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ABSTRACT

The paper describes cyclical surfaces created by revolution
of a circle about an edge of the trihedron of a conical he-
lix that is moving evenly along the helix. This Euclidean
metric transformation is composed from revolution about
one of the coordinate axes and transformation of the right-
handed coordinate system to the right-handed system of
the moving trihedron in every point of the conical helix.
This transformation is analytically represented by a func-
tional matrix of 4! order. These surfaces are determined
at particular parameter values which have influence on the
surface shape. The vector equation of surfaces and some
illustrations of this group of surfaces are presented in the
paper. The surfaces are illustrated and modelled in the
programme Maple.
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1 The vector equation of the cyclical surface
created by a conical helix

Let the conical helixs in right-handed coordinate sys-
tem (O;X,Y,z) be located on the circular conical surface
with the meridian defined analytically by the vector func-
tion (r1+u(r2—r1),0,uv,1),ue R, (ry #0,r2 #0,v#0)
(Figure 1).

Figure 1: Meridian of the conical surface

Kruzne plohe izvedene pomocu zavojnice na
stoscu

SAZETAK

Clanak prikazuje kruzne plohe koje nastaju rotacijom
kruZnice oko jednog brida trobrida pratioca na zavojnici
sto3ca, koji se jednoliko giba duZ zavojnice. Ova euklidska
metri¢ka transformacija sastoji se od rotacije oko jedne od
koordinatnih osi i transformacije desno orijentiranog koor-
dinatnog sustava u desno orijentirani sustav gibajuceg tro-
brida u svakoj to&ki zavojnice na stoscu. Ta je transforma-
cija analiti¢ki prikazana funkcionalnom matricom 4. reda.
Plohe su odredene posebnim vrijednostima parametra koji
utjece na njihov oblik. U €&lanku je predstavljena vektorska
jednadzba i nekoliko primjera ove grupe ploha. Primjeri su
konstruirani pomoc¢u raunalnog programa Maple.

Kljuéne rijeéi: kruZne plohe, zavojnica na stoscu, trobrid
pratilac

The helix has the parametrical equations (1), wHesea
number of helix screws and the parameter+1 for right-
turned helix and) = —1 for left-turned one (Figure 2) [3].

Figure 2: Conical helix right-turned and | eft-turned
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The trihedror(R;t,n,b) in the coordinate syste®; x, Y, z) resp. T;(€/(€))) in equation (5) [2]. The parameten is

is given in every poinR € s with coordinates determined a multiple of the radian velocity of the poiRRmoving on

in equation (2), where is the tangentb is the binormal the helix. Right-handed rotation of the circle about the cor
andn is the principal normal of the conical helx(Fig- responding axis, y, or z is represented by the parameter
ure 3). The unit vectors of the trihedron are expressed inq = +1 and left-handed rotation by the paramefer —1.
equations (3) and (4) [1].

; 1 0 0 0
v | O cosl(e)  dsing(e) O
KE©)=| o —q'sing/(e) cost/(e) O |’
0 0 0 1
cos/(e) 0 (d'sing'(e) O
fray 0 1 0 0
Ty(e() = —q'sing’(e) 0 cos'(e) O |’
0 0 0 1
* cost’(e) q'sing/(e) 0 O
—(g'sing/(e) cost’/(e) 0 O
Figure 3: Thrihedron (R;t,n,b) with unit vectors 0 0 0 1
(5)
R(XR, YR, ZR) = Then we will transform the rotated cirdiégiven in the lo-
g(ra—r1 g(ra—r1\ . VE cal coordinate systerfO; x,y, z) into the circlek in the co-
fi+ 2Tt COSE, { M1+ 21Tt SIng, 207/ ordinate systeniR;t,n,b) where are expressed in (4) (Fig-
(2) ure 4) by the transformation given by (€).
t = (ata b[ I Ct)? &

a = —% ((rp—rq)cose — (2rilmt+€(ra —rq)) sing),

by = _% (q(rz—r1)sine+ (2rylTt+€(ra —rq)) cose),

G = —% (v), where 3
h= \/(rz —11)2+ (2rgl T+ £(r2 — r1))2+ V2. Figure 4: Transformation (R;t,n,b) into (O;x,y,2)
The entries in the rows 1, 2 and 3 bf(€) are the coor-
dinates of the unit vectors of the trihedron expressed in
N = (8, b, Cn) — tp xt equations (3), (4) and the entries in tH& ebw are the co-
Y tp x| ordinates of the poirR in equation (2)
txn
b= (ab,bb,cb) = —. (4)
[txn a b o O
bpb ¢ O
tp = ((r2 —r1)cose,q(r2 — r1)sing,v) in equation (4) is ~ M(€) = 22 b: c: 0 (6)
the direction vector of the generator of the conical surface
) . R YR R 1
passing through the poift

The vector equation of the cyclical surface created by the
We will revolve the circleky = (S,r) represented by the —conical helixis expressed as a product of three matrices for

vector functionr(u) = (x(u),y(u),z(u),1), u e (0,2m I=XY,z
through the angle’ = me about the local coordinate axis
X (resp.y, resp.2). The corresponding rotation is repre- p(u,e) =r(u)-Ti(€(€)) - M (). (7)

sented by the matrix functiom,(¢'(g)) (resp. Ty(¢/(€)) ,
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2 Classification of the cyclical surfaces cre- :
ated by a conical helix ‘<

The three basic types of cyclical surfaces described above
can be characterised with respect to the axis of revolution
of the moved circle:

| the circle rotates about the tangént
Il the circle rotates about the binornial x

Il the circle rotates about the principal normal 3
IAa

in the pointR of the conical helixs.

The circlekg in dependence on the axis of revolutioge- x
(resp.o=y, resp.o=2isin:

A meridian plane,
B normal plane. (Figure 5)

IBa

Figure 5: Thecircle kg in the meridian or normal plane

The distanceal = |S, 0| between the centr8 of the circle
ko = (S r) and the axis of revolution can be:

a d>r thecirclekg does not intersect the axis
b d=r circlekgistangent to the axis,
¢ d=0 the centre of the circlly is on the axi®.

[IAa

3 Display of the cyclical surfaces created by
a conical helix

In this chapter we will display only these cyclical surfaces
created by the conical helix, which are applicable in tech-
nical practice. Hence we will display cyclical surfaces of
types IA, IB, IIA, IlIA. The surfaces of types 1IB and I11B %
are inapplicable in technical practice in due to their farms

A&

In Figure 6 the cyclical surfaces of the named types are
shown by rotating the circlé&y about the corresponding
coordinate axis ifR;t, n, b) of the right-turned conical he-

lix with | = 1 screw then transformed into the coordinate
system(O; x,Y, z).

Figure 6: Types of the cyclical surfaces created by a
conical helix
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In Figure 7 a cyclical surfaces of type IA is shown, where We may express the vector equation of this cyclical sur-
the circlek is in the normal plane to the axis of revolution  face of type IA from equation (7), where the vector func-
0= X.t Asil su;faces Slhg"‘{r;'][f‘ F|gl:re U havtiﬁthﬁ Zame P3- tion of the circleko in the normal plane to the axis= x is
rameters =5, m= "~ but citerent parametar. o r(u) = (0,rcosu+d,rsinu,1), u € (0,2m and we get the

the helixsis not on the surface, d = r the helix is on the ] o :
surface and ifl = 0, then the centrof the revolving cir- ~ cOrresponding matrix for = x from equations (5), where

cle is on the helixs. The parameteyf = +1 for first three @by, -+ ,Cn are expressed in equations (3), (43, YR, Zr

surfacesq = —1 for forth and fifth surface. are the coordinates of the poiRin the equation (2)
1 0 0 0 a b o O
B : 0 cos'(e) dsing'(e) O ap bp ¢ O
p(u,e) = (0,rcost +d,rsint,0,1) - 0 —qsing(e) cos'(e) O a, by & O
0 0 0 1 XR YR R 1

Figure 7: Cyclical surfaces of type |A

In Figure 8 cyclical surfaces of type IB are shown, where We may express the vector equation of this cyclical surface
the circlekg is in the meridian plane of the axis of revo- of type IB similarly as for the surface of type IA, where
lution o = x. The first two surfaces displayed in Figure 8 the vector function of the circlig lying in the meridian
have the same parametérs 3, m=10,d >r, andg= +1 plane of the axi® = x is r(u) = (rcosu+d,rsinu,0,1),
orq= —1. The helixsis not on these surfaces. Third and u e (0, 2.

fourth surfaces have parametérs 3, m= 15,q= +1 or

g= —1. These surfaces are applicable only with parameter

m > 1 in technical practice.
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In Figure 9 cyclical surfaces of types IIB and IlIB are by a circle rotating about the binormal and other two about
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4 Conclusion ure 10 there are displayed some illustrations of combina-

i i ) tions of these cyclical surfaces with interesting and hieaut
Many of these surfaces may be used in design practice as| qesthetic forms.

constructive or ornamental structural components. In Fig-
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Figure 10: Combinations of cyclical surfaces of different types
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