface curves in the correspond-
ing normal planes computed as polygonal lines on the sur-
face by measuring the given arc length along them. The
tangent vectors Ti ju and Ti jv (i = 0,1, j = 0,1) at the cor-
ner points are determined as described in the equations (6)
in Section 3.

Figure 6: Input data of a patch computed in a circular
neighborhood of a base surface.

5 Examples

The next two examples are computed with analytical base
surfaces. In this case the principal directions are computed
exactly from the vector functions representing the surfaces.
The number of the computed points on the boundary of the
circular patch is 72 in both examples.

In Example 3 (Fig. 7) the base surface is a cylinder of ra-
dius 10, the circular neighborhood around a surface point is
constructed with the arc length 5. The generated B-spline
surface interpolates the data points of the two middle pa-
rameter curves r(u,0.5) and r(0.5,v) practically with zero
error (less than 10−27). The minimized error of the sum
of squared distances between the prescribed and computed
corner points of the patch (see in (4)) is within the relative
error of 4% with respect to the given arc length measured
on the surface around the given point.

Figure 7: Example 3.

The results are similar in Example 4 (Fig. 8) computed
with a torus. The radius of its meridian circle is 10, the
“radius” of the circular patch is 5, and the interpolation er-
ror at the corner points is here 4% too. Of course, the error
is larger with growing neighborhoods to be approximated.

Figure 8: Example 4.

The B-spline patches in the next two examples are com-
puted on triangulated surfaces, on so-called “synthetic
meshes” generated by a triangulation of the parameter do-
main of the given surfaces. The principal curvatures and
directions are estimated by the method described in Sec-
tion 4. The circular neighborhood is computed around a
chosen triangle face, more exactly around its barycentric
center point in 48 normal planes.

In Example 5 the mesh is a triangulated cylinder of radius
1 (Fig. 9). The circular neighborhood is constructed with
the given arc length of 0.6. The estimation error in the
computation of the principal curvatures is less than 10−3.
The constructed B-spline patch interpolates the data given
in the principal normal sections for the middle parameter
curves practically with zero error. The error at the corner
points is approximately 2 ·10−2.

Figure 9: Example 5.
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In the case of a synthetic mesh of a torus shown in Exam-
ple 6, the results are better due to the dense triangulation.
The error at the corner points of the patch is approximately
10−2.

Figure 10: Example 6.

We note that the presented construction of a circular neigh-
borhood is working also on a “bad triangulation” shown on
the cylinder, where the long, thin triangles have no vertices
in the actual neighborhood. This is due to the face based
estimation of normal curvatures and to an appropriate poly-
hedral data structure representing the mesh, which pro-
vides effective computation of intersections with planes.

Example 7 shows a “real” mesh of a sphere, i.e. a trian-
gulation generated from measured points on the surface of
a sphere offered for test purposes. The computed B-spline
patch matches very well a relatively large neighborhood
shown in Figure 11.

Figure 11: Example 7.

6 Conclusions

Construction of a uniform polynomial B-spline surface
patch of 4× 4 degree from geometric input data has been
presented, which are suitable for the solution of a fitting
problem, how a given neighborhood of a point on a given
surface can be approximated by such a B-spline patch. The

well chosen geometric data define the control points of
the B-spline patch, and they can be computed on analytic
and meshed surfaces by constructing a circular neighbor-
hood around a specified point. The measurement of this
neighborhood is a user specified arc length, which is mea-
sured on the surface around the surface point in normal
sections resulting from a discrete description of the bound-
ary of the neighborhood. In the examples the approxima-
tion of specified neighborhoods by the generated B-spline
patches has been shown with error estimation. The figures,
the symbolic computation of the control points of the B-
spline patch and patch fitting with error estimation have
been made with the algebraic program package Wolfram
Mathematica. The curvature estimation and construction
of the circular neighborhoods on triangular meshes have
been computed with a program developed by the first au-
thor in the program language Java.
Further research is necessary for improving the approx-
imation around the boundaries of the computed surface
patches and for estimating the measurement of matched
neighborhoods with prescribed error tolerances.
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