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UPUTE SURADNICIMA

KoG je ¢asopis koji objavljuje znanstvene i struc¢ne radove te os-
tale priloge iz podru¢ja konstruktivne geometrije i kompjutorske
grafike

ZNANSTVENI I STRUCNI CLANCI

1. Izvorni znanstveni rad sadrzi neobjavljene rezultate izvornih
znanstvenih istrazivanja, a znanstvene su informacije zlozene
tako da se to¢nost analiza i izvoda, na kojima se rezultati temelje.
moZze provjeriti.

2. Prethodno priopcenje znanstveni je rad $to sadrzi jedan ili
vise novih znanstvenih podataka c¢ija priroda zahtijeva hitno
objavljivanje. Ne mora nuzno imati dovoljno pojedinosti za pon-
avljanje 1 provjeru rezultata.

3. Pregledni rad znanstveni je rad §to sadrzi izvoran, sazet i kriticki
prikaz jednog podrucja ili njegova dijela u kojemu autor ak-
tivno djeluje. Mora biti istaknuta uloga autorova izvornog do-
prinosa u tom podruéju u s obzirom na vec publicirane radove
te pregled tih radova.

4. Struéni rad sadrzi korisne priloge iz podrucja struke koji nisu
vezani za izvorna istrazivanja autora, a iznesena zapazanja ne
moraju biti novost u struci.

Rad, duljine do 30.000 znakova, mora biti neobjavljen i ne smije
se istodobno ponuditi drugom ¢asopisu. Autor za svoj rad pred-
laze kategoriju, a kona¢nu odluku o svrstavanju donosi Izdavacki
savjet na temelju zakljuc¢aka recenzenata.

Rad moze biti napisan na hrvatskom, engleskom ili njemackom
jeziku. Autor predaje tekst na jeziku kojei odabere, te saZetak na
hrvatskom i engleskom. Sazetak opsegom ne bi trebao biti veci
od 600 znakova. Naslov ¢lanka mora biti sazet i informativan.
Citiranu literaturu treba poredati po abecednom redu prezimena
autora. Radovi iz ¢asopisa citiraju se: redni broj, prezime i inicijal
imena autora ili skupine autora, naslov rada, naziv ¢asopisa, vol-
umen, godina u zagradi, broj ¢asopisa u godini, broj pocetne i
zavr$ne stranice rada. Knjige se citiraju: redni broj, prezime i in-
icijal imena autora ili grupe autora, naslov knjige, nakladnik, mjes-
to izdanja, godina.

Clanci trebaju biti dopunjeni kontaktnim podacima o autoru: ime
i prezime, stru¢no zvanje, znanstveni stupanj, naziv poduzeca ili
ustanove u kojoj radi, adresa ustanove i kuce, brojevi telefona i
telefaksa, e-mail adresa, broj ziro-racuna.

O prihvacanju ili odbijanju rada autor bit ce obavjesten.
OSTALI PRILOZI

To su strucni osvrti i prikazi raznih sadrzaja iz Sirokog podrucja
geometrije i grafike, vijesti i izvje§c¢a o znanstveno-stru¢nim
skupovima, prikazi knjiga, ¢asopisa, studentskih radova, softvera
i hardvera koji se objavljuju u rubrikama “Geometrija i grafika™ i
“Vijesti, izvjesca, prikazi”.

Rukopisi i svi prilozi predaju se urednistvu.

Za znanstvene i stru¢ne radove potrebna su tri ispisa. a za ostale
samo jedan.

Prihvacene radove autori dostavljaju elektronskom postom kao
ASCII datoteke. Preporucuje se LaTeX format.

Podrobnije upute dobivaju se u urednistvu.
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GUIDE TO THE COLLABORATORS

“KoG” is the journal publishing scientific and professional papers and other
contributions from the field of constructive geometry and computer graphics.

SCIENTIFIC AND PROFESSIONAL PAPERS

1. Original scientific paper contains unpublished results of the original scien-
tific research, and the scientific information is presented in such a way that
it permits the exactness of analysis and derivations the results are based
upon to be checked.

2. Preliminary communication is a scientific work containing one or more
new scientific data, the nature of which requests urgent publishing. It need
not necessarily convey sufficient number of details for repetition or check-
ing of results.

3. Review is a scientific paper containing original, condensed and critical pres-
entation of a field or its segment in which the author participates actively.
The role of the author’s original contribution in this field must be pointed
out as related to already published works, accompanied by the survey of
these works.

4. Professional paper contains useful contributions from the professional field
which are not bound to the original research of the author, and the observa-
tions presented need not be a novelty in the profession.

The paper containing 30.000 characters should be unpublished and it mustn’t
be offered to some other journal at the same time. The author suggests for his/
her paper the category, and the final decision about how it is going to be clas-
sified is reached by the Publishing Council on the basis of the conclusions
made by reviewers.

The paper can be written in Croatian, English or German. Author hands in the
text in the language he/she has chosen, and the abstract in Croatian and Eng-
lish. The abstract should not exceed 600 characters. Paper title should be con-
cise and informative. The reference should be listed in alphabetical order by
author’s family name. The papers from journals are to be cited as follows:
number, author’s or group of author’s last name, initials, title of reference arti-
cle . name of journal, volume, the year of publication in parenthesis, number of
journal in the year, number of the first and end page of the paper. Books are
cited as follows: number, author’s last name, author’s initials, title of the book,
publisher, city, year of publishing.

The articles should be supplemented by the notes to authors: name, last name,
title, scientific degree, name of the firm or institution he/she works at, home
and institution address, phone and fax numbers, e-mail, number of bank ac-
count.

Author will be notified about his paper being either accepted or rejected.
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MARIA KMETOVA AND MARTA SZILVASI-NAGY*

Rational Quadratic Beziér Patches

Sphere Covering by Rational Quadratic Beziér
Patches

ABSTRACT.

A covering of the sphere in the three-dimensional
Euclidean space is constructed consisting of three-
sided and two-sided regions. Each region is
represented as a rational quadratic Beziér patch
over a triangular or a rectangular domain, respect-
ively.

Keywords: Beziér patches, rational spline-functions

Prekrivanje kugle racionalnim kvadraticnim
Beziérovim plohama

SAZETAK

Prekrivanje kugle u trodimenzionalnom euklidskom
prostoru konstruirano je tako da se sastoji od
trostranih i dvostranih podrucja. Svako podrucje
predstavljeno je po dijelovima racionalnim
kvadraticnim Beziérovim plohama nad trokutastom
ili pravokutnom domenom.

Kljucne rijeci: Beziérove plohe, racionalne splajn
funkcije

INTRODUCTION
n the practice of geometric modelling a recurrent
Irequest is to describe different objects by a given
collection of spline-functions. The exact repre-
sentation of the three-dimensional sphere in the
Euclidean space by quadratic rational spline-functions
has been the subject of several papers in the CAD-
literature. Unfortunately, the first publication on con-
structing rational Beziér sphere patches [S] contains an
error [2], and the paper on the exact representation of a
spherical cap by a single rational Beziér patch [1] is not
easily available. So we have no information about the
type of Beziér patches in that representation.
Our subdivision technique of the sphere is based on the
investigation of quadrics given in [4], especially on the
following theorem:
The rational quadratic Beziér triangle is a quadric if
and only if all three extended boundary curves meet in
one point of the quadric.
From this theorem it follows that the sphere can’t be
subdivided into triangular regions represented by rational
quadratic Beziér patches. Therefore, patches of other type
are also necessary to fill the gaps between the triangular
patches.
An obvious construction of triangular regions satisfying
the condition of the theorem is the following. Four given
points on the sphere determine a tetrahedron. The planes

of the faces around a fixed vertex cut the sphere in three
circular arcs bordering an appropriate triangular region
(Fig. 1).

Fig.1:  Appropriate triangular region of the sphere.

Four such triangular regions are determined by the
tetrahedron. Between each two neighbouring triangles
a two-sided gap arises. There are six such two-sided
regions. Each of them will be covered by a degenerated
four-sided Beziér patch (Fig.2).

cv
2 DV

‘\LDV

Fig.2: Subdivision of the sphere.

The computations of the geometric data of a two-sided
patch have been carrried out by Mathematica [6]. what
is the new result of this paper.

MATHEMATICAL DESCRIPTION OF

RATIONAL QUADRATIC PATCHES

The two-parametric vector equation of a rational qua-
dratic Beziér patch over a triangular parameter domain
has the form [3]:

* Supported by the Hungarian Nat. Found. for Sci. Research
(OTKA) No. T020498
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r(u,v) =
> PijkWijkBijrwv,s) 1Y wiy Bij(u,v,s)
i.j.k20 i.j.k20
i+j+k=2 i+j+k=2

where u, v and s are the barycentric coordinates of a
point in the triangular domain with respect to the vertices
of the triangle, u+v+s=1and 0 <u,vs=<1.

e
e
are the bivariate Bernstein basis functions of degree 2.
The geometric data of the patch are the six control points
pij« and the scalar weight factors w; ;> 0.

If the basis functions B j are written into the vector

(Q=u- v)z, 2u(l=u—-v), 2v(l—u—-v), ”2, 2uv, vzl
then the formal scalar product by the vector

Sk

B;;(uyv,s)=

(Poo2 Woo2 > Pro1 Wior» Port Woits P20o *2005 Prio Witos Poo *o20)
stands in the nominator and the scalar product by the
vector of the weight factors

(Wo02 5 Wio1> Wor1s Wa00s Wi10> Woo)

stands in the denominator of the expression of r (u.v).
The four-sided rational quadratic Beziér patch is given
by the tensor product form:

2 2
r(u,v)= Z p;;jwi; Bi(w)B;(v)/ ZW",/ B;(u)B;(v)
i,j=0 i,j=0
where 0 <u,v <1 and

L = e ond)

i12-i)! ’ e

is the quadratic Bernstein basis. The geometric data of
the patch are the nine control points p;; and the scalar
weight factors w; ;> 0.

The matrix form of the nominator and the denominator are

B(u)=

.
Poo Woo Poior  Po2 Wo2 (5=

[(1 —u)® 2u(l-u) u:] PioWio PuWi P W 2v(l1-v)
Paoitoose PR 018 Poy Moo v?

and

i) O (1-v?
[(l —)E 2u(l=w) 112] Wio Wi Wi 2v(1-v)

Wag Wy Wy v
respectively.
SPHERICAL PATCHES

Each boundary curve of a triangular patch is a segment
of the circumscribed circle of a regular triangle. Such a

i

=y
'

P
Fig.3: Control points of a circular arc.

6

circular arc of 60° can be represented as a quadratic
rational Beziér curve determined by the control points
Py, Py and P; and the corresponding weights 1, 1/2 and
I8(Ei1g99).

Obviously, the point P, is the reflected lower vertex P of
the triangle on the line of Py and P,. The control points
of the 4x3 boundary curves of the spherical patches can
be computed from the vertices of the tetrahedron in a
similar way by appropriate reflexions of the corre-
sponding vertices. As the boundary curves of a Beziér
patch are Beziér curves generated by the boundary
control points of the triangular patch, all the geometric
data of the triangular patches are determined by the four
vertices AV, BV, CV and DV of the tetrahedron (Fig.4).

DV Ro2(1)

Kis K36 Roi(172) B (172)

|
|
T 1

AV K3, cv Prgo(1) Rio(172) Ry (1)

Fig.4: Control points and weights of a triangular patch.

The coordinates of the vertices of the tetrahedron and
the control points are listed in Fig.5 in the input form of
Mathematica.

Av={-1,1,-1}; BV={1,-1,-1}; CV={1,1,1}; DV=(-1,-1,1};
K11={1,1,-3}; K21={0,0,-3}; K31=(-1,-1,-3};
K12={1,3,-1}; K22={0,3,0}; K32={-1,3,1};
K13={-3,1,1}; K23=(-3,0,0}; K33=(-3,-1,-1};
K14=(3,1,-1}; K24=(3,0,0}; K34={3,-1,1};
K15={1,-3,1}; K25={0,-3,0}; K35=(-1,-3,-1};
K16={1,-1,3}; K26={0,0,3}; K36=(-1,1,3};

Fig.5. The coordinates of the control points.

The control points K I J; (I = 1,2,3"and J = 1...6) are
numbered according to the two-sided patches, where the
second index is the patchnumber. The circles building
the patch boundaries on the sphere are drawn by
Mathematica in Fig.6.

Fig.6: Patch boundaries determined by four points of
the sphere.
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The usual way of representing a triangular patch by
parameter lines is drawing three sets of surface curves
according to constant barycentric coordinates in the
triangular parameter domain: u = const, v = const and
s = 1 — u — v = const. Unfortunately, Mathematica
requires constant limits for the parameter values in the
command ParametricPlot3D. Therefore, the triangular
domain bordered by the linesu=0,v=1andu +v=1
has to be transformed into a rectangular domain for
example by the parameter transformation « = ¢ — st and
v=st, (0 <st <1). Inour notation bfig3 [u_.,v_], [k]

(k = 1,..,4) is the two-parametric vector equation of a
triangular Beziér patch (Fig.7).

Array[bfig3[u_,v_1,41;
fiifs t :=fs 1.
fvls ,t li=s t;
A[RGBColor[r_,g_,b_1]:=CMYKColor[O0,r,r,1-r];
AlGraylLevel[x_1]:=Graylevel[x];
triangs=ParametricPlot3D
[Ibfigaffuris t] fvis L1011
bfigsiEuls £ fVls L1121
bfig3[fuls,t],fvls,t]11[3],
bfig3[fuls,t],fvls,t11[4]}
//Evaluate,{s,0,1},{t,0,1},PlotPoints—->{12,12},
Boxed->False,Axes—>None,
ColorOutput->A,Background->Graylevel[0.8],
ViewPoint->{1,-3,.5}1;

Fig. 7: Drawing command for the triangular patches.

The four patches drawn by Mathematica are shown in
Fig. 8 together with the control net of one patch.

Fig. 8: Triangular patches drawn by Mathematica.

The two-sided patches can be considered as degenerated
four-sided patches. The geometric data of such a patch
are not determined by the two opposite boundary curves
coinciding with the boundaries of the neighbouring
triangular patches. In Fig.9 the degenerated control net
of the 2nd patch and the corresponding Beziér control

net over a rectangular parameter domain are shown. The |

unknown data are the geometric data of the middle

longitudinal parameter curve, namely, the control point
Py and its weight w, moreover the weights of the points
Pjo and Pj, coinciding with the vertex CV and AV,
respectively. For symmetry reasons these weights are
equal, denoted by c.

v Ry(D) R0« By()
K3 K2 Kioll WP, (1/2) P,(w) |B,(1/2)
= Ryo(1) Ry (¢) By (1)

Fig.9: Geometric data of a degenerated two-sided patch.

These unknown data in the vector equation of the rect-
angular Beziér patch can be determined from the
condition that any point of the generated patch must lie
on the sphere. After substituting the coordinates of an
arbitrary point of the patch into the equation of the sphere
(with center point in the origin and radius=3) and
reordering the equation, the coefficients of the terms u/v/
(i=0.4,v=0.4) can be collected with Mathematica.
The condition that each coefficient equals to zero leads
to a system of equations for the unknowns. However,
the number of equations is greater than the number of
unknowns, and the equations are not linear, the solution

P, =(0,3,0), w=+/3/3, c=+3/2
can be found interactively by Mathematica. After that it
can be verified easily that an arbitrary point of the
generated patch by these data lies on the sphere indeed.
The control net of a two-sided patch is shown in Fig.10.

K,

Fig.10: The control net of a two-sided patch.

The drawing command for the six patches is written in
Fig.11, where bfig2 [u_,v_] [k]. (k = I...,6) denotes the
two-parametric vector equation of a rational quadratic
Beziér patch over a rectangular domain.

7
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Array[bfig2[u_,v_1,61;

monds=

ParametricPlot3D[{bfig2[u,v][1],bfig2[u,v][2],
bfig2[u,v][3],bfig2[u,v][4],
bfig2[u,v][5],bfig2[u,v][6]}

//Evaluate, {u,0,1},{v,0,1}

PlotPoints->{12,12}, Boxed->False,Axes—>None,

ColorOutput—->A,Background->GraylLevel[0.8],

ViewPoint->{1,-3,.5}]

Fig.11: Drawing command for the two-sided patches.

The two-sided patches drawn by Mathematica together
with the control net of one patch are shown in Fig.12.

Fig.12: Two-sided patches drawn by Mathematica.

Finally, the four triangular and six two-sided patches
form a subdivision of the sphere, where each of them is
represented by a rational quadratic Beziér patch. The
necessary computations to this construction without
Mathematica would be hopelessly difficult, moreover,
alot of programming work would be required to generate
such figures. The presented solution computed for the
exact representation of the sphere by spline functions
drawn by Mathematica is shown in Fig.13.

Higil 3ib

Fig.13: The covering of the sphere.
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Geometric Modelling of Hyperpatches
ABSTRACT

The paper deals with the modelling of solids
(hyperpatches) on the basis of their creative laws.
Creative representation of a solid enables to
modell also solids with “curve-like” edges, not
only solids with the polyhedral boundary as in
the boundary representation method. There is
provided also the possibility to control a non-
homogeneous distribution of the interior points
of a solid created as an interpolated figure. Basic
notions such as a solid cell, an isoparametric curve
segment and an isoparametric surface patch, or
tangent space and density vector in a solid point
are described and their relevance to the intrinsic
geometric properties of the solid is discussed.
Composite solid modelling problems on adjoining
of the elementar solid cells are mentioned.
Keywords: solid modelling, creative space,
interpolation of hyperpatches

Geometrijsko modeliranje po dijelovima hiper-
plohama

SAZETAK

Rad se bavi modeliranjem tijela (solids) na osnovi
njihovih zakona stvaranja (creative laws). Kreativno
predstavljanje tijela omogucava i modeliranje tijela
koja imaju “zakrivljene” stranice, ne samo tijela s
poliedarskim stranicama kao Sto je to slucaj u
metodi prezentiranja rubova (boundary
representation method). Postoji takoder i
mogucnost upravljanja nehomogenom raspo-
djelom unutarnjih tocaka tijela kreiranog poput
interpoliranog lika. Opisani su osnovni pojmovi
kao Sto su celija tijela, segment izoparametarske
krivulje i dio izoparametarske plohe, ili tangentni
prostor i vektor gustoce u tocki tijela, a raspravlja
se i o njihovoj primjerenosti unutarnjim geo-
metrijskim osobinama tijela. Spomenuti su
problemi modeliranja slozenog tijela pri dodavanju
elementarnih celija.

Kljucne rijeci: modeliranje tijela, kreativni prostor,
interpolacija po dijelovima hiperplohama

1. INTRODUCTION

olid modelling is one of those interesting pro-
S blems, which are still developing parts of Com-

puter Graphics. Solids can be created due to their
creative laws or by description of the incidence structure
of their boundary. There exists a lot of literature con-
cerned the second mentioned way of modelling, this topic
1s given in details in Mantyla [1].
Let us look therefore in details at the modelling of solids
on the basis of their creative laws and representations in
the Creative space.
Let K be a Creative space, an ordered pair K= (U,G).
where U - base is a set of figures in the space (subsets of
the extended Euclidean space E.) and G- generator is a
set of generating principles (G = GP (E,) U L, while
GP(E,) is a group of projective transformations in E,
and Lis a set of interpolations). More detailed descriptioh
can be found in Velichova [3], [6].
Solid T (a three-parametric subset of E3) is in K
synthetically represented by its creative representation,
an ordered pair (U,G), where U € U (a basic figure )
and G € G (a generating principle) are such, that
applying the generating principle G on the basic figure ,
U the created solid T will be obtained. Generating
principle G can be a geometric transformation, a class
of geometric transformations or any interpolation. The
first two types of generating principles provide modelling
of solids which are homogeneous, i.e. their interior points
are uniformly distributed. This feature of the uniform
points” distribution is implicitly assumed in the case of
solids defined by their incidence structure describing
order and incidence of all elements (vertices, edges,
faces) of the boundary of solids as three-dimensional
regions in Es. In this case we even restrict our consi-
derations on polyhedra only, while using creative
representation we can create also more complex shaped
solids with “curve-like™ edges.
The possibility to describe and to control the feature of
the non-uniform distribution of points in a solid is
provided in the case of its modelling as an interpolated
figure, using its creative representation in which the
generating principle is an interpolation. This fact can
play a very important role in many technical branches
(science of materials, timber industry) but also in the
sphere of medical diagnostics and image processing.
Industrial design and CAGD of non-homogeneous solids
using new efficient computer systems seem to be very
perspective.
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2. BASIC NOTIONS
Elementary notions and considerations concerned the
problem of the solid interpolation can be easily deduced
by analogy with the interpolation of curves and surfaces,
increasing the dimension of a figure to three.
Analytic representation of a hyperpatch - solid cell Cis
a vector function
r(u,v,w) = (x(u,v,w),y(u,v,w),z(u,v,w),h(u,v,w))

defined on the region Q = [0,1]3 (where x, y, z and / are
homogeneous coordinate functions at least C3 continuous
on a given region Q), which is a local homeomorphic
mapping of the region Q on the hyperpatch C (according
to Velichova [5]). A notion hyperpatch - cell of a solid
analogously corresponds to notion of a curve segment
or a surface patch. Composite solid can be obtained as a
composition of several elementary cells. A notion iso-
parametric surface of a solid can be coordinated to a
notion isoparametric curve of a surface. There exist three
isoparametric systems of surfaces (exactly one of
parameters u, v, w is constant) forming a net of surfaces
in a solid. Boundary surfaces (faces) correspond to the
constant values equal to 0 or 1. Setting two of parameters
u, v, w equal to a constant value we can speak about
isoparametric curves in a solid. and if the values are equal
to 0 or 1 about boundary isoparametric curves (edges).
Two isoparametric surfaces from different systems
intersect in an isoparametric curve, two isoparametric
curves intersect in a point. In a point of a solid all three
parameters are constant and we denote them as
parametric (curvilinear) coordinates of a solid point.
Points with parametric coordinates equal to O or 1 only
are vertices of a solid. A hyperpatch boundary (see Fig. 1)
consists of

6 boundary surface patches -

face surfaces of a hyperpatch
r(0,v,w), r(1,v,w), r(u,0,w), r(u,1,w), r(u,v,0), r(u,v,1)

- 12 boundary curve segments -

edge curves of a hyperpatch
r(0,0,w), r(0,1,w), r(1,0,w), r(1,1,w),
r(0,v,0), r(0,v,1), r(1,v,0), r(1,v,1),
r@s0:0) 5 01), r e B0 n(s 1T L),

8 corner points - vertices of a hyperpatch
r(070:0)7 5 (0:150)5x (1 050)F (L1, 0);
r(0,0,1), r(0,1,1), r(1,0,1), r(1,1.1).

r(0,1,1)

edge r(0v,1) (el r)

face r(uv,1)

i (11,1
Pid L)

face r(1,v,w)

edge r(0,0,w)
r(1,1w)

T (1,1,0)
10,0,0)

r(u,0,0)

vertex r(1,0,0)
face r(u,0,w)

The analytic representation of a hyperpatch can be
obtained easily, from the creative representation, by the
multiplication of matrices, which are analytic repre-
sentations of the creative representation elements.
Creative representation of a hyperpatch, an ordered pair
(U.G), can have six possible forms according to the
different types of the basic figure U and the suitable
generating principle G:

(a surface patch, a class of geometric transformations)
(a solid cell, a geometric transformation)

(a net of boundary surface patches. an interpolation)
(a sequence of surface patches, an interpolation )

(a grid of boundary edge curves, an interpolation)

(a grid of points, an interpolation).

In the first two types of the hyperpatch creative repre-
sentation the analytic representation of a generating
principle is a regular square matrix of rank 4 with real
numbers as elements (for a geometric transformation)
or elements in a form of the real functions of one real
variable all defined and at least C! continuous at the unit
closed interval [0.1] (for a class of geometric trans-
formations). In both cases the basic figure is analytically
represented by a vector function, of one variable for a
curve segment and of two variables for a surface patch,
defined and satisfying certain conditions on the closed
regions, as described in Velichova [3], [5]. Hyperpatches
determined by these representations are homogeneous,
and different types of created solids are described in
Velichova [4]. For example, a solid of revolution can be
created from a surface patch subdued to a class of revo-
lutions about an axis, or a ruled solid from the same
basic figure subdued to a class of translations. In the
Fig. 2 there are illustrations of several solids generated
by classes of geometric transformations.

Next 3 types of creative representations use as the basic
figures ordered sets of points, curve segments or surface
patches. These can be analytically represented by their
vector equations and form the elements of the matrices -
analytic representation of the basic figures - maps of the
created hyperpatches, distributed in the appropriate order.
Generating principle is in all 3 types an interpolation.
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Fig. 2b

3. INTERPOLATION OF SOLIDS

In the following. we will describe the tri-cubic inter-
polation (cubic interpolation in three different directions)
of a hyperpatch. Analytic representation of a tri-cubic
solid cell is in a form

r(u,v,w)=a u 3w +amu§» wl+.. FajoUt+agy =

3 8 3

- sl

- Zaiik uv'w
i=0 j=0 k=0
S

= z Fi(zz) F,(v) F,(w) by,

=0 j=0 k=0

for (u,v,w) € [0,1]3, where Fi(u), Fj(v), Fx(w) are cubic
interpolation polynomials.

The set up of algebraic coefficients a;; (64 vectors) does
not reveal clearly geometric features of the interpolated
hyperpatch, while the set up of geometric coefficients
bjjx defines directly geometric properties of a hyperpatch
and these even form a basic figure in the hyperpatch
creative representation. From the analytic point of view
geometric coefficients bj form a three-dimensional
matrix of the type 4x4x4, the map of a hyperpatch. The
elements of this map are analytic representations of the
hyperpatch basic figure elements, it means quadruples
of homogeneous coordinates of the hyperpatch points
(finite points in E3), tangent vectors of the hyperpatch
edges. twist vectors of the hyperpatch faces. and vectors
defining the distribution of points inside the hyperpatch
- density vectors (points in E5 at infinity).

Let the basic figure of a hyperpatch be an ordered grid
of 64 finite points in E3. According to the type of the
used interpolation polynomials we can obtain a tri-cubic
interpolation hyperpatch containing all elements of its

basic figure (polynomials (A)), or such, that contains
only 8 points of the given basic grid (Bernstein cubic
polynomials (B)). In the first type, the basic grid of points
defines also the curvature of edges and faces, and density
of the hyperpatch, i.e. distribution of points inside.
Analogy of a Beziér patch, approximation Beziér cubic
hyperpatch (cell) defined by a grid of 4x4x4 points
consists of faces, which are Beziér cubic approximation
patches. Edges are Beziér cubic curve segments passing
through the 8 corner points. Density of points’
distribution inside the cell is an approximation of the
order and position of points inside the basic figure grid
and it is defined implicitly in the basic figure of the
hyperpatch.

Interpolation polynomials are for ¢=u, v, win a form

Fo)=—458+9r2-55t+1
Fi()=13.583-2252+91
Fr()=—-135+182—-451t

Fi(t)=458-452+1t (A)

Fo®)=(1 -1

Fit)=3t(1 -1)?

) =32 -1

Fyn=13 (B)

Map of a hyperpatch can be considered as an ordered
quadruple of the square matrices By = (Pyj),

i, j, k=0,1,2,3 of the type 4x4. Analytic representation
of a hyperpatch is then in a form

3 33
r(u,v,w) = 2 Fk(w)(z Z (u) By, F (v)]
k=0 =0 j=0
(u,v.w) € [0,1]3.
Let us now consider another basic figure of a hyperpatch,
while the elements of this ordered set of points are not
only finite points, but also points in Ej3 at infinity -
vectors. These describe geometric properties of the
created hyperpatch explicitly. The map of such basic
figure can be also considered as an ordered quadruple
of the square matrices of the rank 4 - arrays B, for
k = 0,1,2.3. Each array is a basic figure of an iso-
parametric patch and contains also density vectors of
the points’ distribution in the hyperpatch. Let us establish
the following designations (in the Fig.3 illustrated for
the curvilinear coordinate values u = v =w = 0):

e

uvw
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r(u,v,w)=r,,, solid point

ar(u,v,w) _
all — fuvw

isoparametric curve

tangent vector to the

7)
SRV e ;
—— =7 twist vector to the

auav uvw

isoparametric patch

&Y 30 v1ianes

=r""
Judvow b

density vector

Separate arrays are then in a form

v \ 4
Fooo  Toio Tooo Toio

- .
B~ Fioo Tiio Tioo Tiio
Of u u uv uv
Fooo  Toro TFooo Toio
u uv uv

u
Fioo Trio Tioo  Tiio

v v
Foor  Toir Toor Ton
v |4
Lior T Lo Ting
u u uv uv
Foor  Torr TFoor Torni

uv uv

u u
Lior T T T

w w (RN e
Fooo  Toio Tooo Toio
w w w W
B Fioo Trio Tioo  Tiio
2 uw uw rlll'l\' uvw

Fooo Toio Tooo Toio

uw uw uvw uvw

Fioo Trio Tioo  Trio

w w i "
Foor  Torr Toor  Ton

w w W W
B0 Lot O T Ting
3 % uw uw uvw uvw
TFoor  Torr  Foor o011
uw uw uvw uvw

Eio1® "Lqr1 S hrol Ll

Geometric coefficients of an analytic representation of
the interpolated hyperpatch are in this case: 8 quadruples
of the hyperpatch vertices coordinates, 24 tangent vectors
to the hyperpatch edges, 24 twist vectors of the hyper-
patch faces and 8 density vectors in the hyperpatch
vertices. In this way we describe geometrically not only
the boundary of the hyperpatch as a three-dimensional
region in the extended Euclidean space Ej, but also the
intrinsic distribution of the region’s points.

At any point r,,. of a hyperpatch there is defined a
tangent trihedron I, formed by 3 tangent planes to the
isoparametric patches of the hyperpatch in this point.
Each of the tangent planes is defined by two tangent ve-
ctors to the isoparametric curves in their common point,

uv u v uw u w
Tabe = Tabe Tabes Tabe = Tabe Labes

These planes intersect in the common point I, each
two of them having a pierce line in a tangent line to the
isoparametric curve

M v w

Tabe = Cabe Tabe-

uw v

abc M Tabe

uv uv v w

Ll =
Tabe =, Tabe N Tahe =05 T
Twist vectors of the concerned isoparametric patches r«",

12

uw v s
N Tabe U

rov, pvv characterize their geometric shape, curvature and
convexity or concavity.

uvw

Density vector ry,. is oriented towards the interior of
the tangent trihedron and its length is related to the
density of points’ distribution inside the hyperpatch
(see Fig. 3).

For this type of basic figure the suitable interpolation is
determined by Hermit interpolation polynomials (C) in
a form

Fo()=28-312+1

Fi)=-—28+31

F)=8-212+t

Fit)y=18—12 (@)

4. ADJOININGS OF HYPERPATCHES

Very important part of the composite solid modelling is
the adjoining of elementary hyperpatches - solid cells
into a composite solid. According to the number and the
type of equal elements in the basic figures of joining
cells, three types of different adjoinings can be distin-
guished, each of them determining different geometric
properties of the resulted composite solid. Let us describe
the adjoining of two hyperpatches with the analytic
representations

p(u,v,w), q(u,v,w), (uyw) e Q,

while the analytic representation of the resulting solid
will be denoted as r(u,v,w).

A. Continuous adjoining - GO continuity

The two joining cells have a common boundary face
patch, it means, in the maps of the joining cells there ex-
ist 16 equal (or collinear) elements: 4 quadruples of coor-
dinate vectors of the adjoining boundary patches’ verti-
ces, 8 tangent vectors to the edges of the adjoining boun-
dary patches in the corner points and 4 twist vectors of
the adjoining boundary patches in these vertices (Fig. 4).

pluyw)

q(u,vw)

The composite solid is a continuous region in the
extended Euclidean space E5 and contains no wholes or
bubbles. The adjoining face patches are equal and fit
perfectly together, coincide. Isoparametric curve seg-
ments which are not parts of the adjoining faces need
not be smooth. There can be created new edges in the
boundary curve segments of the joining faces and new
vertices in their corner points.
p(1,v,w)=q(0,v,w)=r(0.5,v,w)



KoG*2/1997

Daniela Velichovad: Geometric Modelling of Hyperpatches

The presented equation expresses in the compound form
16 equations, which determine the collinearity of the
vectors representing coinciding faces of the adjoining
hyperpatches.

B. Smooth adjoining - G' continuity

Except of the common adjoining face patch, two joining
cells must satisfy also the condition of the collinear
tangent vectors to all adjoining isoparametric curve
segments in the points of the common isoparametric
patch. This means, that the adjoining of all isoparametric
curve segments not inciting with the common
isoparametric patch and 4 adjoining boundary patches
is smooth. These conditions can be expressed by the
following three compound equations

u Ges hes s u
Lo s = O.Ppyy = B'qO\'\r

uw uw uw

o5 = Y-Phw = 6'q0r\|‘

uv uv uv

Lo sme = €.Pj = 9.90,,
where @, 3, 7, 6, €& ¢ are non zero real numbers.

To the former 16 equal (collinear) elements necessary
for GO continuity we must add 4 tangent vectors to the
adjoining edges and 8 twist vectors of the smoothly
adjoining boundary patches, two of them in the each of
the 4 common vertices. The maps of the joining cells
will consist of 28 equal (or collinear) elements (Fig. 5).

C. Homogeneous adjoining - G2 continuity

In addition to the equality of all previous geometric
parameters of the adjoining cells for G? and G!
continuity. the continuous distribution of the cell’s points
will be assured as well, requiring the collinearity of
density vectors in the common vertices; the maps of the
joining cells will have equal (or collinear) 32 elements.

5. APPLICATION POSSIBILITIES

Global properties of the solid models - volume, surface
area, moment of inertia. center of gravity, and so on, can
be calculated by the evaluating the triple integral

®= j f(r)dv
Solid
where @ is the property required, f(r) is a vector function
describing ® and integration is over the entire volume
of the solid.
For a composite solid S created by adjoining of a finite
number of cells C;

§=0C

i=1
any integral taken over the solid decomposes into the
sum of integrals

n

[royav=Y [rmyav

S i ¢
where the cells C; have disjoint interiors. The methods
of evaluating triple integrals on computers are discussed
in details by Mortenson [2].
The volume of a solid cell represented analytically by a
vector function
r(u,v,w) = (X(u,v,w).y(u,v,w).z(u,v,w),h(u,v,w))
defined and at least C3 continuous on the region
Q =[0.1]3. is the value of the triple integral

V= ”j (r'r'r") du dv dw
Q

where (r“r rv) is the triple scalar product of the partial
derivatives of the analytic representation - vector
function r(u,v,w) with respect to the variables u, v, w.
Outlined problematic concerned interpolation of solids
is anew but very interesting and perspective sphere of a
further developement in geometric modelling of figures
in E;. It will undoubtedly serve as a source of a wide
field for study of the three-dimensional figures in
complexity, it means not excluding their interior density
- the distribution of their intrinsic points, which is up till
now a sphere ignored by Geometry.

There had been developed a system of easy separate progra-
mmes (in QB45 and TPASCAL programming lan-guages)
providing calculations and visualizations of solids on the base
of the mentioned theory which are used at the Department of
Mathematics, Slovak Technical University in Bratislava. Some
of them are used regularly in the pedagogical process.
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Sinthesis of Grassmann Chain Mechanisms in
the Plane Using the Ausdehnungslehre and
Mathematica

ABSTRACT

The Grassmannian mathematical system, well
known as the Ausdehnungslehre (Linear Extensi-
on Theory) together with the symbolic computa-
tion program Mathematica is used to synthesise
a class of planer mechanisms, named Grassmann
mechanisms. The objective of investigating Grass-
mann mechanisms is to be able to compute eas-
ily the design parameters of the mechanism from
given trajectory points.

Mechanisms in this class have moving links rota-
ting on pivots and intersecting tracks. The paper
reports on the simplest type of synthesis result of
Grassmann Chain mechanisms using four given
precision points for each mechanism apart to
determine the design parameters of the mechanism
of the class whose trajectory passes through those
points.

Sinteza mehanizama Grassmanovog lanca u ravnini
uz primjenu Ausdehnungslehre i Mathematice

SAZETAK

Grassmannov matematicki sustav, poznat kao Aus-
dehnungslehre zajedno sa programom za simbo-
licko racunanje Mathematica koristi se za sinteti-
ziranje klase ravninskih mehanizama, nazvanih
Grassmannovim mehanizmima. Cilj istrazivanja
Grassmannovih mehanizama je omogucavanje lak-
Seg izracunavanja dizajna parametara mehanizma
iz zadanih tocaka putanje.

Mehanizmi u toj klasi imaju pomicne veze koje
rotiraju na pivotima i sjekuce staze. Clanak izvjes-
tava o rezultatu najjednostavnijeg tipa sinteze me-
hanizama Grassmannovog lanca uz primjenu cetiri
zadane tocke preciznosti za svaki dio mehanizma
da bi se odredilli parametri dizajna mehanizma iz
klase cije trajektorije prolaze kroz te tocke.

1. INTRODUCTION

Mechanisms are less versatile than robots, but less
expensive, and if a straightforward method for automatic
mechanism synthesis could be developed, more manu-
facturing processes could be automated inexpensively.
The concept of the Ausdehungslehre was first expounded
in 1844 by Hermann Grassmann and forms a language
which has a geometric interpretation as a “prescription
to construct” [1]. The Ausdehnungslehre is a superset of
the Victor Calculus, and hence has significant applica-
tions to engineering, particularly when implemented with
a symbolic computational program like Mathematica [2].
This paper implements a synthesis of Grassmann Chain
mechanisms constructed of two chains of mechanisms
with moving links rotating on pivots and intersecting
tracks. That is to start with a required motion and to
determine the parameters of a mechanism to give this
motion. A numerical example is presented.

To our knowledge there has been no previous work on
synthesis of these of mechanisms, or on the use of the
Ausdehnungslehre to develop theories in this area.

2. THE AUSDEHNUNGSLEHRE AND GEOMETRIC
DUALITY

One of the important facets of Grassmannis theory is its
geometrical interpretation. The progressive (A) and the
regressive ( A) products may be interpreted geometri-
cally as follows: the progressive product or wedge ope-
rator may be read as constructing higher order elements
from lower order elements and the regressive products
or wedge-bar operator as intersecting elements to form
lower order ones [3]. The regressive product operation
is based on the fundamental formula called The Rule of
the Middle Factor [4].

Geometric duality in the plane can be represented as in

Table 1 below [3]:

Progresive Product  Regresive Product

L=P, AP, P=L AL,
n=P, AP, AP, =L, A LA L,
n=LAP I=PA L

Table 1: Geometric Duality
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Where: P denotes a point
L denotes a line
/4 denotes a plane
1 denotes the unit scalar

The equivalence relation = is used to affirm that these
relations are true algebraically up to a scalar multiple.
For some cases three lines do not intersect at a point.

3. SYNTHESIS OF GRASSMANN CHAIN MECHANISMS
- GENERAL CASE

The simple class of planar mechanisms discussed in this
paper is that which involves just fixed pivots and sliders.
and which have a single degree of freedom.

Given any number of precision points for each mecha-
nism of the chain it is required to find the chain mecha-
nism which will describe the trajectories for each me-
chanism apart through those points. Their input is con-
sidered to be a point rotating with uniform angular ve-
locity in a circle.

le L|m

P

ng&/Mzz
MkaZAQ(k- f
Sr+2 \
Si Mkl Lkr
;P/

kr

Figure 1: The Construction Scheme of Grassmann Chain
Mechanism in the General Case

Regarding to the Figure 1 Grassmann Chain Mechanism
notation is as follows:

Note that the first indices refer to the number of the link
mechanism.

First Link Secondlink

. Mechanism Mechanism
N° of tracks (order) m n
N° of pivots m+2 n+2
Tracks L",..‘,le L21 L2n
Pivots E..E R R
Sliding points P“, le le. . PZH
N°of precision points h g
Precision points Q. Q. Q. . ng
N° of mobile links m+2 n+2
Mobile links M”. M”mm oM

Table 2: The Notation of Grassmann Chain Mechanism
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P, — represents the center of the input circle

Q"ii — represents the intersection point on the circle
made by the last mobile link passing through the last
pivot of the first link mechanism corresponding to the
precision point Qii of the link mechanism

Q,.,, — represents the i'" precision point of the second
last link mechanism of the chain mechanism

The proposed Chain Mechanism has only two chains
mechanisms with one track and three pivots each.

3.1. THE SYNTHESIS OF THE
FIRST LINK MECHANISM OF THE CHAIN
The proposed synthesis process has two stages as follows

[5]:

3.1.1. STAGE 1 FOR THE FIRST LINK MECHANISM:
LOCATION OF THE LAST PIVOT AND THE
CENTER OF THE CIRCLE

The first stage is the synthesis of the center of the circle

P and the last pivot P. This part of the synthesis requires

only four precision points as shown in Table 3. It is easy

to observe, that the number of unknowns of this stage
does not depend on the number of tracks and the other
pivots of the mechanism and depends only on the
unknown coordinates of the center of the circle P and
the pivot P,

Definition of the points  N° of unknowns of the

PandP _ firststage
Pn =0+ X0 l * yt)j_ X() 2 yo
P3=®+x31+y3j X,,Y,

Table 3: The Number of Unknowns of the First Stage of
the Synthesis

If the mechanism is to be of 1 degree of freedom the
problem is to find the center of the unit circle, the pivots
and the position of the tracks.

With reference to Figure | select4 precision points Q, .
where h=1, 2, 3, 4 and join with coresponding points
Q"ii on the circle and pass through pivot P_.

Q, AP, AQ% =0 i=1and j=1,2,3,4 (1)
ek Splve these equations for the coor-
Mechanicm dinates of P (the cepter of the cir-
. cle) and P, (the last pivot of the first
. mechanism). The result allows two
e sets of solutions, so we may have
Lo Lo two possibilities for P, and P_.

S S, Assume the selected order of the

Pk1~ Pk, four given precision points

f Q,Q,,Q,.Q,, and select the

0. 0. corresponding rotating points at

r+2 equal intervals on the circle cir-

M cumference. We have an infinite
k1 k(r+2)

number of possibilities for the
selection of the position of the
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rotating points on the circle circumference. For each
particular selection of the rotating points, the solution
of the points P_and P, is changed. Therefore, there is an
infinite number of solutlons for the points P and P..
These solutions are related to the position of the res-
pective rotating points. The selection of the rotating
points gives the time of movement from one precision
point to the another.

Suppose that those rotating points have the positions as

follows:
Q"|| =0 +[x, + R Cos(0)] i +[y, + R Sin(0)] j:

(
Q',,= ©+[x,+R Cos(Pi/2)] i +[y, +R Sin(Pi/2)] j:
[

Q" =O+[x_+R Cos(Pi)] i +[y, + R Sin(P1)] j:

Q'_®+{Q+Rc%@mnn.ﬂx+RSm@manL
It is important to notice that we have two solutions for
P and P.. For each permutation of the four precision
pomts the positions of the points P and P, will be chan-
ged as is shown in Table 3. There Is a conespondence
between the precision points (Q,, ) and the rotating points

& L ) and for any changes in thls correspondence, the
solution for the center of the circle P, and the pivot P,
will be changed.

Permutations of

N of N° of solutions
precision the precision ~ for P and P,
points points out of four
4., 48
S, 240
6 6., 720
~ N°of tracks Defimtlon of the N° of
~ and their tracks L pivots
positions " of the
. second
. _ stage
One track LIl =(O+xai) A(O@+ybj) 2
anywhere in
the plane
Twotracks L, =(©+xai)A(@+ybj) 3
anywhere in L,=0©0+ xali) AO+ yb_j)
the plane

Three tracks =(O@+xai)A(O+ybj) 4

anywhere in =(O+xa 1) A (© +ybj)
the plane =(O+xa l) AO+ be)
m | m+1

The number of possibilities for the position of P and P,
is related to the number of precision points and the fact
that there are two solutions in each case. If the number
of the precision points is greater than four then, to the
first four selected precision points add the other precision
points and the number of possibilities of the position of
P and P_will be increase.

Wlth 1eference to Table 4 for 4 precision points there
will be 48 (2 x 24) changes, for precision points there
will be 240 (2x120) changes and for 6 precision points
there will be 720 (2x360) changes.

3.1. 2. STAGE 2 FOR THE FIRST MECHANISM:
LOCATION OF PIVOTS AND TRACKS

The second stage is the synthesis of the tracks and all

other pivots. The number of tracks determines the

number of pivots of the second stage. If m represents

the number of tracks then, m+1 represents the number

of pivots of the second stage of synthesis.

Table 5. 6 and 7 show the number of pivots and the ori-

entation of the tracks required by stage 2 of the synthe-

sis as a function of the number of precision points.

Table 4: Number of Possibilities for the Position of P"

and Pz. Related to the Permutation of the
Precision Points

Table 5: Number of Precision Points Related to the
Number of Pivots and the Tracks Oriented
Anywhere in the Plane

Definitionof the ~ N°of  Nof
_ pivots P ~_unknown 'vprecxsmn
' parameters pomts
E-Oixity) X 9 6
Pz=®+x1i+y:i X..y
xa.yb
P=0+xi+y]j X .y 10
P G)+x1+y_] X,Y '
@+x1+yJ Xy
xa ,yb,
xa, . yb,
1 =O+xity]j X .Y 14
P O+x1+yJ X,y
P - ®+x1+yJ X .9
P O+xityj Xy
xa . yb,
xa, . yb,
xa, , yb,
2m+1)*2 (2m+1)*2

17
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Table 6 shows the mechanism parameters if the track
L, is parallel to one of the axes. This table could be
considered as a particular case of Table 5.

If there are more than two tracks their orientation in the
plane could vary. For example, the position of two tracks
in the plane could be: both anywhere in the plan - Table
5, both parallel to one of the axes - Table 6, or one track
parallel to an axis and one track anywhere in the plane -
Table 7.

With reference to the Figure 1 the second stage is the
synthesis the pivots P, P, and the position of the tracks
L, . Assume that the mobile link from the rotating points
Q"ij will pass through the pivot P, then will intersect

the first track L | in a sliding point P .

Proceeding around the loop shows that the final equation
comes from the requirement that the points P, . P_
and Q,  be collinear, that is

P.APL.1AQ,,=0 )
where h=1, 2, 3,4, ..., is the number of precision points
and m represents the number of tracks.

Table 8 shows the final equations for the general case of

m tracks starting with one and two tracks.

Table 6: Number of Precision Points Related to the
Number of Pivots and Tracks Oriented Parallel
to One the Axes in the Plane

N°of tracks  Definition of the N°of  Definitionofthe ~ N°of  Nof
and their tracks L pivots _pivots P unknown  precision
positions of the , ~ parameters  pointsh
second . » '
stage
One track L =(©+ybj)Ai 2 P=0+xi+y]j % .Y S
parallel to one P=0+ xzi + yzj , 2y
of the axes yb
Two tracks L =0©+ybj)Ai 3 P=0+xi+y]j Xy 8
parallel to one L,= O+ ybj) Ai P= Otxity] XV
of the axes P=0+xi+y] X .y
yb,
yb,
Three tracks L"=(®+yb]j)/\i 4 P1=®+xli+ylj X v 11
parallel to one L, =(©+ybj)Ai P=0+xi+y]j x .y '
of the axes L.=(0©+ybj) i P=0+xi+y]j XY
P=0+xi+yj X,.y,
yb,
yb,
yb,
m m+1 3m+2 3m+2
Table 7: Number of Precision Points Related to the
Number of Pivots and Tracks Oriented One
Parallel to One of the Axes and One Anywhere
in the Plane
N° of tracks Definition of the N°of  Definition of the Nege N° of .
and » tracks L, andL | pivots pivots P unknown  precision
their of the parameters points h
positions second " .
stage
Two tracks L, =©+ybjAi 3 P=0+xi+yj X .Y, 9
in the plane: L12 =(O+ xazi) A (O + yb_,i) P2= O+ xzi + y)j X.y
one parallel P=0+xi+yj X..Y,
to one of the : yb]
axes and one Xa, , yb2

anywhere
in the plane

18
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N" of ” Fmai Equatmn .
ﬁtt.acl‘S» .
one track F[l]

two tracks E[2] =

m tracks F[m] = le A Pm+l A Q"‘

Table 8: Final Equations for m Tracks

Note: If the second stage of synthesis has more than four un-
known more than four precision points are required. The sup-
plementary precision points firstly must satisfy the condition
(1) to find their corresponding rotating points and secondly
the condition (2) to find the mechanism parameters required
by the second stage.

3. 2. THE DETERMINATION OF THE UNKNOWN
PARAMETERS IN GRASSMAN CHAIN
MECHANISM - GENERAL CASE

With determination of the unknown parameters method
of Grassman Chain Mechanisms is an extension of the
synthesis method for Grassmann Mechanisms.
Grassmann Chain Mechanisms may be constructed by
two, three or any number of mechanisms joined in a
chain. Each mechanism has an independent number of
tracks and pivots (e. g. the first mechanism could have
one track and tree pivots, the second mechanism could
have two tracks and four pivots and the third mechanism
could have again one track and three pivots).

The construction scheme for Grassmann Chain Mecha-

nisms is shown in the Figure 1.

This part is called determination of unknown parameters.

because the method used involves precision lines in ad-

dition to precision points. Precision lines are lines which
the trajectory must touch or through which it must pass.

In the examples, they will be represented as variable

points with one of the coordinates fixed.

The determination of the unknown parameters of the

second mechanism has also two stages: the first stage of

this method calculates the location of the last pivot and
second stage calculates the location of the pivots and
tracks.

3.2.1. STAGE 1 FOR THE SECOND LINK
MECHANISM: LOCATION OF THE LAST
PIvoT

With reference to the Figure 1 the first stage is the
determination of the last pivot R (R ).
The Grassmannian expression for the first stage is:
O L (3)
where h=1.2 is the number of the precision point of the
first link mechanism and g =1. 2. 3. 4, ..., is the number
of the precision point of the second link mechanism.
Solve these equations for the coordinates of the pivot
R(R ).
This part of synthesis requires only two precision points
as shown in Table 9.

Gloria Bitterfeld: Sinthesis of Grassmann Chain Mechanisms in the Plane Using the Ausdehnungslehre and Mathematica

((QO /\P ) A L )/\P2 /\ Q."Iv=>P" /\P2 /\‘ th '
((((QO o Pl) A Ll]) o PZ) A LIZ)A P] o th = PIZ o P3 . th

Deﬁniti(vy.h'(‘»f the piviit Rmz Nu of unknowns of the:'
' . first stage
Rn+2= @ . xn+2i : yn+2j 2

n+2? yn+2

Table 9: Number of Unknowns of the First Stage

For the same reason as discussed in section 3.1.1. the
number of unknowns to be solved in the first stage of
the second link mechanism synthesis does not depend
on the number of tracks and the other pivots of the
mechanism.

To determine unknown parameters of the second mecha-
nism it is necessary to have two precision points and
four precision lines.

The method of the first stage:

The stage has only two unknowns. Assume the selected
order of the two precision points ( Q,, and Q,,) and se-
lect the corresponding precision points from the first
mechanism (Q,, and Q,,). Apply equation (3) and solve
for the co-ordinates of the pivot R (R ).

Suppose there are given four precision lines:
d LP2 =(O+ bj)/\xllpzi
3 =0+ C‘])/\Xllp:l and L =(©+djrx, i

p4

n+2

= (O aj)/\xl

where: Xuor Xipr Xips and x, , are the x co-ordinates
where the trajectory must pass or touch the precision

lines.

Assume that the trajectory will pass or touch the preci-
sion lines in at least one point. Write this point each pre-
cision line with x co-ordinate unknown

Ql‘pl it i XLpli % aj. Ql,pz e b x.,pz i bj,
Q,,=©+x, ji+cjand Q _ =0+x +dj

Apply the condition that the mobile link to the corre-
sponding points from the previous trajectory ( Q.. Q, .
Q,, and Q, ) passes through the last pivot R (R ). and
solve for their unknown co-ordinates.

QIJ/\RsAQl,m:O
Q /\R /\Q ,=0 (4)
Q /\R /\an

Ql(\/\R AQIp-l

Solve these equations for the x co-ordinates of the pre-
cision lines and find the precision points on the respec-
tive precision lines, Q,,. Q,.. Q,, and Q, .

19
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The selection order of the precision points or the preci-
sion lines of the second link mechanism with the re-
spective precision points of the first link mechanism
determines the trajectory shape and the Chain Mecha-
nism assembly. For each permutation of the precision
points or the precision lines the position of the pivot
RJ(RM) will be changed as is shown in the Table 10.

3.2.2. STAGE 2 FOR THE SECOND LINK
MECHANISM: LOCATION OF PIVOTS AND
TRACKS

The second stage is the determination of the tracks and

all other pivots. The number of tracks determines the

number of pivots.

The method of the second stage:

With reference to Figure 1 the second stage is the

determination of the pivots R, ... \R__ and the position

of the tracksL_, ... L, .

Assume that all moblle links from the precision points

of the first mechanism Q,, will pass through the pivot

R, and then insersect the track L, in a sliding point
i

The final equation comes from the requirement that the

points P, | R and ng be collinear that is

P2n A l{n+l A QZg i

wheretg =l 5251354 =5 is the number of the precision

point of the second link mechanismandn=1.2,3.4,...

is the number of the track of the second link mechanism.

Table 11. shows the final equation for the general case

of n tracks starting with one and two tracks.

Table 11: Final Equation for n Tracks

4. EXAMPLE USING FOUR PRECISION POINTS FOR
EACH MECHANISM OF THE CHAIN MECHANISM

Referring to the Table 5 to synthesis the first mechanism
it is necessary to have six precision points. As the result
of that for the second mechanism it is necessary to have
also two precision points and four precision lines. As
the problem gave only four precision points for the first
mechanisms and two precision points and two precision
lines for the second mechanism it will be assume any
two of the unknowns for each mechanism.

|
(S

4.1. THE FIRST LINK MECHANISM

The first mechanism has the following precision points:
Q,=0+7i-j,Q,=0+i,Q,,=0+2i-2jand
Q” =0 + 5i -3j.

Assume the position of the track L | = (© + 3j) A i.
Referring to the synthesis method presented in the
paragraph 3.1. the first mechanism has the following

solutions:
P = O + 1.25i —1.25j, P3 = 0O + 3.25i -2.25j,
Pl =0 +2.52301i —0.427847j and

P, =0 +4.96599i -0.517007j.
The first mechanism will plot the trajectory as is show
in the figure below.

Q. 2 3 4 5 6 J)

f Q
Figure 2: The Trajectory of the First Link Mechanism

4. 2. THE SECOND LINK MECHANISM
The second mechanism has the following precision
points: Q, =0O +9i—4j, Q,, = © + 7j and the following
precision lineS'

l-®+x - 6j andL —@+Xpl—5j
Assume the posmon of the track L, =(©+10j) Ai.

Stage 1: Select the precision points Q,, and Q. For
each of the precision points the mobile link must join
them and their corresponding precision points on the
previous trajectory (Q, and Q,,) and pass through the

Table 10: Number of Changes in the Position of R (R 2)

Related to the Permutation of the Precmon Pomts

N° of precnsmn Permutation of the precnsnon Changes of the posmon of R

points points out of two . .
6 T 30
Table 11: Final Equation for n Tracks

Number of Final Equation » . .
tracks
one track []—((Q AR /\Lm/\R ~Q, P /\R/\Q
two tracks E[2] = ((((Q"/\ Rl) ALJ)AR) A Lzz)/\ R AQ, =P, AR A Q2i
n - tracks Enl =P AR AQ
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last pivot R,. Apply the equation (3) and the problem
gives the solution for R..

QnARsAQu:O

leARJAQn:O

The problem has one solution for R;: R, =© — i—14j.
Select any point on each precision line and write this
point with x co-ordinate unknown. Then apply the
Grassmannian equation (4) and solve for their unknown
co-ordinates.

In this example the Grassmannian equations are:

Qn 2 R3 2 Ql,pl =9

QH 2 RJ 2 QLpZ ok

The problem gives the solutions for the points QLpl and
QLPZ. These points may now be consider precision points
and named: Q,, =0 +i— 6j,and Q,,=O + 3.90909i - 5j.

Stage 2: Calculates the co-ordinates of the pivots R,
and R, by applying the equation F[1] from the Table 11.
((QII A Rl) X LZl) £ RZ 2 QZI = PZI ” R.’./\ QZ!
((QIZA Rl) x LZI)A RZ A QZZ = PZZ 4 RZA QZZ
((Ql3/\ Rli X LZI)A R2 a Q23 = PZJ A RZA QZ}
((QHA Rn A LZI)A Rz & Q24= Pz-l 4 Rz/\ QzJ

The solution for the pivots R  and R, is:
R, = © —4.47433i - 3.83747j and
R, =0 +10.7921i - 4.55935j.

The second mechanism will plot the trajectory as is
shown in the figure below.

Qu

Figure 3: Trajectory of the Second Link Mechanism

5. CONCLUSIONS

The paper has shown a method of synthesis of a class of
mechanisms constructed by moving links, rotating on
fixed points and intersecting fixed lines using a
Grassmannian mathematical formulation and the
symbolic computational programme Mathenatica.
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ABSTRACT

The paper deals with the problem of determining
which central points X of the triangle ABC have
the property that segments AX, BX, and CX are
the sides of a triangle. We shall prove that only
thirteen out of hundred and one central points
from Kimberling’s list have this property. Moreover,
the convex hull of ten among these points always
consists only of the points having the above
mentioned properties.

Trokuti iz sredisnjih tocaka

SAZETAK

U clanku se promatra problem pronalazenja
centralnih tocaka X trokuta ABC sa svojstvom da
su duzine AX, BX i CX stranice nekog trokuta.
Pokazuje se da samo trinaest od sto i jedne
centralne tocke Kimberling-ove liste imaju to
svojstvo. Nadalje, konveksna ljuska deset od tih
tocaka se uvijek sastoji samo od tocaka s istim
svojstvom.

1. INTRODUCTION
ne of the basic problems in triangle geometry
O is to decide when three given segments are sides
of a triangle. The opening chapter of the book
Recent Advances in Geometric Inequalities by Mitri-
novic, Pecaric¢, and Volenec [5] gives an extensive survey
of results on this question.
The present article is looking for ways of associating to

atriangle ABC a point P of the plane such that segments
AP, BP, and CP are always sides of a triangle.

C

A B
Bioi]:
When segments AP, BP, and CP are sides of a triangle?

The circumcenter O and the centroid G are easy examples
of such points P. Indeed, segments AO, BO, and CO
having equal length are sides of an equilateral triangle
while the segments AG. BG, and CG being two thirds of

medians are sides of a triangle (see [5. p. 20]).

Since O and G are just two of centers or central points
of a triangle ABC listed in Table 1 of [3], we can state a
problem that we completely answer in this paper.

Problem.

For what natural numbers i less than 102 will the central
point X; of the triangle ABC from the Kimberling’s list
have the property that AX;, BX,, and CX; are sides of a
triangle?

Our main result is the following theorem.

Theorem.

From 101 central points X; of the triangle ABC from
Kimberling's Table 1, only values 2, 3, 8, 9, 10, 20, 21,
22,40, 63, 71, 72, and 75 of the index i have the property
that AX;, BX;, and CX; are sides of a triangle regardless
of the shape of ABC. For the central point X o; the only
exception are isosceles triangles.

Let 7 denote a function that maps each triple (a, b ,c) of
real numbers to a number

2a2b? + 2a%c? + 2b2c?— a*— b4 — c*.

Since

T(a.b.c)=(a+b+c)(b+c —a)(a-b+c)(a+b-c),
it is clear that positive real numbers a, b, and c are sides
of a triangle if and only if 7 (@, b, ¢ ) > 0. Let T; be a
short notation for T ( AX;, BX;, CX;), where X; is the i-th
central point of ABC and i = 1.....101.

2. PLACEMENT OF ABC

We shall position the triangle ABC in the following
fashion with respect to the rectangular coordinate system
in order to simplify our calculations. The vertex A is the
origin with coordinates (0.,0), the vertex B is on the
x-axis and has coordinates ( r /1, 0), and the vertex C has
coordinates (g ru/ k,2 f g r/ k), where

h=f+g, k=fg-1, u=f2-1, v=g2-1,
o=2+1, wy=g2+1, ®=F+1and¥ =g4+ 1.
The three parameters r, f, and g are the inradius and the
cotangents of half of angles at vertices A and B. Without
loss of generality, we can assume that both fand g are
larger than 1 (i. e.. that angles A and B are acute).

Nice features of this placement are that all central points
from Table 1 in [3] have rational functions in f. g, and r
as coordinates and that we can easily switch from f. g,
and r to side lengths a, b, and ¢ and back with
substitutions

_rf(gi+l)

= b
k

Nc—nn

L (O A pe (a+c)’ -b* e Nili(adbsc)
\/T(a,b,c) e \/T(a,b,c) 7 2(a+b+c)

28

a2 Gfiitd)
k

4
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Moreover, since we use the Cartesian coordinate system,
computation of distances of points and all other formulas
and techniques of analytic geometry are available and
well-known to widest audience. A price to pay for these
conveniences is that symmetry has been lost and some
expressions are complicated and awkward to print.

y

C (grulk, 2fgrik)

Sy X

B (0, rh)

‘TA/ (0.0)

Fig. 2: Parameters are the intriadius and the cotangens
of half of angles at vertices A and B.

The third advantage of the above position of the base
triangle is that we can easily find coordinates of a point
with given trilinears. More precisely. if a point P with
coordinates x and y has projections P,. Pj. and P, onto
the sidelines BC, CA, and AB and A = PP,/PP) and
I="PRp/RE then

¥ gh(ou+u)r s 2fghr
C fvAu+gou+hk’ T fyiu+gou+hk
This formulas will greatly simplify our exposition
because there will be no need to give explicitly coor-
dinates of points but only its first trilinear coordinate.
For example, we write Xg[a] to indicate that the
symmedian point X¢ has trilinears equal a:b:c. Then we
use the above formulas with A = a/b and L = b/c to get
the coordinates

(fuv+2g®)ghr fglzzkr
2(f2‘{’+fguv+g2dD)’fz‘P+fguv+g2d)

of X in our coordinate system.

3. CURVE DETERMINED BY THE FUNCTION T
Let P be a point in the plane of the triangle ABC with
coordinates p and g. We can easily find that
tapc=T(AP, BP, CP)is
3k (p? + q2)? = 4k3 r(p? + ¢?) (kip + kagq) -

=2k (ksp2—kap g —ksq?) +

+ f2r3 ke k7 (4kvp — 8gkq — r ke k7).
where
]\’] =fv+2g u, k2=2fg.
ki=f2Y-2820-2fguv —2f2g2, ky=8f2gv,
ks=f2VY +2f g3v+2g2d - 102g2-2f g u.
ke=fv—-2¢g and k;=gh+k
It follows that z45c = 0 is the equation of an algebraic
curve of order four which represents the boundary of
two regions in the plane of ABC. The first region includes
the vertices A, B, and C and has the property that a point
P belongs to it if and only if segments AP, BP, and CP
are not sides of a triangle. The second region which we
denote by Tpc is the complement of the first and has
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the property that a point P belongs to it if and only if
segments AP, BP, and CP are sides of a triangle. Hence,
the second region gives the solution to the first question
in the introduction. The boundary of T4p¢ (i. €., the curve
Tapc =0) is drawn in Figure 3.

Fig. 3: Graph of the curve t45¢ = 0 that is the boundary
of the region consisting of all points P such that
segments AP, BP and CP are sides of a triangle.

Our problem is thus equivalent with the problem of
determining which central points from the Kimberling’s
Table 1 are in the region T 4p¢ for every triangle ABC.

4. ELIMINATION OF 87 CENTRAL POINTS

An easy task is to eliminate 87 central points X; by
exhibiting a triangle for which 7; <0. In fact, only three
triangles with » = 1 and (f, g) equal to

101 102
fz (2720)9 f3 (100,100)
will suffice. Indeed, 7; < 0 for the triangle f;and i € I,
whereji="1142-8
Iy e KON g
I =lI'8T 26 35HASES (RGOS 6 N7 7784 87 !
I3 = {29, 48, 49, 64, 66, 67, 70, 74, 84, 92, 93, 98},
TA=H2 388 ORI 0¥ (1NN N0 2 RSl E7 27 S 8 (l1§ ¥ and
1| =1()—[2—I3—14.
The above statement is simple to state but the reader
should be aware that there is a lot of work behind it
because we must know coordinates of each central point
from Kimberling’s list. Under the assumption that one
believes that the above claim is true, we can proceed to
show that for indices in the set I, the triangle test 7; is
positive regardless of the shape of ABC .
We performed the above elimination on an IBM PC with
Pentium processor with 90 Mhz and 32 MB memory
extension using the Maple V (release 4) program for all
calculations and figures. For the recent discussion on
the role of computers in triangle geometry the reader
should see [1], [2]. and [6].

L= (2’5)’

5. X, - CENTROID
X>[1/a] is the intersection of medians which join vertices
with midpoints of opposite sides. Hence,

T) :E r-‘g?_flhz

£ K2
is always positive.
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6. X, - CIRCUMCENTER
X3[cosA] is the intersection of perpendicular bisectors
of sides. It follows that

3 At

g k*
is always positive.

7. Xy - NAGEL POINT
Xg[(b + ¢ — a)la] is the intersection of lines AA,,. BB,y.
and CC,., where A,,. B., and C,. are projections of
excenters A,, B,. and C, onto sidelines BC, CA . and AB,
respectively. One can easily find

16 -k =+ D= 3%")
= kz
Since /iZ 2 4(k + 1) and k2 — k + 1 > 0, we get that the
third factor of Ty is larger than &3 + 4. Hence. Tg > 0.

Ty

8. X9 - MITTENPUNKT

X9[b + ¢ — a] is the point of concurrence of the
symmedians of the excentral triangle A.B,C,. Recall that
symmedians are obtained by reflecting the medians about
the corresponding interior angle bisectors.

In the standard way we discover that

1‘4S9

Ty = . where
G T e N
Sy = ZP,- K (1) e rp Z‘/i./ k*™/, and
0 0

0 0 16 Upadi]
0 -8 -32 =32 0

3 24 -8 -96 -16
[a;]=|12 20 32 8 -—64]
18 4 26 168 -8
12 12 -12 100 16
i ey S SqOw <us i

It is not clear how one can argue that the polynomial Sy
is always positive. But, the following miraculous method
will accomplish this goal.

Write Sy in terms of f and g. We get a polynomial Uy
with 97 terms. Since both f and g are larger than 1, we
shall replace them with 1 + f and 1 + g. where new
variables are positive. This substitution will give us a
new polynomial Vy with 279 terms only 9 of which have
negative coefficients. If all coefficients were positive,
we would be done. In order to get rid of these 9
troublesome terms. we must perform two more
substitutions that reflect cases f> g and g > f. Hence. if
we replace fwith g + u’ for u’ 20, from Vy we shall get
a polynomial Py in g and «’ with 353 terms and all
coefficients positive. Similarly, if we substitute g with
f+v forv’ =0, from Vy we shall get a polynomial Qg in
fand v’ also with 353 terms and all coefficients positive.
This concludes our proof that 7y > 0.

9.X,, - SPIEKER CENTER
Xiol(b + c)/a] is the incenter of the medial triangle
A,B,,C,, whose vertices are midpoints of sides. It
follows that

s

10
e where
16k

ST0= (k+ 3))) (3k+ 1) (k— ])2 h3—

—2k2(4k3—Tk2—38k—31) h2— k4 (4k + 7) (4k + 3).
In order to prove that 79> 0 we apply the method of
proof for Xy. Polynomials U,y. V)¢, and P, are of
medium size having 29, 71, and 77 terms.

0=

10. X,, - SCHIFFLER POINT

X01[(b + ¢ — a)/(b + ¢)] is the point of concurrence of

Euler lines of triangles BCX,. CAX,, and ABX,, where

X is the incenter of ABC . Recall that the line joining

the centroid and the circumcenter of a scalene triangle

ABC is called the Euler line of ABC.

It follows that

o1 160tk +1)2 (F2h% = k22 (g2hA=kE)a (W2 tk? S dk)
flor k3 (3h* + 3k + 8k)*

so 7> is clearly always positive.

10l X63 - ISOGONAL CONJUGATE OF THE CRUCIAL
POINT

Xe3[b? + ¢2 — a?] is the point of intersection of the line

joining X; (incenter) with X5, (Schiffler point) and the

line joining X3 (Nagel point) with X, (De Longchamps

point - reflection of the orthocenter at the circumcenter).

In the usual way we find that

32 40
e T
where Sg3 is a polynomial of degree 10 in & with
coefficients polynomials in k of degree at most 11. The

polynomial Ugz has 72 terms while Vg3 has 162 terms
and all coefficients positive. Hence, T3 > 0.

T63

12. CENTRAL POINT X,

X7ila(b + c) (b2 + ¢2 - a?)] is the point of intersection of
the line joining X4 (orthocenter) with Xy (Mittenpunkt)
and the line joining X4 (Grebe-Lemoine or symmedian
point) with X3, (2nd Power point). As above, we find
that

4
-~ Y
16k* (h* + k* + 412K + Th?k + 3k +2k%)*
where S7; 1s a polynomial of degree 20 in /1 with
coefficients polynomials in k of degree at most 22. The
polynomial U7, has 265 terms while V-, has 615 terms
and only 8 negative coefficients. The polynomials P,

and Q7 both have 821 terms and all coefficients positive.
Hence, 77, > 0.

T7l

13. CENTRAL POINT X,

X7[(b +¢) (b2 + ¢2 —a?)] is the point of intersection of
the line joining X; (incenter) with X¢ (Grebe-Lemoine
point) and the line joining X, (orthocenter) with Xy

25
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(Nagel point). By standard procedure we find that
r So
% G e
S72 = (k2 + 28k + 4) h6 + k (k3 — 4k2 — 65k — 80) h4+
+ 2k (2k*— 6k3 — 55k2 — 104k — 64) h? +
+ k* (5k + 8) (4k2+ 11k + 8).

The polynomial U7, has 38 terms while V7, has 78 terms
and all coefficients positive. Hence, 77, > 0.

where

T72

14. X75 - ISOGONAL CONJUGATE OF THE 2ND POWER
POINT
X75[1/a?] is the point of intersection of the line joining
X7 (Gergonne point) with Xg (Nagel point) and the line
joining X (Spieker center) with X7¢ (3rd Brocard point
- isogonal conjugate of the 3rd Power point). By usual
method we find that
r"fzgzh2 Ss5

s o (h2k2 +3h%k+ k> +h2 +k2)*

where S75 is a polynomial of degree 10 in /i with
coefficients polynomials in k of degree at most 13. The
polynomial Uss has 109 terms while V75 has 268 terms
and only 15 negative coefficients. The polynomials P75

and 075 both have 319 terms and all coefficients positive.
Hence, 775> 0.

15. CENTRAL POINT X,

Xjo1la /(b - c)] is the point on the circumcircle in which
intersect the line joining X7, with X74 (isogonal conjugate
of the intersection of Euler line with line at infinity) and
the line joining X,o (Spieker center) with Xyg (Tarry
point). In the usual way we find that

)'4m| Ny 1y (f—g)2 (fk —h)? (gk —/1)2

Tror = 16k* (h* +k* —h2k% — 4 h%k +2k> - 3h% + k2)?
where

M= 3] Batd L2l e

n, =3f2g2 +fg3+f2+2g2 4 figy

my =(1+3k)h* +(1+ k) k2.

From this it is obvious that 77¢; > 0 in all cases except
when ABC is isosceles.

16. X_/‘0 - CIRCUMCENTER OF THE EXTRIANGLE
Xa0l(D + ¢) (b —c)? +a (b + ¢) — a?) —a?] is the point of
concurrence of the perpendiculars from the excenters to
the respective sides. Then

e

40
Sl where
16k

Sa0 = 38 + (4k2 — 24k -8) ho —

— (14k* + 24k3-56k2 — 32k + 16) h*+

+4k2 (k +2) (k3 +12k2 42k — 4) h2 +

+ k* (k2 — 4k—4) (3k2 + 4k + 4).
The polynomial Uy has 41 terms while Vo has 71 terms
and only 8 negative coefficients. Consider Vyy as a
polynomial of degree 8 in g. It is amazing that
coefficients of g5, g, and g3 are polynomials in f with

40 =
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all coefficients positive. Even greater miracle is that
quadratic trinomials associated to the first three terms
(corresponding to powers 8, 7, and 6 with g6 factored
out) and the last three terms (quadratic part of V) both
have positive leading coefficients and negative discri-
minants. We conclude that 749> 0.

17. X,, - DE LONGCHAMPS POINT

When we apply the above method of proof to De
Longchamps point X» or to Exeter point X», it does not
work so that we must do something else. The idea is to
position the triangle ABC so that the circumcenter O is
the origin, the vertex C is [r, 0] where r denotes the
circumradius, and positions of the vertices A and B are
determined by parameters f and g which are tangents of
half of angles that OA and OB make with the x-axis
OC. Without loss of generality we can assume that /> 0
and g > 0. With this placement the triangle test 75 is an
expression that will clearly always be positive.

The coordinates of A and B are

e £ i 2 .
r(l f7)’21f7 g r(l g))’21g7 :
li-Eofis 1+ f° Ji- g Il

It follows that X, has coordinates
HE 48 ~0) . 2rhilkiD)
(fh=k)(gh—k) (fh=k)(gh—k) |
while
_64rt (P +3)(k+3)" + f2g%)
(fh-k)*(gh—k)*
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18. X,, - EXETER POINT
Xo2o[b* + ¢* — a*] is the point of concurrence of lines
AA;, B,B;, and C,C,, where A, is the intersection different
from A of the median line AA,, with the circumcircle
and A, is the intersection of tangents to the circumcircle
at B and C and with B,, C,, B, and C; defined analo-
gously.

In order to prove that 75, > 0 we use the same placement
of the base triangle ABC as in the proof for X».

Since the equation of the circumcircle is x2 + y2 = 12,
one can find coordinates of A,, B,, and C, by solving
quadratic equations. The coordinates of A,, B, and C,
are

-rk rh
(r,rg),  (ryrf), (k+2’k+2

It follows that X5, has coordinates

r(k*+4k—h*) =2rh(k+2) :
T DR . while
Wik tc gl enb o a8

)

i 64r*S,,
b Lk e B
Sn=(k+3)2m+2(k+1) (K3 +k2-16k-34) h* +
+ (k* - 4i3+112k + 224) (k +1)2 h2 +
+ 16 (k3 - 12k - 20) (k + 1)3.
If we consider Sy, as a polynomial in fand g we get a

, where
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polynomial W, with 27 terms. When we replace f with
g + u in Wy, we obtain a polynomial of order 8 in u
whose coefficients are polynomials in g with all
coefficients positive. Hence, W»; is positive when f 2 g.
In a similar way we see that it is also positive when

g >f Hence, T5> 0.

19. NEW TRIANGULAR TRIPLES

We can now compute distances AX;, BX;. and CX; for
last twelve central points from our theorem to get the
following corollary.

Most interesting points, lines. circles, curves....
associated with the triangle ABC are expressions that
involve symmetric functions of lengths a, b. and ¢ of
sides BC.CA, AB that we denote as follows.

s=a+b+ec. t= bc+ ca+ ab, m=ab c,
suy=—a+b+c, sy=a-b+c, s=a+b-c,
=D, mi=Cay me=ab,
d,=b"—c, d,=c—a. d=a=-D|
=Dt c: Zp =€ +a, Ze=a+th

For each k> 2, sy Sip. and sg. are derived from s, , sp
and s, with the substitution a = ak, b=bk, c =ck Ina
similar fashion we can define analogous expressions
using letters m, d. t and z.

For an expression f. let [f] denote a triple (f, ¢(f). w(f)).
where ¢(f) and y(f) are cyclic permutations of f. For
example. if f=sinA and g =b + ¢ . then

[f] = (sinA. sinB. sinC) and [g] = (b + c.c +a.a + D).
Let us call a triple [a] of real numbers triangular provided
a. b, and c are sides of a triangle.

COROLLARY
If the triple [a] is triangular, then the triples

\[a(azu +2d? —az)}. [ﬁZaz 2o —ds —cf'},

2a ( g —My )+a(2 g =My )= a :I

E e T 2
a —3a d2a+2d2u 3241:1’

[ F 2 Oy
\/a m,z, +a (2 24~ IIIU)—Cl a0 :|

& o T 6 8
\/dzu 2,-2a"dy, 25, +2a 25, —a ]

\/nl,, (a* -24%d2 +d2, ):|~

e Ty s
L\/nz“ (@ dytanzs—ad—d;: dz")]'

~q

S0 o 8ivs 7=
[m“(a Eae (25 i) = av = a

it b |}

4.2
=

M

(:211 g 3’”::)+

|
33 2,2 3 D98 5!
a dudlu +a dlumu 0 dudlu _dudlu)- ’

9 9 o
[(Bad;m % +azd;(3mu % AR, 2

ata a<a
I

4 212

+a (m“+zz‘,)—a6—d4* 2

a~a ’

[a\/zg (2, =, ) =an } and (with ABC not

isosceles) [m“|d“|] are also triangular.

20. NAGEL POINT - SECOND PROOF

In this and the following sections we shall give alter-
native proofs for all fourteen central points using more
traditional methods of proof. Of course, again we shall
suppress most details because they are awkward to print.
We first find that AXg2=a (a s , + 2d,?) / s. It follows
that

PSS T I
= (a., C)(f ) is positive since s3 = 27m.

Ty
%

21. MITTENPUNKT - SECOND PROOF

Since AXo? = (a2 (524 + 224) — d*) | (52— 21)2, we obtain
Ty =Sy / g*. where Sy is a polynomial

(4R%2 —r2) (12R%2+ 16r R + 12) O —

-2¢3r (4R2—8rR +r?) 02— %2, and g = r + 4R.
Here. ois the semi-perimeter, r is the inradius, and R is
the circumradius. In order to derive this representation
for Sy we first write numerator and denominator of
T ([AXy]) in terms of elementary symmetric polynomials
s, t. and m and then use the fact [5, p.7] that lengths of
sides a. b. and c are roots of the polynomial
x3-20x2+ (02 + g r)x—4Ro.

The conclusion that Sy > 0 is argued as follows. Let

I, =2R* +10R-r> £2(R-2r)VR® - 2Rr.

It is well-known (see [5, p. 2]) that [_ < 02 </,. Hence, it
suffices to show that the polynomial Sy is positive on
the segment [/, [,]. In other words, it suffices to show
that for every number p in the interior of the segment
(L, 1,], replacing o* and 02 with p2 and p in Sy we obtain
positive value.

Any point p from this segment different from /_ and 7,
can be represented as (I_+ k1) / (k+ 1) for some positive
real number k. When we compute Sy at p or at [_ and /,
and substitute R = 2r + € where € >0 (recall that

R > 2r), we obtain A(M — N), where expressions A, M,
and N are all positive. But, on can check that M2 — N2 is
positive so that our claim follows.

22. SPIEKER CENTER AND DE LONGCHAMPS POINT
— SECOND PROOF

Since AX 02 = (a Sy, + § (224 — M)/ (4s), we have

Tio= Sio/ 16. where S;( denotes the polynomial

30% - 2r (4qg —35r) 62— r¥(4q — r)(4q + 3r).

We continue as in the above proof to show that S;o >0

for every triangle.

The identical approach applies to the central points X»

(De Longchamps point). X>, (Exeter point), X49. X3, X71.

X73. and X75.

23. SCHIFFLER POINT — SECOND PROOF

This time

AXp 2=

M 22 (a2 (S —my) + amy 2, + Sp Se 224) 1 (s (s3—4s t+ 5m)3?),

29
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so that the sign of 75; depends only on the sign of
8r o (r +R) which is clearly positive.

24. CENTRAL POINT X, — SECOND PROOF

Since AX 012 = m2 d 2 (s44+m s—a3 7,-b3 7,—c3 z,),

we immediately get

df (@t )d,f (as, +my) df (as.+m,)
(5"~ 55%t+ 412 +6m s)2

is always positive unless ABC is isosceles.

Tim=

25. CONVEX HULL OF THE POLYNOMIAL GROUP
The results in the previous sections might be quite
inadequate to some readers because it is clear from the
Section 3 that the region 7 4¢ in the plane of the triangle
ABC consisting of all points P such that segments AP,
BP, and C P are sides of a triangle is rather large while
we have only found thirteen points that always belong
to this region. In this section we shall improve our results
by showing that the same technique applies to prove that
the convex hull of the central points X, X3, Xg. Xo. X,
X51. Xe63. X71. X72. and X75 always belongs to the region
Typc. Notice that these are precisely the points for which
our argument involving polynomials with all coefficients
positive worked.

Theorem

For any triangle ABC the convex hull of central points
Xo, X;, X Xo, X20, X5y, Xe63, X71, X7, and X75 consists
only of points P with the property that the segments AP,
BP, and CP are sides of a triangle.

Proof.

We shall only give outlines for the proof that the segment
GO joining the centroid G with the circumcenter O and
the triangle GON with vertices G, O, and the Nagel point
N both lie in the region Tsp¢. In a similar fashion one
can show that any segment and any triangle on any two
and on any three of the ten central points listed in the
statement of the theorem have the same property. Of
course, it 1s impossible to give all details of our proofs
because in some cases we get polynomials with hundreds
of terms so that without computers this approach is a
hard task. Since most readers might make a standard
mistake in thinking that everything about triangles
belongs to elementary mathematics (whatever this might
mean), it would be interesting to the author to see their
“elementary” proofs of our results.

A point P in the interior of the segment GO has
coordinates [p, ¢], where

p=rBhkx+2fv+4gu)/ (6k(x+1)),
q=r(8fg+3(h2—k2)x)/(12k(x + 1)) and x is a positive
real number.

When we substitute these values into the polynomial 745¢
we obtain i Sgo / (6912 (x + 1)*%), where

Sco= 2?:0 k; x' and each coefficient k; is a polynomial

infand g. The replacement of f with I + fand g with 1 +
g in k; for i=0.....4 leads to polynomials with all
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coefficients positive which completes our proof for this
very simple case. For most other segments with ends
among ten points from the statement we must also
perform substitutions f=g +u’and g=f +v’ (with u’,
v’ > 0) in order to get polynomials with all coefficients
positive.
Let us now consider the triangle GON. An arbitrary point
P in its interior has coordinates [p, ¢], where
p=r6(fy-2¢)xy+2(fv+2gu)x +3hky+2fv+

+4gu)/ (6k (x+ 1)y + 1)),
q=r4xy+8fgx+3(h2-k2)y+8fg)/

[ (12k (x + 1)(y + 1)),
and x and y are positive real numbers. When we substitute
these values into the polynomial t45c we obtain
* Scon / (6912 (x + 1)* (y + 1)*), where Sgon is a
polynomial of order 8 in x and y and whose coefficients
ki (i=0.....24) are polynomials in fand g. The replacement
of fwith 1 + fand g with 1 + g in k; for i=0....,24 leads to
polynomials with almost all coefficients positive.
However, after we perform substitutions f= g + u’ and
g=f+v’ (withu’. v’ =0) we obtain polynomials with
all coefficients positive which completes our proof. For
other triangles the same strategy always applies but with
far more complicated polynomials (with several
hundreds of terms and very large coefficients).
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Hyperbolische Perspektive |

DieserArtikel ist dem Herrn Prof. Akademiker Dr. sc. S. Bilinski
gewidmet, weil er in unseren Kreisen die Forschungen iiber
das Projizieren im hyperbo-lischen H* - Raum inizierte und

weil er unsen Professor war.

Hyperbolic Perspective |

ABSTRACT

In the hyperbolic space the central projection is
considered, adjusted to the perspective, by
defining the image plane and centre of projection,
and the reference plane perpendicular to the image
plane. This is the analogy of the so called piercing
point method in the Euclidean space supplemented
by indefinitely distant elements. The analogue of
the method of Monge in H3-space realised on
M-model enables necessary constructive pro-
cedures. The position and metric relations asso-
ciated with the reference plane are also worked
out thoroughly. Thus, the whole procedure is
prepared to be applied.

Basic differences from the perspective of Euclidean
space are: h-horizon is hyperbola, there is avoid-
able hyperbola instead of avoidable line, and the
pencils of parallel lines in the plane (1 can be
projected into the elliptic, parabolic and hyperbolic
pencils (Theorem 3).

Keywords:

hyperbolic space, H-model, central projection,
perspective, piercing point method

Hiperbolicka perspektiva |

SAZETAK

U hiperbolickom prostoru razmatra se centralno
projiciranje, prilagodeno za perspektivu, tako da
se definira ravnina slike i centar projiciranja, te
osnovna ravnina okomita na ravninu slike. Ovo je
analogija tzv. metode probodista u euklidskom
prostoru nadopunjenom neizmjerno dalekim
elementima. Analogon Mongeove metode u
H3-prostoru ostvaren na M-modelu omogucuje
potrebne konstruktivne postupke. Razradeni su
polozajni i metricki odnosi vezani uz osnovnu
ravninu. Time je cCitav postupak pripremljen za
primjenu.

Osnovne razlike od perspektive euklidskog pro-
stora su: h - horizont je hiperbola, postoji izbjeZzna
hiperbola umjesto izbjeznog pravca, a pramenovi
paralelnih pravaca ravnine P. mogu se preslikati
u elipticke, parabolicke ili hiperbolicke pramenove
(Teorem 3).

Kljucne rijeci:

hiperbolicki prostor, M-model, centralna projekcija,
perspektiva, metoda probodista

einer Perspektive im M-Modell des hyperbolischen

H*- Raumes erforscht. Das Grundziel der Arbeit ist
die Perspektivbilder von der Reel-objekten zu kon-
struiren, die auch selbst reelle Bilder sind. Die Methode,
wodurch das erreicht wird. ist die Durchschnittmethode.
Damit die Zentralprojektion zur Perspektive wird, soll
man die Elemente fir die Konstruktion des perspek-
tivischen Bildes auf einer Bildebene so organiesieren,
daB die Eindeutigkeit erreicht wird. Eine Perspektive
ensteht dabei wie im euklidischen Raum durch
Projektion eines Objekts aus einem Punkt auf eine
Bildebene. Dabei werden die Ergebnisse iiber die
Zentralprojektion aus [8] und [9]. tiber die darstellende
Geometrie im hyperbolischen H® - Raum aus [1]. [3] .
[4] und iiber das M-Modell aus [2] bentitzt.
Es sei im H° -Raum ein Paar zueinander senkrechten —
Ebenen [T, und I, und ein eigentlicher Punkt O als
Projektionszentrum (O ¢ [IT;. O ¢ 1) angegeben. IT,
und I'l, werden als Grundrif3 bzw. Aufrilebene fiir die
Mongeer Methode gemif [1] . [3] . [4] verwendet.
Weiters bezeichen wir I'T; auch als Grundebene und I'l,
ist die Bildebene fiir die Zentralprojektion. Damit wird
die Zentralprojektion eines Raumteiles auf die Bildebene
bzw. AufriBebene Il eindeutig definiert, die analog zur
Durchschnittmethode im euklidischen Raum ist [7].
Die Projektionsstrahlen, die die Bildebene in den
eigentlichen Punkten durchstof3en. bilden das Innere des
Parallelkegels @, dessen Spitze das Projektionszentrum
0. der sogennanten Augpunkt, der Perspektive ist. Der
Abstand d des Zentrums O von der Bildebene I']; ist die
Paralleldistanz (Abb.1.: im Profil die Ebene I'). Das
bedeutet, daB nur von solchen Objekten die sich
innerhalb des Parallelkegels @ befinden , ein reelles Bild
existiert. Wegen der Eindeutigkeit soll die Seite des
Parallelkegels @, die gegensitzlich der Ebene Il in

I n dieser Arbeit wird das Problem der Konstruktion

1,

Abb. 1
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bezug O ist, vernachldfigt werden. Analog zum euklid-
ischen bezeichnet man den Parallelkegel @ als Versch-
windungskegel, weil seine ganze Oberfliche auf die
Grenzpunkte der Bildebene I'l; projiziert wird.

Analog gibt es einen Parallelkegel Y aller Parallelen zu
P mit der Spitze O und der Distanz a zu P,. Die
Erzeugende von Y projizieren die Grenzpunkte der
Grundebene P|. Auch hier soll die Seite des Parallel-
kegels Y, die gegensiitzlich der Ebene P in bezug O ist,
vernachldafigt werden. Fiir die weitere Unteruchungen
ist es wichtig die Schnittkurve des Parallelkegels Y mit
der P,-Ebene zu bestimmen.

Definition

Die Schnittkurve des Parallelkegels W und der Bildebene
I, nennt man die h - Horizont.

Das ist die Menge der Punkte der P -Ebene, die die
perspektivischen Bilder von den Gr_enzpunkten der
Ebene P sind. Diese Schnittkurve ist offensichtlich ein
Hyperbelast /1, wobei der andere Ast dieser Hyperbel
reell sein kann oder nicht. Sie hat jedoch keinerlei
Bedeutung, da die andere Seite des Parallelkegels Y
vernachlaBigt wird.

Die wichtige Rolle hat uch die Schnittkurve des
Verschwindungskegels @ mit der I1;-Ebene. Man kann
beweisen, daf diese Kurve auch eine Hyperbel ist.

Definition

Die Schnittkurve des Verschwindungskegels @ und der
Grundebene IT; nennt man die Verschwindungshyperbel
und bezeichnet man mit i.

Die Verschwindungshyperbel 7 ist die Menge von den
Punkten der P -Ebene, deren perspektivischen Bilder die
Grenzpunkte der Bildebene P, sind.

Die Grundfldache von Objekt_en mit reellen perspekt-
iwischen Bilder miissen im Innern der Verschwind-
ungshyperbel 7 liegen.

Der reelle Schnitt der Parallelkegel @ und ¥ mit der
gemeinsamen Spitze O besteht aus zwei Erzeugenden
durch O, die parallel zur x-Achse sind (Abb. 1).

Zusammenfassend gilt:

Jedes Objekt bzw. jeder Punkt A, der im Innern des
Parallelkegels @ liegt, wird durch den Strahl AO
projiziert, wobei das perspektivische Bild A, der zweite
Durchstopunkt des Projektionsstrahles AO mit der
Bildebene I']; ist. Das perspektivische Bild eines Punktes
kann man auch erhalten, indem man zuerst seinen
Grundrif} abbildet und dann auf dem Bild einer zu [T,
normalen Geraden die entsprechende Hohe auftriagt. Um
eine Projektion komplizierteren Gebilden zu kon-
struieren, wird das Auftragen der Hohen benétigt. Die
Hohen befinden sich an den Geraden eines hyper-
bolischen Geradenbiindels, die die Grundebene I1; als
Basis haben, und deren erste Durchstopunkte, aber
innerhalb der Verschwindungshyperbel i sein sollen.

30

Im M-Modell [2] wird das hyperbolische H>-Raum in
der Mobius-Ebene auf folgende Weise interpretiert:
Die Kreise und die Geraden der Mobius-Ebene sind die
Randbilder der Ebenen des H'- Raumes.

Die Paare verschiedener Punkte der Mobius-Ebene sind
die Bilder der Grenzpunkte der Geraden des H>-Raumes.
Ein geordnetes Punktetripel der Mobius-Ebene bestimmt
das Bild eines Punktes auf der Tragergeraden des

H® -Raumes, wobei die erste zwei Punkte die Bilder der
Grenzpunkte dieser Tridgergeraden sind.

Die Inzidenz ist im gewohnlichen Sinne: eine Gerade
gehort der Ebene an, wenn ihre Grenzpunkte mit dem
Randbild der Ebene inzident sind.

Wir betrachten das Analogon der Mongeer Methode des
orthogonalen Projizierens auf ein Paar zueinander
senkrechten Ebenen I, und I'l, im M-Modell [1] , [3].
[4]. Eine so realisierte konstruktive Bearbeitung des
H*-Raumes 148t die Konstruktionen mit dem euklid-
ischen Lineal und dem Zirkel zu.

Die Bildebene I, die Grundebene [T, die senkrecht
zur I L-Ebene ist, und der Augpunkt O, wurden auf dem
Bild la. im M-Modell dargestellt. Die Schnittgerade der
Grundebene I7; und der Bildebene Il ist die Spurgerade
o=x von der Ebene I1;. Die von den Normalen auf [T,
und I, durch O aufgespannte Ebene I schneidet die
Ebene I7; lings der Geraden g; und die Ebene I'; ldngs
der Geraden g. . g; ist senkrecht zur Spurgeraden o=x
durch den GrundriB O° des Augpunktes O. g. ist
senkrecht auch zur Spurgeraden o=x durch den Aufrif3
O’ ‘=0y . den sogennanten Hauptpunkt.

Nach der Rotation der Grundebene 7} um die Spur-
gerade o=x in die Bildebene I'l, nach dem dargestellten
Verfahren in [3], liegen die Punkte O’ und Oy auf
derselben Geraden g. = g; der Bildebene. Wahre Linge
der Distanzen d und a sind auf dem umgeklappten
Lamberter Viereck O Oy OO0 in die Bildebene I'l, zu
sehen, dabei gilt:
d5=1050a%5 =050, (Abbila):
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Die Verschwindungshyperbel i wird so konstruiert, da3
man die ersten Durchstopunkte der Kegelserzeugende
& nach der Konstruktionen in [3] bestimmt. Da es sich
um einen Verschwindungskegel handelt, deckt sich der
AufriB seiner Basis mit k> (Abb.2). Die Achse dieses
Kegels ist zu I iberparallel und seine vier Erzeugende
sind zu [1) parallel (mit der Distanz a). Die Grenzpunkte
der zweien zur x-Achse parallel Erzeugenden sind
gleichzeitig die reellen zwei Grenzpunkte des Kegel-
schnitts 7, der noch zwei verschiedene Grenzpunkte hat.
Daraus geht hervor, daB diese Kurve 2. Ordnung gemaf
[5] eine Hyperbel ist.

In der Bildebene wird der /i-Horizont so bestimmt, daf3
die zweiten Durchstofpunkte der Kegelserzeugende ¥
auf Grund [3] konstruiert werden (Abb.2). In diesem Fall
ist der Grundrif3 der Kegelbasis ¥ mit der Bildebene I'l,
gedeckt.

GERADEN DER GRUNDEBENE Hl

In der Grundebene [1;. die gleichzeitig die Grund-
rilebene ist, sollen die Geraden hervorgehoben werden,
die zur Spurgeraden o=x senkrecht sind und die Mengen
der Geraden, die tiberparallel zur Spurgeraden o=x sind.
(Abb.3).

Die Geraden, die zur Spurgeraden o=x senkrecht sind.
bilden ein hyperbolisches Geradenbiischel, deren
Geraden die p-Geraden gennant werden und den
Fallinien in der Ebene analog sind [3]. Das Perspektivbild
jeder von diesen Geraden bekommt man so. daf3 durch
diese p-Geraden und den Augpunkt O eine Hilfsebene
gelegt wird. Jede solche Ebene ist zur Bildebene [T,
senkrecht und das ist eine sogennante zweitprojizierende
Ebene. Ihre Schnittgerade mit der Ebene /1 ist der zweite
Spurgerade dieser Ebene. die das Perspektivbild der
p-Geraden enthilt. Alle diese Ebenen bilden ein
Ebenenbiischel. dessen Triger die Gerade OO ist, die
durch den Augpunkt O und den Scheitelpunkt O; des
p-Geradenbiischels verlduft. Alle zweite Spurgeraden
dieser Ebenen bilden ein eliptisches Geradenbiischel in
der Bildebene [T, dessen Scheitelpunkt der Punkt Oy
ist (wegen OOy L IT,). Jeder von diesen zweiten

Spurgeraden schneidet die Spurgerade o=x in einem
Punkt, der der Durchsto3punkt der zugehorigen p-Ge-
raden mit der Bildebene I'l; ist. Dem nach kann das
perspektivische Bild jeder von den p-Geraden so
bestimmt werden, daf3 durch ihren Durchstopunkt, zum
Beispiel P € o=x, und durch den Punkt Oy die p.- Gerade
aufgestellt wird. Der Schnittpunkt Py, auf diese Weise
gewonnenen p.-Geraden mit der /i-Horizont ist das
Perspektivbild einer von den Grenzpunkten der p-Ge-
raden. Der Schnittpunkt K der p.-Geraden mit dem
Randbild der Bildebene /T ist der DurchstoBpunkt dieser
p-Geraden mit der Verschwindungskegel @. Das
perspektivische Bild des Teiles der p-Geraden vom Punkt
K auferhalb des Parallelkegels @ist uneigentlich (ideell)

0

Theorem 1

Das perspektivische Bild des Biischels der iiber-
parallelen p-Geraden der Ebene I; ist ein eliptisches
Geradenbiischel, dessen Scheitelpunkt der Punkt Oy ist.

Jede p-Gerade definiert, nach angefiihrten Theoremen
in [3] und [1], ein Biischel der n-Geraden, dessen
Geraden zur Spurgeraden o=x iiberparallel sind. Es ist
wichtig in der Ebene [T jenes Geradenbiischel der
n-Geraden hervorzuheben, dessen Trigergerade, die
durch den Punkt O’ verlaufende p-Gerade, sogennante
g/-Gerade, ist. In diesem Fall ist die g;-Gerade auch die
gemeinsame Senkrechte des Biischels der n-Geraden,
was nach den bewiesenen Tatsachen in [1] gilt. Der
Scheitelpunkt dieses Biischels ist der uneigentliche
(ideelle) Punkt O; (Abb.3). In diesem Fall bilden die
festgelegten Ebenen durch den Augpunkt O und jede
von den n-Geraden ein Ebenenbiischel. dessen
Tragergerade die Gerade OO; ist. Die zweiten
Spurgeraden dieser Ebenen, in dennen die
perspektivischen Bilder der n-Geraden liegen, sind
zueinander (berparallel. Sie bestimmen ein
Geradenbtischel mit dem Scheitel O3 und mit der
gemeinsamen Senkrechten g.. Also, um das perspekti-
vische Bild einer von den n-Geraden bestimmen zu
konnen, geniigt es, das Bild nur eines Punktes dieser
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n-Geraden zu konstruieren. Das kann das Bild einer von
ihren Grenzpunkten sein, der mit der #-Horizont inzident
ist, oder der Schnittpunkt N der Geraden n und g;. Der
Punkt N, liegt dann auf der Gerade g., weil der
Projektionsstrahl NO in der Ebene I liegt und die
Bildebene I'l, auf der g . -Geraden durchstof3t. Bei deiser
Abbildung werdwn einige n-Geraden aus dem Geraden-
biischel O3 in den uneigentlichen n.-Geraden abgebildet.

Theorem 2

Das perspektivische Bild eines Biischels von iiber-
parallelen n-Geraden, dessen Trigergerade eine p-Ge-
raden in I, ist, ist ein hyperbolisches Geradenbiischel
von n.-Geraden mit dem Scheitel, der ein uneigentlicher
Punkt der Spurgerade o=x ist.

Es ist hervorzuheben, daf} jede p-Gerade parallel zu einer
von den n-Geraden des g;-Geradenbiischels ist. Daraus
folgt, daf} sich ihre perspektivischen Bilder in einem
Punkt des h-Horizontes schneiden. Dieser Schnittpunkt
ist das perspektivische Bild ihres gemeinsamen
Grenzpunktes.

Wenn man zwei beliebige zueinander parallele Geraden
der Ebene I, betrachtet. schneiden einander ihre
perspektivischen Bilder immer in einem Punkt des h-
Horizontes. Jeder Punkt des Randbildes der Ebene I,
definiert namlich ein Geradenbiischel von parallelen
Geraden. Die Ebenen, die durch den Augpunkt O und
durch jede von diesen Geraden festgelegt werden, bilden
ein parabolisches Ebenenbiischel, dessen Trigergerade
eine Erzeugende des Parallelkegels ¥ ist. Diese
Erzeugende schneidet die Bildebene I'; in einem Punkt
des h-Horizontes. Das bedeutet, daf3 dieser Punkt der
Scheitelpunkt des Geradenbiischels ist, und das eben
jeniges, das das perspektivische Bild des betrachteten
parabolischen Geradenbiischels ist. In der Ebene I1; gibt
es zwel parabolische Geradenbiischel. deren Geraden zur
Spurgerade o=x parallel sind. Diese zwei parabolischen
Geradenbiischel werden wieder auf zwei parabolische
Geradenbiischel der Bildebene I, abgebildet, wobei
deren Scheitelpunkte dieselben Grenzpunkte der
Spurgeraden o=x sind.

Theorem 3

Die perspektivischen Bilder der parabolischen
Geradenbiischel der Ebene I1; sind die Geradenbiischel
der Bildebene ID, deren Scheitelpunkte die Punkte des
h-Horizontes sind. Abhédngig davon, ob der Punkt des
h-Horizontes ein eigentlicher, unendlich ferner oder
uneigentlicher Punkt ist, ist das Geradenbiischel
eliptisch, parabolisch oder hyperbolisch.

Um eine Gerade der Ebene [1; abzubilden, verwenden
wir zwel spezielle Punkte: den Spurpunkt d.h. der
Durchstolpunkt der Geraden mit der Bildebene I'l. der
mit seinem perspektivischen Bild zusammenfillt, und
einen von den Grenzpunkten der Geraden (Abb.4).

Jede Gerade der I, - Ebene hat den Spurpunkt in der
Schnittgeraden o=x , und das perspektivische Bild ihren
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Abb. 4

Grenzpunkten , die die Fluchtpunkte der Geraden
genannt werden, gehort dem /-Horizont an. Mit diesen
zwel Punkten ist eindeutig das perspektivische Bild der
Geraden bestimmt. Es gilt auch die Umkehrung. Wenn
in der Bildebene eine Gerade angegeben ist, auf der die
zwei Punkte: als Spurpunkt und Fluchtpunkt (Punkt am
h-Horizont) bezeichnet sind. entspricht dieser Geraden
eindeutig eine Gerade in der Ebene I1,. Diese Gerade
verlduft durch den Spurpunkt und jenen Grenzpunkt der
Grundebene [I7,, der mittels der Erzeugende des
Parallelkegels ¥ bestimmt wird. Dabei ist der
DurchstoBpunkt dieser Erzeugende mit der Bildebene
der Fluchtpunkt d.h. der Punkt, der mit dem /-Horizont
inzident ist. Auf Grund dieser Uberlegungen folgt:

Theorem 4

Jeder Geraden der Grundebene I1; entspricht in der
Bildebene ein geordnetes Punktepaar (P, Py,)- der
Spurpunkt und der Fluchtpunkt. Der Spurpunkt kann
dabei eigentlicher, unendlich ferner Punkt oder
uneigentlicher Punkt sein. Umgekhert, jedem geordneten
Punktepaar (R, Ry;,) in der Bildebene kann man genau
nur eine Gerade der Ebene I1; zuordnen , wenn der Punkt
R auf der Spurgerade o=x liegt, und der Punkt Ry, zum
h-Horizont gehort, oder wenn die beiden Punkte R und
Ry, zum h-Horizont gehéoren.

PUNKTE IN DER GRUNDEBENE 171

Die Punkte der Grundebene 1) werden als Schnittpunkte
zweler Geraden der Grundebene erfalit. Speziell
verlaufen durch jeden Punkt eine p- und eine n-Gerade.
Die Bilder dieser Geraden kdnnen entweder wie im,
vorigen Abschnitt durch die Bilder zweier spezieller:
Punkte (Spurpunkt. Fluchtpunkt) oder durch das zum
euklidischen analoge Durchschnittsverfahren [7], [3]
bestimmt werden. Das perspektivische Bild 7c¢ des
Punktes 7'kann man noch als der zweite Durchsto3punkt
des Projektionsstrahles 70 mit der Bildebene I'l, gemal
[3] konstruieren (Abb.4).
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FIGUREN IN DER GRUNDEBENE 171

Auf Grund der oben erwihnten Tatsachen ist es einfach
das perspektivische Bild einer beliebigen Figur der
I'1;-Ebene zu bestimmen.

(0:=2%

Das Zentrum der H-perspektiven Kollineation in der
Bildebene ist der Punkt Z, in dem der durch den
Augpunkt O senkrecht zur Symetrieebene des Winkels
(I, I') aufgestellte Strahl z die Bildebene I'l, durch-

Abb. 5

In Abb.5 wird das Dreieck ABC dargestellt. Die Seite
AB dieses Dreieckes ist zur Spurgerade o=x iiberparallel,
das heif3t, auf der n-Geraden liegende Seite. Der Grundrif3
des Dreieckes ist in “wahrer Gestalt” dargestellt und sein
Aufrif} ist die Strecke, die auf der o=x Achse liegt. In
diesem Fall wurden die p- und n- Geraden und auch ihre
Eigenschaften benutzt. Durch jeden Punkt des Dreieckes
A’B’C’ ist eine p-Gerade gelegt, wihrend die Seite AB
schon auf der n-Geraden liegt. Auf Grund der Theoremen
1 und 2 ist das perspektivische Bild A B, der Seite AB
konstruiert. Der Punkt C, ist durch das Durchschnitt-
verfahren wie in Abb.4 bestimmt. Weiter verwenden wir,
daB einander die Geraden A’C’ und A.C,. im Punkt der
Spurgerade o=x schneiden, was auch fiir andere
zugeordnete Geradenpaare gilt. Diese Tatsache ist
evident, da durch den Spurpunkt der Geraden auch ihr
Grundrif3 und das perspektivische Bild verlaufen
(Theorem 4).

Da sich zugeordnete Geraden in den Punkten ldngs einer
Achse schneiden, existiert eine H-perspektiven Kollinea-
tion in der Bildebene. Nach dem Grundtheorem der
H-perspektiven Kollineation [4] , bedingt die Existenz
der Achse auch die Existenz des H-Zentrums.

stoBt. Dieser Strahl z ist die Tragergerade eines Ebenen-
biischels, der die Bildebene in dem Geradenbiischel mit
dem Scheitel Z schneidet. Da der Projektionsstrahl z auch
in der Ebene I'liegt, schneidet er die Gerade g, im Punkt
Z, also Z € g.. Die Schnittgerade jeder Ebene des
Ebenenbiischels mit der Bildebene enthilt die
umgeklappte Lage des Punktes der IT;-Ebene und auch
sein perspektivisches Bild, das heifit zum Beispiel das
Paar (A’,A.), und verlauft in jedem Fall durch den Punkt
Z. Das bedeutet, daf} der Punkt Z das Zentrum der H-
perspektiven Kollineation in der Bildebene ist. Daraus
geht hervor, dafl die Figuren der II;-Ebene nach der
Rotation in die Bildebene und ihre perspektivischen
Bilder H-perspektiv kollinear zugeordnet sind. Die Achse
der H-perspektiven Kollineation ist der Spurgerade o=x
und das H-Zentrum ist der Punkt Z.

GERADEN SENKRECHT ZUR GRUNDEBENE 171
H-HOHEN DER OBJEKTE

Die Geraden, die zur Grundebene I} senkrecht sind, sind
gleichzeitig zur Bildebene I, iiberparallel. Jede Ebene,
die durch die Gerade ¢t L II; und den Augpunkt O
festgelegt ist, ist senkrecht zur Ebene I7;. Sie schneidet
die Bildebene I, in der Geraden . 1L o=x (laut [3]).
Daraus folgt , da} die parspektivischen Bilder von zur

33



KoG*2/1997

Ivanka Babic, Branko Kucinic: Hyperbolische Perspektive I

k>

Abb. 6

I'l}-Ebene senkrechten Geraden, die Geraden senkrecht
zur Spurgeraden o=x sind (Abb.6).

Das perspektivische Bild jedes beliebigen Punktes V der
Geraden tist als der zweite Durchstopunkt des Strahles
VO mit der Ebene I'l, bestimmt. Es wird der Grund- und
Aufrif} des Strahles VO benutzt und der zweite Durch-
stoBpunkt nach der beschriebenen Weise in [3] kon-
struiert. Wegen der Inzidenzrelation von Punkt und
Geraden ist der Punkt V, mit der Geraden ¢, inzident
(Abb.6).

In der Abb.6 ist das perspektivische Bild der pseudo-
quadratischen gerechten Pyramide, deren Basis in der
I1-Ebene liegt, nach dem folgenden Verfahren aufgebaut:
Zuerst ist der Grundrifl des Pseudoquadrates konstruiert.
Seine Diagonalen sind zueinander senkrecht und gleich
lang. (Die gegeniiberliegenden Seiten sind iiberparallel.)
Der Aufri des Pseudoquadrates ist die auf der
Spurgeraden o=x liegende Strecke. Sein perspektivisches
Bild wurde nach dem obenerwihnten Verfahren
konstruiert, wobei auch die H-perspektive Kollineation
in der Bildebene benutzt wurde.

Die Achse ¢ der Pyramide ist die Senkrechte zur
Basisebene I, durch den Schnittpunkt der Diagonalen
des Pseudoquadrats. Das perspektivische Bild 7. der
Achse tist zu 0=x senkrecht und nach vorhererwihnten
Weise konstruiert.

Das perspektivische Bild V. € 7. der Pyramidenspitze V
ist mittels Durchschnittsverfahren bestimmt.

Auf gleiche Weise kann das perspektivische Bild jedes
Objekts konstruiert werden.
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ABSTRACT

Within the classification of conic pencils in the
isotropic plane, which has been carried out using
methods of analytical geometry and linear algebra,
it is specially interesting to observe the curve of
isotropic focuses, which is shown to be a 3rd
order curve. The properties of this very curve, for
the discussed, most common subtype of conic
pencils, are determined. It is shown that, referring
to the selection of the fundamental points, it is
possible to determine its shape, and to classify it
according to the Newton’s principle.

The discussed cases of conic pencils with its focal
curves are illustrated with the figures programmed
and drawn by Mathematica®.

Keywords: isotropic plane, fundamental points,
pencil of conic sections, matrix of quadratic form,
eigenvalues, focal curve, Newton’s classification

O krivulji fokusa pramena konika u /,

SAZETAK

Pri klasifikaciji pramenova konika u izotropnoj
ravnini, provedenoj metodama analiticke geo-
metrije i linearne algebre, posebno je interesantno
promatrati krivulju izotropnih fokusa za koju se
pokazuje da je krivulja 3. reda. Odredena su
svojstva krivulje fokusa za promatrani, naj-
opcenitiji, podtip pramena. Pokazano je da vec
prema odabiru temeljnih tocaka mozemo odrediti
njen oblik i klasifikaciju prema Newtonovom
principu.

Promatrani slucajevi su prikazani crtezima izra-
denim pomocu programa Mathematica®.

Kljucne rijeci: izotropna ravnina, temeljne tocke,
pramen konika, matrica kvadratne forme,
svojstvene vrijednosti, krivulja fokusa, Newtonova
klasifikacija

INTRODUCTION

F]'1 he pencil of conic sections (pencil of conics) is
determined by two arbitrarily chosen conics of
the pencil ([4]. [12]. [17]). These two conics

have four common points that we call fundamental

points of the pencil and mark them A, B, C, and D.

Depending on the reality, position and multiplicity of

fundamental points, various types of conic pencils can
be distinguished. The classification in the projective

and affine plane with respect to the position and
multiplicity of fundamental points can be found for
example in [4], [6].

The isotropic plane I,(R) is a real affine plane A,
metrizied with real line f C A, and the point F incidental
with it (see [13], [14]). The ordered pair {f,F}, Fe f, is
called absolute figure of the plane I5(R).

Because of I, A, c P,, where P, is a real projective
plane, all affine and projective properties of the conic
pencils and of other geometric configurations in /, can
be used.

In I, < P, the projective, homogeneous, (xj: X; : X»)
and the accompanying affine coordinates x = x,/x,,
y = y-/yg are used. The absolute line fis defined by
xo= 0, and the absolute point F by F (0:0:1). For the
fundamental group of transformations one takes the
mappings of the form

x=c +x

;= Gy +c3x+y, Wherec,, ¢, c; € R,

which make the three-parametric Motion group G; of
isotropic plane [13].

With the geometry of isotropic plane one can get
acquainted through the works of N. M. Makarowa [11],
B. Pavkovic [13], H. Sachs [14], K. Strubecker [18],
and others. The conics of isotropic plane were first
considered by N. M. Makarowa and K. Strubecker. The
conic pencils of the most general type in I, have been
worked by V. S¢urié-Cudovan [19] by means of syn-
thetic method.

The classification of conic pencils in 7, can be made
with respect to the reality and multiplicity of funda-
mental points and regarding their position, as well as
the position of fundamental straight lines according to
the absolute figure {f,F}. For a more comprehensive
classification, the curve of the centres and the curve of
isotropic focuses (focal curve) are observed for each
type of the conics’ pencil. It is specially interesting to
observe the focal curve which is going to be proved to
be a 3" order curve. Therefore this very curve is to be
discussed in the present paper. An analysis of the most
general subtype of conic pencils in /; will be made,
and the classification of its cases will be carried out,
using methods of analytical geometry and linear
algebra. The properties of the focal curve for each
discussed case are determined and, it is shown that,
referring to the choice of the fundamental points, it is
possible to determine its shape., and to classify it
according to the Newton’s principle [16].

The discussed cases of conic pencils with its focal
curves are illustrated with the figures programmed and
drawn by Mathematica”
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1. PENCIL OF CONICS

Fundamental points

Let the fundamental points A, B, C, and D be real,
mutually different, providing that three of them do not
lie on the same straight line. As it is the most general
case, the pencils generated by such a selection of points,
are called type L.

Fundamental lines

The fundamental points are joined by three singular, in
three pairs of straight lines degenerated conics. Two
arbitrarily chosen pairs, out of this three pairs of straight
lines, are called fundamental straight lines.

Let the fundamental straight lines «, v, p and ¢ be given
in the equations

u. ax+by+c,=0, IH=EID)
Vi ax by te =0 v:=AB,
oy gxibyte =14 p:=AD,
4 ax+tby+c,=0. q:=BC.
Main points

Three points of the intersection K=ABNCD,
L=ADNBC, M=ACNBD, are called main points.
These are the centres of the singular conics of the pencil.
The points K, L, M form a triangle that is self-polar for
the conics of the pencil (see [12], [17]).

Fig.1: The most general position of the fundamental
points, the accompanying fundamental lines and
main points.

Fundamental conics

As fundamental conics two arbitrarily conics of the
pencil can be chosen. We shall choose the two singular.
in two pairs of fundamental straight lines degenerated
conics.

Let the fundamental conics of a pencil be given in the
equations

Fxy)=ax'+2bxy+cy +2dx+2ey+f =0, and
Gxy)=ax’ + 2bxy +c,)* +2d.x + 2e,y + f, =0,
where at least one of the numbers a,. b,. ¢, as well as

one of the numbers a,. b>. ¢,, is different from zero [3].

Their equations can be written in the form

36

Fxy)=uv=0,

Gx,y)=pq=0,

where u, v, p, and g are the fundamental straight lines.
The coefficients of the fundamental conics described
by means of the coefficients of fundamental straight
lines are

a;=a,a,. 2b,=a,b,+a,b,, G1=bib);
A=y G, 2e,;=b,c,+b.c,, =ce

a,=a,a,, 2by=a,b +a,b,, c=b,b,,
2dy,=a,cta c, 2ey=bpctbc), f=c ey

Pencil of Conics

The pencil of conic sections, defined by the funda-
mental conics F(x,y) =0 and G(x,y) =0, is given in the
form

H(x,y)= a F(x,y)+ BG(x,y) = 0.

and by introducing the parameter A=/cr. o # 0.

we have

H(x,y) = F(x,y)+AG(x,y) =0, A€ R.
The pencil H(x,y) = 0 can be written in the form
H(x,y) = a_\"7+2b.\')'+c_\'2+2d_\‘+2e)'+f= 0, (15815

where we have marked

a=a;+ Aay=a,a, + Aa,a,
2b=2(b; + Aby) = ab, + ab, + Mayb,+a,b,),
c=c;+ Ac;=bb, + Abyb, ;
2d = 2(d;+ Ady) = a,c+auc, + A (a,c +a,c,),
2e =2(e; + Aey) = bye+bic, + A(byc,+b,c)),
f=fi+Ar=cpe. + Acye,

For each A € R, the set of zeros of the polynomial
H(x,y) = F(x,y) + AG(x,y) presents one of the second
order curves if at least one of the numbers a, b, ¢ is
different from zero.

Focal curve

The notion of absolute plane points is connected with
the notion of the focuses of second order curves. It is
known that in the affine plane metrizied through
absolute points (/. /), the tangents drawn from absolute
points onto the second order curve intersect in the
focuses of the curve (see [16], [17]).

In the isotropic plane in which there is only one absolute
point F (I, = I, = F, FeR) the focuses are defined as
real contact points of tangents drawn from the absolute
point onto the second order curve. The geometric loci
of the contact points of all tangents drawn from the
absolute point onto the curves of conic pencil is the
curve of isotropic focuses that we call focal curve.

2. CURVES OF THE CONIC PENCILS
The type of the curve within the pencil (1.1) depends
on the eigenvalues u;, 4> of the matrix

{a b}
=
base

. 2 2 . .
of the quadratic form ax™ + 2bxy + ¢y~ within the
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polynomial H = H (x,y) ([7]. [8]).

The eigenvalues 1, [, are obtained as the solutions of
the equation

,u:—(a+c),u+ac —b2=0,

where

a+c=tro=M + U,

and

ac—b2=der0'=,u 1Mo

It is known that the set of the second order polynomial
zeros represent the curve of elliptical, parabolic or
hyperbolic type depending on whether detois greater,
equal or less than zero ([3]. [4]. [8]).

We are observing the case when det o= 0. Thereby the
answer will be obtained of when and how many conics
of the parabolic type are conveyed within the pencil.

det 6= \i,=ac—b" =
= (a)+ Aay )(c) + Acs) — (by + Aby)”,

that is
detc=mA +ni+p, (@%10)
where we have put
Mm=da, cy— b:z = apaq byby — (aybgtagby)l 2,
n=ayc;+a,c;—2bb=aya, bby+

+ aa, b“b," — (ayby+a,b,)( (lpbq+(lqbp’), 2.2)
p=a, c,—b," =aa, bb, - (a,by+ab,)/4.

Discriminante of a polynomial (2.1) is to be marked
with D.

It can be derived that the determinant of the matrix &
will be equal zero in the following cases [10]:

i) foreach A € R,
if m=0, n=0, p=0;
ii) for neither A € R,
if m=0, n=0, p#0 or m#01D<0;
iii) for A =— p/n,
if m=0, n#0; (225)
iv) for A =-n/2m,
if m # 0 and D=0
v) for A, =(-n +D)/ 2m,
if m # 0 and D>0.

It can be seen from (2.3) that within the conic pencil
all, two, one or none of the curves can be of parabolic
type. In the most general case (2.3, v), two conics of
parabolic type will exist that will separate the curves
of hyperbolic from those of elliptical type.

3. LIST AND DESCRIPTION OF

THE PENCILS OF THE TYPE I
Considering the pencils of conic sections of type I, the
obtained results, according the position of the funda-
mental points, are given in the following proposition.

Proposition 1.

In the isotropic plane I,(R) referring to the group G;
of isotropic motions there are 8 different subtypes of
conic pencils determined with four real and mutually
different points.

Proof. The proof is given in [2].
List and Description of the Pencils of the Type 1

I.1. Fundamental points (A, B, C, D) are real finite
points and no connecting straight line of funda-
mental points is an isotropic line, i. e. a line
through the absolute point F.

I.1.1.Main points (K, L, M) are in the finiteness.
Thereare two subcases.

I.1.2.0ne main point is on the absolute line f.

I.1.3.Two main points are on the absolute line f.

I.2. The fundamental points (A, B, C, D) are real finite
points and one connecting straight line of the fun-
damental points is an isotropic line.

I.2.1.The main points (K, L, M) are in the
finiteness There are two subcases.

1.2.2.0One main point is on the absolute line f.

1.2.3.Two main points are on the absolute line f.

I.3. The fundamental points (A, B, C, D) are real finite
points and two connecting straight lines of the
fundamental points are isotropic lines.
1.3.1.0ne main point is on the absolute line fand
it coincides with the absolute point F.

1.3.2. Two main points are on the absolute line f
and one of them coincides with the absolute
point F.

I.4. Two fundamental points are finite points and two
on the absolute line f. The two fundamental points
on the absolute line fdo not coincide with the ab-
solute point F.

L.5. Two fundamental points are finite points and two
on the line f. The two fundamental points on the
absolute line f do not coincide with the absolute
point F. Connecting straight line of the funda-
mental finite points is an isotropic line.

L.6. Two fundamental points are finite points and two
on the absolute line f. One of the two fundamental
points on the absolute line f coincides with the
point F.

I.7. Three fundamental points are finite points, and
one is on the absolute line f not coinciding with
the absolute point F.
I.7.1.No connecting straight line of the funda-
mental points is an isotropic line.
1.7.2.0ne connecting straight line of the
fundamental points is an isotropic line.

I.8. Three fundamental points are finite points, and
the point on the absolute line f coincides with the
absolute point F.

n
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4. FOCAL CURVE

Without becoming less general, we can furtheron
observe the normed equations of the fundamental lines
and presume that the coefficients are
a,=a,=a,=a;~1, (4.1)
if not defined otherwise.

Furthermore, using the group G5 of motions of isotropic
plane we can always map one of the fundamental lines
(e.g. line v) onto the line y = 0, and one (e.g. line p)
adjust so that it passes through the point of origin of
the coordinate system. If it is not defined otherwise,
we shall therefore presume furtheron that the
coefficients are

a,=0,b,=1,¢,=0,c,=0. (4.2)

4.1. PENCIL L.1.

The characteristic of the pencil - subtype I.1.: The
fundamental points (A, B, C, D) are at finiteness and
no connecting straight line of the fundamental points
is an isotropic line.

The common characteristic for all the pencils of the
discussed subtype, according the focal curve, is
established by the following proposition.

Proposition 2. Focal curve kf’? of each pencil-subtype
I.1. has no double points.

Proof. Let us presume otherwise, i.e. let k_,—3 have a
double point 7. That means that a common tangent of
two curves of the pencils k; and &, (k| # k,) is passing
through the point 7. Every two conics of the pencil have
only 4 fundamental points in common. If 7#A, B, C,
and D, hence the conics k| and k> have 5 mutual points,
S0 k; = k,. The point 7 cannot coincide with one of the
fundamental points A, B, C, or D, since it is double,
and the fundamental points are real and various.

PENCIL L.1.1.

The characteristic of the pencil-case I.1.1.:

The main points (K, L, M) are in the finiteness.

Let the coordinates of the fundamental points be
A(0,0), B(b,,0), b;>0, C(cy,c5), ¢y,¢2 #0,

D(d,,d,). d\,d> #0, by # ¢, #d,, cr#d-. (4.3)
The fundamental straight lines

v:=AB, p:i=AD, q:= BC, u :=CD

are given in the equations:

W oo =0
d,
P y=0.X Wit g, —
d,
1
If weput b, =-—,
(pli
it follows x + b, y = 0.
g.. Y= @ +V,,
s byc,

where @, =———— vV, —— .
L ¢ —b

38

1 %
lfweput' by ===wyand o, =Sy
?qy @y

it follows x + bq y+e; =0.
1) s () D p e
W, = ;

where ¢, =

e i dy =€
1 V“ C7d1 g C|d7
If weput b, =—— ,and ¢, =— = ———,
?y @y dZ (2)
it follows x + b, y + ¢, =0. 4.4)

The coordinates of the fundamental points described
through b, b, ¢, b, and ¢, are

A(0,0), B(-c,0).

C bpcu Cy

¢..— biedic ®
bp _bu ’ bp _bu

C(bu q q u. el l/).
e R e

),

where, according (4.3), we have

by b, b,#0, ¢,, ¢, #0 and b, # b,, b, # b, 4.5)

The fundamental conic section determined by the lines

u, v is given in the equation

G (xy)=uv=0,thatis ’

Gxyy=x+by+c)y=xy+b,y +c¢,y=0.

The quadratic form in the above equation has the matrix
OF /D)

i [1 191 1y } :

and the determinant of the matrix is
m=det c=-1/4.

It is the matter of the hyperbolic type of a conic.

The fundamental conic section determined by the lines

p, qis

F(x,y)=p q=0,thatis

F ('\",\‘) = ( '\;+ b[?,\' )( X + b([ ,“ + C([ )”=
=x"+(bp+b)xy+bybgy” +cpx+bpc,y=0.

The quadratic form in the above equation has the matrix

1 (b,,+bq)/2
SRdibgbb I ®s 1o rbygh

»“q
and the determinant of the matrix is
p=det 0=byb,~(b,+b,)’/4==(b,-b,)/4.
According (4.4), b,= b, would meant that the lines p
and g are mutually parallel. This would implie that one
main point is in the infinity, which is the case that does
not belong to the pencils-subtype I.1.1. We can con-
clude that p is always less than zero, wherefrom it foll-
ows that it is the matter of the hyperbolic type of a conic.
The pencil generated with the curves F (x,y) = 0 and
G (xy)=0is
H (x,y)=F (x,y) + AG (x,y) =0, that is
Hxy)= X+ (B0 /1’).\;\' -

i, 0 AR E X

+ (bpcy + Ac,)y = 0. (4.6)
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Proposition 3.

Conic pencils of the case I.1.1. are up to the motions
G; of the isotropic plane with five ivariants

{0, @gVy: PusVu 1, e {bp,bq,cq,b“,c“}full)'
determined.

In order to determine how many and which curves of
parabolic type are within this pencil, we need the
determinant of quadratic form (2.1), 1.e.

2
detc=mA +ni+p,
where m, n, p are the values given in relations (2.2).

deto=0=>mA +ni+p=0=

A — 4mp
2m :
Which case it will be out of (2.3), depends on
D=n’- 4mp.
D=(b,—(b,+b,)2)Y —4(-1/4)(~(b,-b,)14)
=(b,—by ) b,—-b,).
According (2.3) it can be concluded that within the case

I.1.1. there are three different subcases of conic pencils,
depending on whetheritis D >0, D <0or D =0.

=> /ll.:'. — (47)

FOCAL CURVE WITHIN THE PENCILS I.1.1.
We take the equation (4.6) of the pencil:

H@xy)=x"+ (bp+ b, + A)xy +

+(b, by + Ab,)y" + c,x + (byc, + Ac,)y = 0.

One computes

JH
Ew = (b, by il
+2 (b, b, + Ab,)y + (byc, + Ac,) =0,

and therefrom

2 (b, +b,)x+2b,b,y+c.b, .

o2 biyer

Inserting thus received A in H (x,y) = 0, the following
focal curve is obtained :

ke'=x + 26,07y + (by+ b,) by — byb ) xy" +
L 2% 2bcxy+
et ( bubpcq = bp bz/Cu).Y2 ar C“C[I.\' =0. (48)

- . rd
In order to define the obtained 3" order curve more
closely, let us go over to the homogeneous coordinates.
Introducing x = x,/ xy, y = y;/ yo. we get

3 2
J X1 Xy

p e
s s + 20,
X

T an
23
Xo

5

2
X .\'2_ .Y] b
G, =D —b)— ¥ c) —5 +
o X
0 0
.\'] .X'z .\'2- "‘l
e v b, b)) Aol — = (0%
Xg° Xy Xy

Looking for the points on the absolute straight line
f, f=xy =0, one receives:
i)  absolute point F (0: 0: 1), on the line x; = 0;
ii) 2" order equation

x,”+ 2b,x1x3 + ((bp + b )b, —byb)x,” =0,

and therefrom

5
[_') =—b, + \/B . where we have marked
1.2

5%
2
B9, ALV U )00
According i) and ii), there are three possibilities:
a) B> 0 (D >0) = There are three points at infinity:
1) absolute point F (0:0: 1),
2) point T, (0 : b, —\B: —1),
3) point T (0 : b, +VB: -1).
b) B< 0 (D <0 ) = There is only one real point at
infinity and that is the absolute point F (0 : 0 : 1).

¢) B=0 (D =0) = There are two real points at infinity :
1) absolute point F (0:0: 1),
2) point T, (0 : b, : -1).

PENCIL L.1.1. a)
The characteristic of the pencil - subcase I.1.1.a):
D= (bu ¥ bp)(bu = bq) >0=>

(b, >b,and b, > b)) or (b, <b,and b, < by)

Fig.2: Fundamental points, the accompanying
fundamental lines and main points within the
pencil I.1.1.a). obtained by b, > b, and b, > b,,.

Since D > 0, it is the case (2.3, v), that is, there are
exactly two conics of parabolic type within the pencil
which are obtained when the values (4.7) are introduced
into the pencil equation. They separate the conics of
the hyperbolic from those of elliptic type. Thus, the
conic pencil induces on the absolute straight line f one
hyperbolic involution ([4]. [12]).

Let us write the focal curve k/3 in the form
ay2+b_\'+c=0.

where we have marked

39
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a — ((bp o bq)bu = bpbq) X+ (bu pr(/ &= bpbt/cu)v
b=2bx’+2b,c,x
c=x+ (Cuhcdn ' 4 ey
The isotropic asymptote, i. e. the asymptote passing
through the absolute point F, is obtained from the
condition a = 0, that is
= bp(bt/cu e bucq) :

bp (bu E b(/ ) 4 bqbu

Since D>0 = B >0, the curve k_,3 of isotropic focuses
has three points at infinity. Therefrom, according to
the Newton’s classification of the 3™ order curves, k_,3
belongs to the 1. group, i.e. among the curves having
three asymptotes and three hyperbolic branches. The
curves of this group are called “broken hyperbolas™.

~
~
~
~
~

Fig.3: Pencil of conic sections - subcase 1.1.1.a)

40

The basic forms of the curves from this group are
determined with the roots of the auxiliary equation
D4(x) =0, where Dy(x) =b % _4ac is the fourth degree
polynomial. The calculation yields

D4(.X) = (bu R bq) 5 (bu e bp)'

chu i bucq : pru )

bz/ o bu bu e bp
wherefrom it can be seen that the roots of the equation
D,(x) = 0 are the abscissas of the fundamental points
A, B, C, and D (4.5). As the points are real and various
and within the observed pencil there are no isotropic
lines, it holds.

(o) Gt

Proposition 4.

The focal curve kf‘g of all pencils of the subcase 1.1.1.a)
consists of three hyperbolic branches and an oval, or of
two hyperbolic branches and one straight line’s branch.
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Pencil 1.1.1. b)
The characteristic of the pencil - subcase I.1.1.b):
D= (bu o b/;)(bu i bq) =

(b<ibii<b,y org Ppi<d, < b,)

Fig.4: Fundamental points. the accompanying
fundamental lines and main points within the
pencil I.1.1.b). obtained by b, < b, <b,.

Since D < 0. it is the case (2.3, ii). that is, no conics of
parabolic type are within the pencil. As it is always
det 0 < 0. it can be concluded that the pencil consists
only of hyperbolas. Thus, the conic pencil induces on
the absolute straight line fone elliptic involution ([4], [12]).

Let us write the focal curve kf3 in the form
A :
ay " +by+c=0,
where we have marked
A= ((bp t bq)bu i bpbq) X+ (bu bpcq i bpchu)’
= 2?,,\' T+ 2b,,c(,\;,
¢l =waeki(c tich ) bic e

The isotropic asymptote is obtained from the condition
a =0, thatis

btho, - le)

q-u u-q
b, (6, — b, )+ 5,0,

Since D <0 = B <0, the curve k_f3 of isotropic‘focuses
has only one real point at infinity. Therefrom, according
to the Newton'’s classification of the 3. order curves,
k,-3 belongs to the 2. group, i.e. among the curves having
one asymptote and one straightline’s branch. The curves
of this group are called ““defective hyperbolas™.

The basic forms of the curves from this group are
determined with the roots of the auxiliary equation
Dy4(x) =0, where Dy(x) =b % _ 4ac is the fourth degree
polynomial. The calculation yields
D4(~\‘) - (bu R b(/)(bu s bp).
ch,, - b“cq s bl,c“ )

bq i1 bu \ bu i bp ’
wherefrom it can be seen that the roots of the equation
D,(x) = 0 are the abscissas of the fundamental points
A, B, C, and D (4.5). As the points are real and various
and within the observed pencil there are no isotropic
lines, it holds.

o (x + cq)(.\‘ +

Fig.5: Pencil of conic sections - subcase I.1.1.b)
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Proposition 5.
The focal curve kf3 of all pencils of the subcase 1.1.1.b)
consists of one straightline’s branch and an oval.

PENCIL I.1.1. c)
The characteristic of the pencil - subcase I.1.1.c):
D=(b,-b,)b,-b,)=0 = b,=b, or b,=b,.

y

Fig. 6. Fundamental points, the accompanying
fundamental lines and main points within the
pencil I.1.1.c), obtained by b, = b,.

Since the lines u and p or 1 and g are mutually parallel,
the fundamental point of intersection is in the infinity,
so this case does not belong to the pencils - subtype L.1.
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MILJENKO LAPAINE

Graficki prikaz pramena konika

pomocu racunala

Computer-Aided Graphical Representation of Conic
Section Pencils

Abstract

In one of the previous works it has been shown
how graphic presentation of an individual conics
can be programmed on the basis of the coefficients
of its equation in the general form. In this paper
the conic section pencil is explained, and it is
noted that it cannot contain any number of conics
of parabolic type, but that only all of them, or
two, or one or none can be of such type. The
conic section pencil is illustrated through several
examples from cartography.

Keywords: conic, conic section pencils, map
projections

Graficki prikaz pramena konika pomocu racunala
SAZETAK

U jednom prethodnom radu pokazano je kako se
moze programirati graficko prikazivanje pojedine
konike na temelju koeficijenata njezine jednadzbe
u opéem obliku. U ovome radu objasnjava se
pramen konika te uocava da u njemu ne moze
biti bilo koji broj konika parabolickog tipa, nego
da takve mogu biti samo sve, ili dvije, ili jedna ili
niti jedna. Pramen konika ilustrira se na nekoliko
primjera iz kartografije.

Kljucne rijeci: konika, pramen konika, kartografske
projekcije

1. UvoD

radu Lapainea i Jovi¢ica (1996) pokazano je
kako se moze programirati grafi¢cko pri-

kazivanje pojedine konike na osnovi koefi-
cijenata njene jednadzbe u opcem obliku. Takav program
moze se onda nadopuniti tako da sluzi za crtanje skupa
krivulja koje pripadaju nekom pramenu konika.
Osim u geometriji, pramenovi konika susrecu se i u
drugim znanstvenim disciplinama. U ovom radu daje se
nekoliko primjera pramenova konika koji se pojavljuju
u matematickoj kartografiji pri grafickom prikazivanju
projekcije mreze meridijana i paralela kod perspektivnih
i pseudocilindri¢nih projekcija.

2. KONIKE

Najopcenitija jednadzba drugog stupnja od dvije
varijable x 1 y moze se napisati u obliku

F(x,y) = ax2 + 2bxy + cy2 + 2dx +2ey + f=0 (@31
edje su a, b, ¢, d, e i frealni brojevi, i barem jedan od

brojeva a, b i ¢ razli¢it od nule. Geometrijsko mjesto
tocaka (x, y) u ravnini ¢ije koordinate zadovoljavaju
jednadzbu (2.1) zove se krivulja 2. reda, konusni presjek.,
konika ili cunjosjecnica.

Ako jea=b =c =0 tada se radi o specijalnim sluca-
jevima za koje se lako uocava da predstavljaju:

skup svih tocaka ravnine, ako je

d=0,e=0if=0;
pravac, ako je d~ OfilitelAl0 e (210)
prazan skup, ako je d=0,e=0i1fz0.

Pretpostavimo da je bar jedan od brojeva a, b, ¢ razlicit
od nule. Pomocu rotacije ravnine oko ishodista i tran-
slacije ravnine moguce je svaku koniku prikazati u stan-
dardnom ili kanonskom obliku (vidi npr. Lapaine i
Jovici¢ 1996).

Realna simetri¢na matrica

e a b 2.3)
g - =

od osnovne je vaznosti pri analizi jednadzbe (2.1).
Njezine svojstvene vrijednosti A; i A, rjeSenja su

kvadratne jednadzbe
A2 —(a+c)A+ac-b*=0 (2.6)
dakle
1 , 7
/1,=;|:a+c+\/(a+c)'—4(ac—b‘)} 2.7)
1
/13:5[a+c—\/(a+c)2—4(ac—bz)] (2.8)

Buduci da se izraz ispod korijena moze napisati u obliku
zbroja kvadrata:
(a+c)2—4((16—[)2)=(a—c)2+4b2 (2:9)
to najprije zaklju¢ujemo da su A, i A, realni brojevi.
Zatim, A; = A, ako i samo ako je a = c 1 b= 0. Konacno,
ne moze biti 4;=4=0,jer bi tada moralo biti a=b=c=0,
§to je u suprotnosti s po¢etnom pretpostavkom.
Ako je 41 = Ax tj. a=cib =0, tada se lako uocava da je
svaki vektor u ravnini svojstveni vektor matrice 6. Ako
svojstvene vrijednosti 4; i A, nisu medusobno jednake,
onda vrijedi relacija

A —a

)

gdje smo s O oznacili kut §to ga svojstveni vektor vy koji
pripada svojstvenoj vrijednosti A; zatvara s pozitivnim
smjerom osi x. Cinjenica da osim kuta 6, relaciju (2.10)
zadovoljavaju i kutovi oblika 8+ ik, k € Z, ne otezava
daljnju primjenu jer je o¢ito sasvim svejedno koji cemo
od njih uzeti za smjer svojstvenog vektora v; (mozemo
uzeti npr. O € (-n/2, w/2)).
Pri programiranju formule (2.10) moramo voditi racuna
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o tome da ce ona zatajiti u slué¢aju kad je b = 0. Zato taj
slucaj treba promatrati odvojeno. Lako se pokaze da tada
mora biti 6= 0.
Oznacimo jo§
o dcosfO+esinf
= : @211
{ﬁ:| [—dsm 0+ ecos 9}
Postoji devet klasa konika, tj. za zadane a, b, ¢, d, e i f,
jednadzba (2.1) jedan je od devet tipova ravninskih
krivulja koje se nazivaju konikama. Od njih su dva tipa
imaginarna jer u tim sluc¢ajevima ne postoje realne tocke
koje bi zadovoljile jednadzbu (2.1).
Ako je matrica d regularna, 44, # 0, oznac¢imo
[ = f =it Ay =% 1Ay (2.12)
1 imamo sljedece slucajeve:
(1) sgnA=sgnA,=sgnf if #0,
imaginarna elipsa
(ii) sgnA=sgnhzsgnf if #0
realna elipsa
(iti) sgn A =sgn i, if' =0
tocka
(iv) sgn A #sgn A if #0
hiperbola
(v) sgnA #sgni if'=0
dva pravca koji se sijeku.
Ako je matrica d singularna, a A # 0 i A, = 0, ozna¢imo
g g%, 218
i 3 T (2.13)
1 imamo sljedece slucajeve:
wil) B=#0
parabola
(viil) B=0isgn A #sgnf if #0,
dva paralelna pravca
(viiil) B=01isgn A =sgnf
dva imaginarna pravca
(ixD)f p=081 =0
dvostruki pravac.
Akoje A1 =01 A, #0, tada oznac¢imo
2
e ey £ (2.14)
A
1 imamo sljedece slucajeve:
vi2) o0
parabola
vii2) a=0isgn L #sgnf if #0,
dva paralelna pravca
(viii2) a=01isgn A, =sgnf’
dva imaginarna pravca
@2) a=017=0
dvostruki pravac.
Za krivulje tipa (i) - (iii) kaze se da su eliptickog, dok su
krivulje tipa (iv) - (v) hiperbolickog, a (vi) - (ix) para-
bolickog tipa. U prethodnom je radu (Lapaine i Jovi¢ic
1996) potanko prikazano kako se dolazi do opisane kla-
sifikacije te kako se svaka od navedenih realnih krivulja
moze nacrtati uz pomo¢ racunala 1 odgovarajuce je-
dnadzbe krivulje u parametarskom obliku.

4

3. PRAMEN KONIKA
Neka su
Fx,y)=

= a1x2 + 2b1xy + ¢1y2 + 2d)x +2e1y +f| =) (851
G(x,y) =

= apx? + 2byxy + ¢2y?2 + 2dox +2exy + =0 (B12)
jednadzbe dviju konika. Za proizvoljni t € R sastavimo
izraz

H(x,y) = F(x, y) + uG(x, y) (3.3)
Polinom H je oblika

H(x,y) = ax2 + 2bxy +cy2 + 2dx + 2ey + f (3.4)
gdje smo oznacili

a=a tillay. . JS=hH+UH (3.5)
Za svaki pojedini i € R, izraz

H(x,y)=F(x,y) + uG(x,y) =0 (3.6)

jednadzba je konike u smislu definicije iz prethodnog
poglavlja, ako je barem jedan od brojeva a, b i ¢ razlicit
od nule. Za zadane realne brojeve ay, b,....f1, a2, ba,....f>
14 € R skup svih konika obuhvacenih jednadzbom (3.6)
zove se pramen konika. Konike pomocu kojih je pramen
definiran 1 kojima odgovaraju jednadzbe F(x, y) i G(x,y)
zovu se osnovne konike pramena. Bez vecih teskoca
moguce je pro§iriti razmatranja na pramenove c¢ije su
osnovne krivulje reda < 2.
Za svaki ¢vrsti i1 € R jednadzba (3.4) predstavlja jednu
krivulju iz pramena ili u specijalnom slu¢aju prazan skup.
Tip krivulje ovisit ¢e prvenstveno o svojstvenim
vrijednostima A;, A, matrice 8. Njena determinanta je
det (8) = MAry=ac—b2=m 12+ nu+p (BY)
gdje smo oznacili
m=acr, — b2,
n=acy+cia,— 2b b, (3.8)
pP=ac — b]z.
Determinanta matrice & jednaka je nuli u sljedecim
sluc¢ajevima:
1. za svaki 4 € R, ako je

m=n=p=0,
2. ni za koji 4 € R, ako je

m=n=0,p%0ilim#0,D<0
3. za U= -p/n, ako je

m=0,n#0
4. za u=-p/l2m, ako je

mZ0D=10
5.za [, =(-n ++/D)/2m, ako je

=000 =5(0),

gdje je D = n2 —4mp.

Odatle mozemo zakljuciti da u pramenu konika ne moze
biti bilo koji broj konika parabolickog tipa, nego takve
mogu biti samo sve, ili jedna, ili dvije ili niti jedna.
Pramenovi krivulja 2. reda mogu se zadavati i istrazivati
na razli¢ite nacine. Tako je npr. Cesarec (1957) vrlo
detaljno opisao dvije njihove klasifikacije: projektivnu
1 afinu.
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=

Slika 1: Pramen konika
(24x2+18xy+8012—72x—160y-240)+
+1(84x2—202xy+200y2+168x—600y) = 0
Crvenom linijom prikazane su osnovne konike
pramena

Pri ispitivanjima pramenova konika znatno mogu pomoci
odgovarajuci graficki prikazi. S obzirom na relativnu
slozenost takvih crteza, treba klasi¢ni mukotrpni i
dugotrajni na¢in crtanja zamijeniti crtanjem uz primjenu
racunala. U radu Lapainea i Jovicica (1996) pokazano
je kako se moze programirati graficko prikazivanje poje-
dine konike na osnovi koeficijenata njezine jednadzbe u
opc¢em obliku. Takav program moze se sada nadopuniti,
tako da sluzi za crtanje skupa krivulja koje pripadaju
nekom pramenu. U skladu s time, autor ovog rada sasta-
vio je odgovarajuci program za crtanje proizvoljnog
pramena konika. Pomocu spomenutoga programa izra-
den je crtez pramena na slici 1 (primjer preuzet od Ce-
sarca (1957)).

U sljedecih pet poglavlja opisuju se neki primjeri prame-
nova konika u kartografiji.

4. GNOMONSKA ILI CENTRALNA PROJEKCIJA
Jedan od lijepih primjera pramena konika u kartografiji
skup je paralela u gnomonskoj ili centralnoj projekciji
Zemljine sfere. Uzmimo za model Zemlje sferu polu-
mjera R > 0,

S={(X,Y,Z) e R3: X24+Y2+72 = R?} (4.1)
i parametrizirajmo je pomocu preslikavanja

[-7/2, m/2]x[-7, ] — R3 zadanog formulama

X = R cos@ cosA,

Y = R cos@ sinA, 4.2)
Z =R sing.

Tako definirana parametrizacija regularna je do na zane-
mariv skup. Parametri ¢ A geografska su Sirina, odnosno
duljina, a parametarske su krivulje paralele (¢ = const.)
i meridijani (A = const.). Gnomonska ili centralna pro-
jekcija moze se geometrijski opisati kao perspektivno
projiciranje sfere na ravninu s centrom projiciranja
smjestenim u srediStu sfere. Ako ravnina projekcije
tangira sferu u to¢ki odredenoj koordinatama (¢, 0) tada

se jednadzbe gnomonske projekcije mogu napisati (lijevi
koordinatni sustav!) u obliku (Bor¢i¢ 1955):

R(sin ¢ cos A —cos @ tan @)
X =

sin @ tan ¢ + cos ¢, cos A

Rsin A

y=
© sin @ tan ¢ + cos @, cos A

(4.3)

Lako se moze izvesti da su projekcije meridijana u toj
projekciji pravei koji pripadaju pramenu

y =tan A(xsin @, + Rcos @) (4.4)
dok su projekcije paralela odredene pramenom

(xcos @y — Rsin (Z)O)2 =

—tan? @[(cos @, — Rsin ¢y)* +y*1=0 (4.5)
Ako je ¢, € (0, m/2), tada su projekcije paralela:
hiperbole akoje ¢e (-2, ¢,
parabola o= 9,
elipse o€ (¢, m2)
dvostruki pravac =0
tocka o= -m2ili 9= 72

Mreza meridijana i paralela u gnomonskoj projekciji uz
¢, = m/4 prikazana je na slici 2.

.

Slika 2: Mreza meridijana i paralela u gnomonskoj
projekciji

5. STEREOGRAFSKA PROJEKCIJA

Neka je sfera polumjera R parametrizirana geografskom
parametrizacijom (vidi prethodno poglavlje). Stereo-
grafska projekcija moze se geometrijski opisati kao
perspektivno projiciranje sfere na njezinu proizvoljnu
tangencijalnu ravninu. Srediste je projiciranja u tocki
§to lezi na sferi, dijametralno suprotno diralistu tan-
gencijalne ravnine. Ako ravnina projekcije tangira sferu
u tocki odredenoj koordinatama (¢, 0), tada se jednadzbe
stereografske projekcije mogu napisati u obliku (Bor¢ic
1955):

~_ R(sing, cos ¢ cos A —cos @, sin @)

x= :
1+ sin ¢ sin @ + cos ¢, cos ¢ cos A

Rsin A cos ¢

y= : -
" 1+sin @, sin @ +cos ¢, cos ¢ cos A

G

Lako se moze izvesti da projekcije meridijana u toj
kartografskoj projekciji pripadaju pramenu
Ry +tancos g, (x> —2Rxtan gy +y* - R*)=0 (5.2)

dok su projekcije paralela iz pramena

45
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o s 2Rcos ¢
X+y' +——x=0 ©3)
sin ¢y +sin @
Iz relacije (5.2) 1(5.3) moze se izvesti da su za ¢, € (0, 7/2),
projekcije meridijana kruznice ili pravac, dok su pro-
jekcije paralela kruznice ili tocka. Mreza meridijana i
paralela u stereografskoj projekciji uz ¢, = 7/4 prikazana
je naslici 3.

Slika 3: Mreza meridijana i paralela u stereografskoj
projekciji

6. MOLLWEIDEOVA ELIPTICKA
PSEUDOCILINDRICNA PROJEKCIJA
Postoji velik broj pseudocilindri¢nih kartografskih
projekcija (vidi npr. Canters i Decleir 1989). Neke od
njih imaju projekcije meridijana u obliku konika, pa se
ovisno o tipu konika nazivaju elipticke, parabolicke ili
hiperboli¢cke (Snyder 1977). Jednu od najpoznatijih
pseudocilindri¢nih projekcija predlozio je 1805.
njemacki matematic¢ar Karl Mollweide. To je ekviva-
lentna pseudocilindri¢na projekcija s elipti¢nim
meridijanima, koja se prema svome autoru zove
Mollweideova projekcija.
Neka je sfera polumjera R parametrizirana geografskom
parametrizacijom (vidi 4. poglavlje). Mollweideova je
projekcija definirana jednadzbama

2R\2 A
x=RV2sinB, y="—""""cosf (6.1)
b/

gdje je f pomocni kut koji zadovoljava transcendentu
jednadzbu
sinB+2f = msin¢ (6.2)

Projekcije meridijana u toj kartografskoj projekciji
pripadaju pramenu elipsa:

n2yr +42%(x* -2R*)=0 (6.3)
dok su paralele dijelovi medusobno paralelnih pravaca
x=R\2sinf (6.4)

Na slici 4. prikazane su mreza meridijana i paralela i
konture kontinenata u Mollweideovoj projekciji.
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Slika 4: Mollweideova elipticka pseudocilindri¢na
projekcija

7. CRASTEROVA PARABOLICKA
PSEUDOCILINDRICNA PROJEKCIJA

Neka je sfera polumjera R parametrizirana geografskom

parametrizacijom (vidi 4. poglavlje). Potpukovnik

Craster predlozio je 1929. paraboli¢ku pseudocilindri¢nu

projekciju koja je definirana jednadzbama (Steers 1965,

Canters i Decleir 1989):

i
.vzx/ﬁRsing. _\'=\/§Rl(2cosT¢—l) 7.1

Projekcije meridijana u toj kartografskoj projekciji
dijelovi su parabola koje pripadaju pramenu:

T\3T Ry +A(4x> =37R*)=0 (7.2)
dok su paralele dijelovi medusobno paralelnih pravaca
=TT Rsingi (7:3)

Na slici 5. prikazani su mreza meridijana i paralela i
konture kontinenata u Crasterovoj projekciji.

Slika 5:  Crasterova paraboli¢ka pseudocilindri¢na
projekcija

8. PUTNINSOVA P_ HIPERBOLICKA
PSEUDOCILINDRICNA PROJEKCIJA
R. V. Putnin§ predlozio je 1934. dvanaest pseudocilin-
dri¢nih projekcija, a svaka od njih ima meridijane u
obliku elipsa. parabola ili hiperbola (Putnin§ 1934).
Neka je sfera polumjera R parametrizirana geografskom
parametrizacijom (vidi 4. poglavlje). Putnin§ova Ps
hiperbolicka pseudocilindri¢na projekcija definirana je
jednadzbama
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x=kR¢, y=kRAQ2-+1+12¢>/ n?) (8.1)
edje je k = 1.01346. Projekcije meridijana u toj
kartografskoj projekciji dijelovi su hiperbola koje
pripadaju pramenu:

(x-kRAZ ~A2(123% 1 n* + 2R*)=0 (8.2)
dok su paralele dijelovi medusobno paralelnih pravaca
x=kR¢ (8.3)

Slika 6: Putninsova Ps hiperbolicka pseudocilindri¢na
projekcija

Na slici 6. prikazani su mreza meridijana i paralela i
konture kontinenata u PutninSovoj Ps projekciji. Uocava
se da je pramen (8.2) oblika

F(x,y)+A G()\‘,_\')+)L2 HEo))=0

Autoru ovoga rada nije poznato jesu li se matematicari
bavili prou¢avanjem takvih pramenova konika.
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Computer Aided Calculation of Characteristics
Points of Some Envelope Helical Surfaces
ABSTRACT

Presented calculations and the choice of varia-
bles u,v e [0,1] of the given basic surface ¢ enable
the creation of a versatile programme for the
graphical processing of the characteristics not only
of the helical but also of the rotational envelope
surface @ defined by the conical or cylindrical
surface. Basic (conical or cylindrical) surface j can
be generated from the basic curve defined by the
vector function r(u), for u € [0,1] (1) applying a
class of transformations defined by the matrix T(v),
for v € [0,1] (2). The combined analytical and
synthetical method resultes in the parametric
equations of the characteristics (3) and in the
coordinates of the meridian section points.
Keywords:

envelope surface, characteristics, meridian section,
creative space, creative representation

Izracunavanje karakteristicnih tocaka ovojnice
helikoidne plohe pomocu racunala

SAZETAK

Prikazana izracunavanja i izbor varijabli u,v € [0,1]
zadane osnove plohe ¢ omogucavaju kreiranje
programa za graficku obradu osobitosti ne samo
helikoidne, vec i rotacijske ovojne plohe @
definirane stozastom ili valjkastom plohom.
Osnovna (stozasta ili valjkasta) ploha j moZe biti
generirana iz osnovne krivulje definirdane vek-
torskom funkcijom r(u), za u € [o0,1] (1) primje-
njujuci klasu transformacija definiranu matricom
T(v), za v € [o0,1] (2). Kombinirana analiticka i
sinteticka metoda rezultira parametarskim jedna-
dzbama karakteristika (3) i koordinatama tocaka
meridijanskih presjeka.

Kljucne rijeci:

ovojna ploha, karakteristike, meridijanski presjek,
kreativni prostor, kreativni prikaz

n envelope surface @is created by a continuous
A movement of a basic surface ¢. Characteristics

is a curve segment along which the envelope
surface @ touches the basic surface ¢. At any point of
the characteristics there exists a common tangent plane
T and a normal ¢ to the basic surface ¢ and the envelope
surface @.
The same envelope surface @ can be created by the
continuous movement of either characteristics, or the
basic surface ¢.
Let us deal with an envelope helical surface @ created
by a helical movement (this movement is a geometric
transformation concatenated from a revolution about the
axis o and a translation in the direction of the vector
collinear to the axis o of revolution) of a conical or
cylindrical surface ¢. An envelope rotational surface is
a special type of the envelope helical surface with the
helical movement pitch 1z,l (z, is the translation vector
corresponding to the angle of revolution equal to 2m)
equal to zero.
Study and realization of the construction of the envelope
helical and rotational surface characteristics points are
very important in the mechanical engineering practise.
The classical construction of the characteristics points
(mentioned in Kopincova [1]) can be substituted by
computer processing and following graphical output.
In the Creative space (defined in Velichova [6] and
described in Velichova [5]), in which we work with
homogeneous coordinates (in correspondence with
Qiulin [2]), let us create the basic surface ¢. Let us define
the basic curve segment of the conical or the cylindrical
surface by a vector function

r(u) = (x(u), y(u), z(u), 1) (1)

such, that it is defined and at least C(V) for u € [0,1] and
its first derivative ( x’(u), y’'(u). z'(u). 0) is a non-zero
vector for u e [0.1].
Let the generating principle be the class of tran-
sformations represented by a regular square matrix of
rank 4 in a form

q(v) 0 ()
. @ e Q@ © o .
(v)= 0 gl p vel0,1] )

G eV Y ]

where function ¢(v) = 1 — v is pertinent to the conical
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surface and function ¢(v) = 1 to the cylindrical surface.
Constants x, y, z; are coordinates of the conical surface
vertex or they are coordinates of the cylindrical surface
direction vector. -

The analytic representation of the basic conical or the
cylindrical surface ¢ can be then expressed as follows
r(u,yv)=r(u). TW)=

=) gv) +x1v, Y) gqv) +y1 v, z(u) giv) +z1 v, 1)
where (u,v) € [0,1] X [0.1].

Let the clockwise helical movement with the axis o in
the coordinate axis z be defined by the reduced pitch
vo = |z, |27t (with respect to Velichova [6]) (see Fig.1).

ri{ul

!7.-‘-»0

The point M of the characteristics can be determined as
the intersection point of the line 2 on the surface ¢ and
the auxiliary characteristics /1 of the tangent plane 7 to
the surface @ incident with the line m.. Characteristics /1
is a line on the surface of tangents to the helics (i.e. the
envelope surface created from the tangent plane 7 by
the given helical movement). Characteristics 1= 7N 6.
where §is a plane determined by the point P, the direction
vector € and the direction vector (0,0,1,0) of the axis o.

Parametric equations of the envelope helical surface
characteristics (if it exists) will be
x = x(u) q( Ew) ) +x1 &)
y=y) q( &) ) +y1 &) A3)
z=2(u) q( &(u) ) + 21 &(u)

for those values u € [0,1], for which &(u) € [0,1], while

o cy(x(u)—xp)+c)(=y(u)+yp)

—cy(x(u)a+x))+c;(y(u)a+y,)

“)

and

¢y =a(y’(u) z(u) = 2" () y(w)) + y" (1) 7, = 2"(u) y,
¢, =a(=x"(u)z(u) + 2’ (1) x(u)) — x"(u) 2, + 2’ (u) x,
cz =a(x" () y(u)—y' (u) x(u)) + x"(u) y; —y'(u) x,

VO Cy C';

Xp = (= 1)
Cl +C7
=yC C}

xp=—2 =y

a=q’(v)=const
where vector¢=(c¢;.ca,c3,0)is the direction vector
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of the basic surface ¢ normal and therefore it is also the
direction vector of the envelope @ normal in the point
M of the characteristics.

Xxp , yp - are coordinates of the auxiliary point P(xp, yp,
0.1).

Constant value i = 1 is valid for clockwise and i = 2 for
anticlockwise helical movement.

A special attention must be payed to the situations, in
which the value ¢; and the value of the denominator of
the relation (4) are equal to zero.

The shape of the envelope surface can be better
comprehended by its meridian section than by the
characteristics, which is usually a space curve segment.
Coordinates of the point M* = (x*, y*, z*,1) located on
the meridian section in the xz-plane can be obtained from
the coordinates of the point M = (xy;, yar. Zp. 1) on the
characteristics as the solutions of the following equations
X¥= i\/xi,, + )',2‘,,

y¥=0

F=zy+ v,

where wis the directed angle of the revolution about the
axis o to the xz-plane oriented in the helical movement
direction.

Presented calculations and the choice of variables (u.v)
€ [0,1] x [0,1] of the given basic surface enable the
creation of a versatile programme for the graphical
processing of the characteristics not only of the helical
but also of the rotational (if vo = 0) envelope surface
defined by the conical or cylindrical surface - see figures.
In the Fig.2 there is presented the characteristics and the
principal meridian of the envelope rotational surface
created by the revolution of a conical surface with the
basic curve in a spatial Viviani curve.

4
X/
s

The illustration of the envelope surface generated by the
helical movement of the basic conical surface character-
istics, the basic curve of which is the circle, is in the
Fig.3. The same movement of the envelope helical
surface meridian produces the same envelope surface
(see Fig.4).
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Fig.4 &

Fig.5 ilustrates a helical surface created by the character-
istics of a basic cylindrical surface which basic curve
segment is a circle. Other examples of the envelope
surfaces can be found in the papers Szarkova [3] and
Szarkova [4].
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Fig.5 i
Graphical access to the processing of the given pro-
blematic enables a more effective function in the sphere
of the machining tool design, because the basic surface
of the desirable envelope surface can be fixed inter-

actively and also all irregular cases, when the envelope
surface cannot be defined or it is of an unsuitable shape,
can be omitted.

Presented figures are examples of the characteristics, the
meridian section and the basic surface ¢ of the envelope surface
@ in Monge projection method and Axonometry projections
are outputs of the programme (written by the autor) on the
screen and digital plotter.
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3D Polyhedra Scenes and the Triangulation
ABSTRACT.

One of the possible utilizations of the planar region
triangulation is presented in this paper - a part of
the visibility solution in the visualization of the
general 3D scene consisting of disjoint polyhedra
by the means of computer.

Keywords:

triangulation, potential visibility, polyhedra scene
visibility, triangle intersection

3D poliedarne scene i triangulacija

SAZETAK

Jedna od mogucih primjena triangulacije podrucja
u ravnini prikazana je u ovom radu - dio rjeSenja
vidljivosti pri vizualizaciji opc¢e 3D scene koji se
sastoji u rastavljanju poliedra uz pomoc racunala.
Kljucne rijeci:

triangulacija, potencijalna vidljivost, vidljivost
scene poliedra, presjek trokuta

INTRODUCTION
he term triangulation is used here for the
I decomposition of the connected planar region
bounded by closed polygons (not intersecting
each other) into elemental regions - triangles. The
triangulation gives an opportunity to solve some of the
problems in computer geometry of polyhedra in simply
and easy understandable way, e.g. visualisation of
polyhedra, determination and drawings of their inter-
sections, calculation of their boundary surface, etc, and
more, in order to simplify and make this field more
understandable and attractive for students it can be used
in teaching process at universities as well.

ASSUMPTIONS

The visualization of the scene can be obtained in a user
specified view and polyhedra arrangement. The scene
is defined by all the faces of disjoint polyhedra. They
are filed in attaching the same exterior orientation.
The face orientation determines potential visibility.
Potentially visible faces (abr. PV faces) are concidered
to be the faces of the same orientation as their images in
the projection plane [8].

SCENE ANALYSIS

Three different groups of PV faces arrangements can be
distinguished, according to their mutual location to the
centre of projection:

1. group. PV faces do not overlay; i.e. no PV face is
hidden behind another one of the same or other
polyhedron.

Solution: All PV faces are displayed.

2. group. PV faces are hidden behind other ones.
Their images intersect in a “planar” intersection
(bounded planar region containing at least three
noncollinear points). PV faces can be ordered in the
sequence {F;}.., according to their mutual position
towards the centre of projection (Fig.1).

Fig. 1

The mutual position of two plain regions can be deter-
mined by any of those region points that lay on one pro-
jecting ray (projector) and so produce their image
intersection (Fig. 2).

/

Solution: PV faces are displayed gradually in the order
corresponding to the sequence {F;}._,.

38



KoG+2/1997

Daniela Richtdrikovd: 3D Polyhedra Scenes and the Triangulation

3. group. Images of PV faces intersect in a “planar”
region but faces cannot be ordered in the sequence

{Fi}i-, (Fig. 3).

Solution:: PV faces are triangulated - decomposed into
elemental figures - triangles a,. i=1...n. For this purpose
several algorithms can be used [e.g.3]. Our method is
based on the triangle generation test of three suceeding
polygon vertices: i, i+1, i+2 [8]. Two conditions are
examined:

a) the vertices create the convex angle

b) none of the currently created edges intersect the

region boundary or previously created triangle edges.
Satisfying both conditions examined vertices formed the
triangle. The convex angle vertex is set aside from the
further construction. We set i=i+1 and the triangle
construction can continue with i, i+1, 142 or 142, i+3,
i+4 vertices test.
The final picture will be obtained by displaying triangles
or (if necessary) their image intersections one after other
according to their mutual position towards the centre of
pojection. An oriented graph and the matrix of incidence
G" = [g,.j] are used to arrange this sequence [1]. [S].
Triangles are represented by vertices with the same notes
a, i=1,.n. The directed edge joining two vertices a,. 4
is formed only if the triangles a,, a; are located in two
different faces and their images intersect in the “planar™
region; the triangle a, is located closier to the centre of
projection than the triangle a, and so the former overlays
the latter (Fig. 2). Corresponding elements in the matrix
of incidence G, are defined in this way: g, =1,g, =0
when the oriented edge joining two vertices a,, a, 1s
formed, g, = 0 and in the case that the oriented edge
joining the vertices a,. a, is not formed, the elements

g=8,=%

SELECTION AND DISPLAY OF TRIANGLES

The triangle (or another region) will be displayed
(pictured) by filling its image in the predefined colour
or pattern.

The main criterion for selection of the triangle a, for
displaying is the minimum number of not yet displayed
triangles laying “under” (or behind) the triangle a, , i.e.
the triangles that are located in the longer distance to
the centre of projection than the triangle a, and have a
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“planar” intersection with the triangle a, in images. So
these triangles are overlayed by the triangle a, in the
predefined view. This fact is examined in the matrix

n
G, via the parameter S, = Zg,-,- for the current .
U=l

If S =0 then non of not yet displayed triangles is located
“under” the triangle a. The triangle @, can be displayed
and as follows, eliminated from the further process.
Corresponding row and column are omitted in the matrix
G,. The next triangle can be examined.

If S >0 for all i = 1,...n no triangle lays “under” the
other ones (Fig. 4). Let § == minS. Two cases are
possible:

1.5,=S,  forunique one . The triangle a,is selected.

min

2.5.=S8, foriof numberf,f>1.Let {r;};_, is the

sequence of indexes 7. Now the triangle a, will be selected
only from the triangles a, according to the main

criterion (minimum number of not yet displayed triangles

a, laying “under” the triangle a) with respect to the

T
mutual position of triangles a, only. If §,;, =S, for

all r,. the triangle will be selected in the comparisn test
of the mutual position of triangles in pairs. That triangle
in the tested pair will be chosen which is “under” the
other one. The selected triangle will be repeatedly
compared to the next triangle from the sequence
{ai" }l{:l :

Selected triangle a, can be displayed immediately, and
the information about not yet displayed trianges a, laying
“under” the triangle a_have to be stored, for instance in
a row b, of another matrix P = [b, ] - the matrix of
intersections, by setting the elements b, =1. After each
triange a, displaying the intersection of the triangle a,, a,
images will be filled in the colour of the triangle a, (The
triangle a, was displayed before the triangle a although
the triangle «, is located over the triangle a).If several
trianglesa,i=r_.v=1....t, have been already displayed
in the time of triangle 4, displaying, (filling in the
intersections of triangles a, ., images will be ordered

and realised with respect to the main criterion.



KoG*2/1997

Daniela Richtdrikovd: 3D Polyhedra Scenes and the Triangulation

The problem of selecting a triangle is solved in all levels
by using the same algorithm that can be recursively called
and applied on the current sequence of triangles and so
the scene with arbitrary overlaying faces can be
visualized.

DETERMINATION OF THE TRIANGLE IMAGES
INTERSECTION ;
Construction of the intersection of the triangle images
is based on the region orientation of the boundary
polygon vertices [7].

Flg 7 Ak—l

Let A, B be the concordantly oriented images of the
triangles. The first vertex of the intersection can be an
intersection point of two arbitrary sides. The succesor
can be found as the intersection point of sides or as the
vertex on the boundary of that triangle A, for which the
three points H, A_. B, (H-topical vertex of the inter-
section, A, - the successive vertex of the triangle A and
B, - the successive vertex of the triangle B (Fig. 5. 6.7)
are in the same orientation as the both triangles A. B.
Having found the succeding vertex equal to the first one
the determination of the intersection is finished

(Fig. 8).

CONCLUSION

Visibility represents quite an important and big part in
the field of computer graphics. There have been a lot of
visibility algorithms worked out [6]. They differ in
various ways with respect to complexity, universality,
the choice of examined phenomena, methods, etc. Our
algorithm can be tabled next to the Newell’s and
Sancha’s one [2] in which the polyhedra faces are ordered
into the display sequence according to the “z- depth”, z
denotes the direction of the view. The problem of cyclic
overlaying (Fig. 4) is suggested to be solved by the
division of the problematic polygon into two parts, that
are to be ordered then as new polygons into the sequence.
The aim of the paper is to describe the visibility problem
solving in displaying the general polyhedra scenes via
the triangulation of polyhedra faces. This method was
elaborated for the purposes of the educational process.
It solves the problem in understandable way and enables
to visualize polyhedra scenes in any view and arran-
gement. Even very complex scenes with overlaying of
polyhedra faces (rare in the space) are allowed.
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Struc¢ni rad
Prihvaceno 28.11.1997.

Izvodenje pet tipova

SONJA GORJANC

pravcastih ploha 4. stupnja

Generation of Five Types of Ruled Quartics
ABSTRACT

According to Sturm (4], [7]), the ruled quartics
are classified into twelve types. In this paper only
five types, where directing curves can be conics
and straight lines are selected and there is one or
more examples given for each of them. In these
examples we described the constructive generation
of the surfaces, and by means of their parametric
equations we made the graphics in Mathematica

3.0.
Keywords: ruled quartics, ruled surfaces

Izvodenje pet tipova pravcastih ploha 4. stupnja
SAZETAK

Ilzmedu dvanaest vrsta pravcastih ploha 4. reda,
po Sturmovu (4], [7] razvrstavanju, izdvojeno je
pet kod kojih se za ravnalice mogu odabrati konike
i pravci. Za svaku od tih pet vrsta ploha dan je
jedan ili viSe primjera. U primjerima su opisani
nacini njihova konstruktivnog izvodenja, a pomocu
parametarskih jednadzbi napravljeni su crtezi u
programu Mathematica 3.0.

Kljucne rijeci: pravcate kvartike, pravcaste plohe

UvoD

vakom tockom pravcaste plohe prolazi barem
S Jjedan pravac te plohe, sto daje velik broj moguc-

nosti primjene pravcastih ploha u graditeljstvu.
Stoga je konstruktivna obrada tih ploha sadrzaj gotovo
svake knjige koja se upotrebljava u nastavi geometrije
na tehnic¢kim fakultetima u nas (npr. [1], [2], [5]. [8]).
Cilj je ovoga rada prikazati jednostavnost njihova iz-
vodenja i raznolikost njihovih oblika. Za graficke prikaze
ploha upotrijebiti cemo programski sustav Mathematica
3:0)!

1. OPCENITO O ALGEBARSKIM PRAVCASTIM
PLOHAMA
U ovom poglavlju navodimo neke opce definicije i teo-
reme vezane uz pravcaste plohe. Navodimo ih bez do-
kaza, za koje se Citatelja upucuje na bilo koju od knjiga
[10]. [7], [8] ili [9].
Prostor za nasa razmatranja prosireni je euklidski prostor
(model projektivnog prostora), tj. euklidski prostor
nadopunjen neizmjerno dalekim elementima. Prostor
sadrzi o3 toCaka 1 eo* pravaca. Stoga se u njemu mogu
promatrati:

plohe - skupovi od =2 neprekinuto povezanih tocaka,
krivulje - skupovi od eo! neprekinuto povezanih
tocaka,

kompleksi - skupovi od =3 neprekinuto povezanih
pravaca,

kongruencije - skupovi od e neprekinuto povezanih
pravaca,

pravcaste plohe - skupovi od e! neprekinuto
povezanih pravaca.

Pravcasta ploha nastaje neprekinutim gibanjem nekog
pravca pri kojem se on sam u sebi ne pomice. Osnovna
je podjela tih ploha je na razmotljive, koje se mogu razviti
u jednu ravninu bez kidanja, 1 vitopere kod kojih je takvo
razvijanje nemoguce. Skup tocaka kojih Kartezijeve
koordinate zadovoljavaju neku algebarsku jednadzbu n-
-toga stupnja nazivamo algebarskom plohom n-toga
reda. U ovom radu bavit ¢emo se iskljucivo vitoperim
algebarskim pravcastim plohama.

Algebarske plohe 1 krivulje, kompleksi i kongruencije
razvrstavaju se prema njihovu redu i razredu. Konstruk-
tivnoj obradi prostora primjerene su geometrijske inter-
pretacije tih pojmova kojima se sluzi sinteticka geomet-
rija.

— Red (razred) algebarske plohe jednak je broju njezinih
to¢aka (dirnih ravnina) incidentnih s nekim pravcem.
Ako sured irazred plohe jednaki onda taj broj nazivamo
njezinim stupnjem.

— Red prostorne krivulje jednak je broju njezinih tocaka
incidentnih s nekom ravninom, dok joj je razred jednak
broju dirnih ravnina incidentnih s nekim pravcem.

— Red ravninske krivulje jednak je broju njezinih sje-
ciSta s nekim pravcem incidentnim s ravninom krivulje,
dok joj je razred jednak broju tangenata incidentnih s
nekom tockom ravnine krivulje.

— Red kompleksa jednak je redu stosca §to ga Cine sve
zrake (pravci koji pripadaju kompleksu) incidentne s
nekom tockom, dok mu je razred jednak razredu krivulje
koju omataju sve njegove zrake u nekoj ravnini. Red i
razred nekog kompleksa uvijek su jednaki.

— Red (razred) kongruencije jednak je broju njezinih
zraka incidentnih s nekom to¢kom (ravninom).

Pri tim prebrojavanjima racunaju se realni i imaginarni
elementi.

Izvodenje

Pravcaste plohe kao sustave od <! neprekinuto povezanih
pravaca u prostoru mozemo najopcenitije promatrati kao
presjeke triju kompleksa ili kao presjek jedne kongru-
encije 1 jednoga kompleksa. Dosljedno sprovodenje tog
drugog nacina izvodenja zahtijevalo bi, medutim,
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znacajnije udubljivanje u pravcasti prostor. Zbog toga
¢e predmet naSeg proucavanja biti uglavnom one
pravcaste plohe koje nastaju kao presjek triju kompleksa
zadanih algebarskim krivuljama. U tom smislu pravcaste
se plohe mogu promatrati kao skupovi od e<! neprekinuto
povezanih pravaca koji sijeku tri algebarske krivulje & .
k,ik,. Krivuljek . k, 1k, nazivamo ravnalicama, apravce
koji 1h sijeku 17vodmcama plohe. (Slika 1)

ky

ky

A k
\i

Slika 1

Red i razred

Ako su redovi krivulja k , k,, k, redom n . n, i n, te ako
se one ne sijeku, red pravcaste plohe Jednak je2 nonn,.
Ako se, medutim, krivulje k, i k, sijeku u _]ean_] tockl
raspast ce se pravcasta ploha reda 2 n n,n, nastozac s

vrhom u tom sjecistu i osnovicom k| (sllka 2) te plohu
reda2n nn,—n,.

ka

Slika 2

Stoga opcenito vrijedi: ako se krivulje &, 1 &, sijeku u s,
tocke, krivulje k ik, u s, tocke, a krlvulje k,ik, u s
tocki tada je red pravcaste plohe koju cemo promatrau
jednak
2/1/1/1 (Sl‘l +sn+sn) (1)
Ako ploha nastaje kao presjek kongruencije n-tog reda,
m-tog razreda i kompleksa r-tog stupnja red plohe jednak
je r (n + m). Koliko ce se 1 kakvi stoSci pojaviti pri
raspadu te plohe moze se diskutirati u konkretnim
slu¢ajevima.

Red 1 razred pravcaste plohe uvijek su jednaki. Stoga
pravcaste plohe imaju odredeni stupanj.

Visestruke linije

Visestruke linije vitopere pravcéaste plohe njezine su
ravnalice k . k, 1 k,. a strukost im je redom

nn=s, n I‘I—Sln n,=s. )
To se lako zakljucme na temelju ¢injenice da svakom
tockom npr. krivulje k1 prolazi n, n, izvodnica plohe koje
su presjek stozaca s vrhom u toj tocki i osnovicama k| i
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k, (slika 3).

Napomena: u slu¢ajevima kada se radi o pravcastoj rav-
nalici koja je ujedno i izvodnica tih stozaca koji su
dijelovi raspada pravcaste plohe gornja se formula mora
modificirati ovisno o tome koliko je puta pravcasta
ravnalica brojena pri raspadu.

ki

Slika 3

Sustavi izvodnica
Vitopere pravcaste plohe 2. reda (jednoplohi i paraboli¢ni
hiperboloidi) jedine su plohe s dva sustava izvodnica,
tj. u svakoj tocki takve plohe sijeku se dvije njezine
izvodnice. Sve pravcaste plohe reda veceg od 2 imaju
samo jedan sustav izvodnica, tj. svakom njihovom
tockom, koja ne lezi na viSestrukoj liniji, prolazi
jedinstvena izvodnica plohe.

Dirne ravnine

Dirna ravnina u nekoj tocki vitopere pravcaste plohe reda
n sadrzi izvodnicu koja prolazi diraliStem te sijece plohu
po krivulji reda n—1.

Pramen dirnih ravnina uzduz jedne izvodnice vitopere
pravcaste plohe projektivno je pridruzen nizu njihovih
diralista na toj izvodnici.

Konoidalne plohe i konoidi

Konoidalna pravcasta ploha nastaje onda kada je jedna
od njezinih ravnalica neizmjerno daleki pravac. Ako plo-
ha uz taj neizmjerno daleki pravac sadrzi kao ravnalicu
jos i jedan pravac u konac¢nosti, nazivamo je konoidom.
Torzalni i oskularni pravci

Izvodnicu uzduz koje postoji jedinstvena dirna ravnina
§to plohu sijece jos i u krivulji reda n —2 nazivamo
torzalnim pravcem 1. reda, a onu uzduz koje jedinstvena
dirna ravnina sijece plohu jo$ i po krivulji reda n —s,
torzalnim pravcem reda s—1, s = 2,.....n—1. Torzalni
pravac 2. reda nazivamo i oskularnim pravcem plohe.
Kuspidalne tocke

Kuspidalne ili Siljaste tocke one su tocke dvostruke linije
plohe u kojima dvije tangencijalne ravnine koincidiraju.
Na pravcastim plohama to su tocke presjeka torzalnih
pravaca idvostrukih linija plohe. Svaki ravninski presjek
kroz takvu tocku imat ce u njoj Siljak. One su ujedno i
tocke koje na dvostrukim linijama razdvajaju dijelove
Sto sadrze ¢vorove od onih §to sadrze izolirane dvostruke
tocke™ ravninskih presjeka plohe.

“Dvostruku tocku ravninske krivulje nazivamo &vorom, Silj-

kom ili izoliranom dvostrukom tockom ako su u njoj dvije
tangente krivulje realne i razlicite, realne i jednake ili
konjugirano imaginarne.
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2. PRAVCASTE PLOHE 4. STUPNJA

Neraspadnuta ravninska krivulja 4. reda moze imati naj-
vise tri dvostruke 1 najvise jednu trostruku toc¢ku. Stoga
se na plohama 4. reda kao dvostruke krivulje mogu
pojaviti samo prostorne krivulje 3. reda, konike ili pravci,
a kao trostruka linija jedino pravac.

Prav¢aste kvartike (plohe 4. reda) mogu se razvrstavati
prema gradi njihovih algebarskih jednadzbi [10., str. 203-
213]. U geometrijskoj interpretaciji to je razvrstavanje
prema redu i polozaju njihovih ravnalica, te vrsti i broju
torzalnih pravaca. Prema [4] prvu je takvu klasifikaciju
nac¢inio Cremona, a doradio Sturm. U knjizi [7, str. 246-
294] pravcaste su kvartike detaljno obradene prema
Sturmovoj klasifikaciji po kojoj postoji dvanaest tipova.
U daljnjem cemo se izlaganju pozivati na to razvrstavanje
prema kojemu su plohe obradene i u radnji [6]. a u knji-
gama [8] i [9] navedene su osnovne karakteristike poje-
dinih tipova. U knjizi [10] Salmon navodi Cayleyjevu
klasifikaciju (takoder dvanaest tipova) te dodaje i svoju
(trinaest) tipova. U knjizi [4, str. 76-80] dana je usporedba
Cremonine, Sturmove i Cayleyjeve klasifikacije.

3. PRIMJERI PRAVCASTIH PLOHA 4. STUPNJA
ZADANIH PRAVCIMA I KONIKAMA
Prema Sturmovu razvrstavanju postoji pet vrsta prav-
castih kvartika kod kojih se kao ravnalice mogu odabrati
konike i pravci. To su tipovi V, VII, VIIL, IX 1 XI. U
ovom ¢emo poglavlju svaki od navedenih tipova ilustri-
rati s jednim ili viSe primjera.
Parametarske jednadzbe ploha, povoljne za crtanje u Ma-
thematici, izvest cemo u prvom primjeru dok cemo ih u
ostalima samo navesti. One se, naime, za svaki od iducih
slu¢ajeva izvode na sli¢an nacin.
Torzalne pravce plohe takoder cemo istaknuti jedino u
prvom primjeru. Dosljedno odredivanje njihove vrste,
realnosti, imaginarnosti ili podudaranja zahtijevalo bi
zntnije zalazenje u podrucje diferencijalne geometrije
ili pak, pri sintetickom pristupu, vrlo dugacke opise.

3.1. VII. VRSTA U STURMOVOJ KLASIFIKACIJI

Taj tip pravcastih kvartika nastaje kada su ravnalice dva
mimosmjerna pravca i konika koja ih ne sijece. MoZzemo
ih promatrati kao presjek triju kompleksa odredenih tim
ravnalicama, ali i kao presjek kompleksa 2. stupnja odre-
denog konikom i hiperbolicke linearne kongruencije od-
redene mimosmjernim pravcima. (Skup od o2 transver-
zala dvaju mimosmjernih pravaca nazivamo linearnom
hiperbolickom kongruencijom). Ploha iste vrste nastaje
i ako se bilo koji drugi kompleks 2. stupnja odabere kao
temeljni.

Mimosmjerni su pravci dvostruke linije tih ploha.
Plohe upravo toga tipa najcesci su primjeri pravcastih
kvartika u literaturi ([ 1., str.177], [3. str.313]. [5. str. 180]).
Primjer 3.1.1.

Ravnalice plohe su kruznica u ravnini xy i dva mimo-
smjerna pravca paralelna s koordinatnim osima (slika
4).

Slika 4

Izvodnice te plohe mogu se konstruirati kao spojnice
probodista pravca [ i kruznice ¢ s ravninama pramena
[/,] (slika5), ili kao spojnice probodista pravca fid
kruznice ¢ s ravninama pramena [[] (slika6).

Slika 5

Slika 6

Za dobivanje grafickog prikaza plohe u programu Ma-
thematica najprikladnije je upotrijebiti njezine parame-
tarske jednadzbe. Poznavajuci samo osnove analiticke i

>
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nacrtne geometrije one se u ovom slucaju vrlo jedno- <<Graphics ‘ParametricPlot3D*;
stavno izvode. Zbog ravnomjerne rasporedenosti izvod- ParametricPlot3D[ ;

5 e 5 B : {(1-z) Cos[ul,0.5(2-z) Sin[ul,z},
nica parametrizirat cemo plohu pomocu veli¢ina u i z (US0S2PiA Py 20) ez S0 RS
(slika 7). ViewPoint->{-3.5,2,1.75},

Boxed->False,Axes->None,
ColorOutput->GrayLevel]

Slika 7

Slika 10

Iz tlocrta izvodnice (slika 8) zakljucujemo da ona lezi u

myee Torzalni pravci leZe u onim ravninama pramenova [/ JilL]

koje su dirne za kruznicu c. U svakoj od tih ravnina dvije

S ty 3) izvodnice koje se sijeku na dvostrukom pravcu padaju
i zajedno u torzalni pravac. Ravnina pramena zajednicka

je dirna ravnina za sve tocke torzalnog pravca, osim za

(cosu, sinu) kuspidalne. Kuspidalna tocka, sjeciste dviju neizmjerno

(0, 0.5sinw) blizih izvodnica, nalazi se na dvostrukom pravcu koji

u X nije nosilac pramena kojem pripada ravnina (slika 11).

>

(- cosu, 0)

Slika 8

Iz nacrta izvodnice (slika 9) vidimo da se ona nalazi i u
ravnini

y=0.5 (2-2z) sinu. (4)
\ z
©,2) \
i},
(sinu, 0) Y,
Slika 9
\ Slika 11
Relacije (3) 1 (4) daju parametarske jednadzbe plohe
X(u. z) = (1 - z) cosu Pomocu programa Mathematica moguce je dobiti i
Y(u,z)=0.5 (2 — z) sinu prikaze koji. barem djelomice. otkrivaju i unutarnju
Zu.z)=z, ue[0,2n). ze R. (5) stranu plohe. Na slici 12 dan je takav prikaz dijela plohe

omedenog ravninama z = —0.5 1 z = 2.5 te naredba za

Na slici 10 prikazan je dio plohe omeden ravninama crtanje.
z=01z =2 te naredba za crtanje.
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Show[
Table[
ParametricPlot3D[{(1-z) Cos[u],0.5(2-z) Sin[ul,z},

(U052R5 Ri/24 1 iz s d=a/81ReySIMN = 5,2 -5=3/3156/31),

DisplayFunction->Identity],
Table[
ParametricP1ot3D[{(1-z) Cos[ul],0.5(2-z) Sin[ul,z},

{u,j,j+Pi/24,Pi/24} {z,-.5,2.5,3/31}1,1],0,2Pi-Pi/12,Pi/12}

DisplayFunction->Identity]],
ViewPoint->{-3.5,2,1.75},
Boxed->False,Axes->None,
ColorOutput->GrayLevel,
DisplayFunction->$DisplayFunction]]

Slika 12

Primjer 3.1.2.

Ravnalice konoida su kruznica u xy ravnini, pravac
paralelan s osi x te neizmjerno daleki pravac ravnine yz.
(Neizmjerno daleki pravac prostora analiticki cemo
zadavati pramenom paralelnih ravnina, dok cemo pri
grafickom prikazu upotrebljavati bilo koju ravninu tog

pramena, tzv. direkcijsku.) (Slika 13)
G xr+ye=1 z=0

Slika 13

Izvodnice konoida odreduju se kao spojnice probodista
pravca [, i kruznice ¢ s ravninama pramena paralelnih
ravnina [/,7] (slikal4), ili u ravninama pramena [/ ] kao
paralele s direkcijskom ravninom kroz probodista

kruznice s ravninama pramena (slikal5).

0

5

Slika 14

Ly

Slika 15

Za iste parametre kao u prethodnom primjeru parame-

tarske su jednadzbe tog konoida:
X(u, z) = cosu

-2z

Y 2) = sinu

Z(u,z)=z, ue [0,2n], ze R.

(6)

Na slici 16 prikazan je dio konoida omeden ravninama

z=-081z=23.

Slika 16
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3.2. VIII. VRSTA U STURMOVOJ KLASIFIKACIJI

Taj tip ploha nastaje iz prethodnog ako se pravei / 1/,
podudaraju, tj. izvodnice plohe su zajednicke zrake
kompleksa 2. stupnjailinearne parabolicke kongruencije
stemeljnim praveem /=1 =/. (PridruZi li se projektivno
ravninama nekog pramena [p] niz toc¢aka (p) tada svi
pravci u ravninama pramena koji prolaze njima pridru-
zenim to¢kama ¢ine linearnu parabolicku kongruenciju
odredenu temeljnim pravcem p. Vidi sliku 17.)

Slika 17

Pravac [ dvostruki je pravac ploha tog tipa.
Konoidalne plohe tog tipa nazivamo cilindroidima.
Primjer 3.2.1.
Ploha je zadana kruznicom u xy ravnini te parabolickom
linearnom kongruencijom s temeljnim pravcem koji je
paralelan s osi x. (Slika 18)

G x+y2=1, z=0

Projektivitet izmedu niza tocaka (/) i pramena ravnina
[/], koji odreduje parabolicku linearnu kongruenciju.
zadan je na sljedeci nacin:

Ao & x,=tanv,v=”4(0,z),A€ (), e [

7

A (tany, 0, 1)

Slika 18

Izvodnice plohe u ravninama pramena [/] odreduju se
kao spojnice probodista ravnine s kruznicom ¢ i one tocke
pravca [ koja je projektivno pridruzena ravnini pramena
(Slika 19).

Za parametre u 1 z parametarske su jednadzbe plohe:
X(u., z) = (sinu — cosu) (1 —z) + cosu
Y(u, z) = cosu (1 — z)
Z(u,z)=2z, ue [0,2n], ze R. (7

62
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Slika 19

Na slici 20 prikazan je dio plohe omeden ravninama
= 7=

Slika 20

Primjer 3.2.2.

Cilindroid je zadan kruznicom u ravnini xz, neizmjerno

dalekim pravcem ravnine yz te parabolickom linearnom

kongruencijom kojoj je taj pravac temeljni (slika 21).
Co..X2+ 2= 1,7 y=0

Projektivitet [/ ]A (/™) odreden je na sljedeci nacin:
Ako jeravnina o€ [["] dana jednadzbom x =1, tada njoj

- g % oo oo o tant
pridruzenatockaA” e o, A"e [ lezinapravcu z = y T

oo

[

Slika 21
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Izvodnice plohe u ravninama pramena [[”] odreduju se
kao spojnice probodista ravnine s kruznicom ¢ 1 one tocke
pravca ™ koja je projektivno pridruzena ravnini pramena
(slika 22).

Slika 22

Zaravnine pramena [[”] u kojima leze realne izvodnice
cilindroida mozemo uvesti supstituciju t = cost.
u € [0, m]. Sada su parametarske jednadzbe plohe, za
parametre u iy, dane sa:

X(u, y) = cosu

Y(u,y)=y

Z (u,y)=y En_(_c;_(ls_ﬂ + sinu,

ueib. Rl ye R (8)

Na slici 23 prikazan je dio plohe omeden ravninama
y=-3iy=3.

Slika 23

3.3. IX. vrsta u Sturmovoj klasifikaciji

Plohe tog tipa nastaju onda ako se kao ravnalice odaberu
dvije konike koje se ne sijeku i jedan pravac §to svaku
od njih sijece u jednoj tocki, dok su tangente konika u
tim sjeciStima s pravcem mimosmjerne. Pravac je tro-
struka linija ploha. Prema formuli (3) izaslo bi da je to
cetverostruka linija. Medutim, taj se pravac, iako se ko-
nike ne sijeku, pojavljuje kao zajednicka izvodnica
stozaca koji nastaju pri raspadu plohe osmoga reda te
pri ratunanju njegove visestrukosti treba od vrijednosti
izraza (3) oduzeti broj 1.

Primjer 3.3.1.
Ploha je zadana elipsom u ravnini xy, kruzZnicom u
ravnini paralelnoj s ravninom xy te s osi z (slika 24).

€x=12+(5y—312=4, z=0
C =1 Qy—19=2 =1}

Slika 24

U svakoj ravnini pramena [/] nalazi se jedna izvodnica
te plohe. Ona je spojnica probodista ravnine s konikama
cie (slika25). Izvodnice plohe mogu se takoder dobivati
1 kao prodorne izvodnice dvaju stozaca kojima je vrh u
tocki pravca [, a osnovice konike ¢ i e. To je ujedno i
nacin na koji se pokazuje da je pravac / trostruki pravac
plohe.

Slika 25

Za parametre u 1 z parametarske su jednadzbe plohe:

cosu
xpilitpyeilinn @8 Hen ney gy, 0
b v TG
sinu
(e TR
W) Siag mpermw TR
Z(Wiz) =17 w0, ]tz €"RE RO

gdje je
F(u, z) = cosu (16 + 21z) — 21z cos3u
— 40+/3 sinu (z—1) + 2z sinu (29 — 21 cos2u).
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Na slikama 26 i 27 prikazan je dio te plohe omeden
ravninamaz=-51z= 8. =1 !

Slika 28

Kao i u prethodnom tipu plohe, u svakoj ravnini pramena
[/] nalazi se jedna izvodnica. Ona je spojnica probodista
ravnine s konikama c 1 e (slika 29).

Slika 26

Slika 29

Za parametre u 1 z parametarske su jednadzbe plohe:
X(u, z) = 2 cos2u G(u, z)
Y(u, z) = sin2u G(u, )
Zu.2) =2z, ue 0wl zie R (10)
gdje je
6—-8z+3zcos2u
3(5—3cos2u)

G(u, z) =

Na slici 30 prikazan je dio ove plohe omeden ravninama
z=-05iz=25.

Slika27

3.4. XI. VRSTA U STURMOVOJ KLASIFIKACIJI

Kod ploha tog tipa ravnalice su jednake onima u pret-
hodnom tipu, samo $to tangente konika u njihovim sje-
ciStima s pravcem leZe u istoj ravnini.

Primjer 3.4.1.

Ploha je zadana elipsom u ravnini xy, kruznicom u ravnini
paralelnoj s ravninom xy, te s osi z. Tangente konika u
njihovim sjeciStima s osi z paralelne su (slika 28).

Slika 30
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Primjer 3.4.2.
Konoidalna ploha zadana je dvjema parabolama koje leze
u ravninama xz i xy te neizmjerno dalekim pravcem rav-
nine paralelne s njihovim osima (slika 31). Tangente
parabola u njihovim neizmjerno dalekim tockama leze
u neizmjerno dalekoj ravnini prostora.

Ppong= 05040 y=0

Slika 31

Izvodnice plohe u paralelnim ravninama pramena [/”]
odreduju se kao spojnice probodista ravnine s parabo-
lama (slika 32). One se takoder mogu dobivati i kao pro-
dorne krivulje paraboli¢kih valjaka kojima su izvodnice
paralelne s direkcijskom ravninom.

loo

Slika 32

Za crtanje u Mathematici eksplicitni oblik jednadzbe
plohe prikazat cemo parametarski.

X(x,y)=x
Y(x.y)=y
eI
20 = ‘28(-‘4+2",)—‘+16 xe R, ye R (1)
el

Na slici 33 prikazan je dio plohe omeden ravninama
x = —319%x =810 y"=—0I51 =169

_/mnut »

Slika 33

3.5. V. VRSTA U STURMOVOJ KLASIFIKACIJI

Plohe tog tipa mogu se zadati dvjema konikama koje se
sijeku u dvjema tockama, te pravcem koji u jednoj tocki
sijece jednu od njih. Pravac i konika koja se s njim sijece
dvostruke su linije tih ploha.

Primjer 3.5.1.

Ploha je zadana dvjema kruZnicama koje leZe u ravni-
nama paralelnim s ravninom xy. (Buduci da svaka kruz-
nica prolazi parom apsolutnih toc¢aka neizmjerno dalekog
pravca njezine ravnine, te su tocke sjecista svih kruznica
u ravninama paralelnog pramena). Jedna od kruznica si-
jece os z koja je takoder ravnalica plohe (slika 34). Takav
je primjer obraden u knjizi [3, str.318]

Cl.o (x=12+y2=1, z=0

(o T (x =22 +y2=9, z=4

Slika 34 |

U svakoj ravnini pramena [/] nalaze se dvije izvodnice
te plohe koje se sijeku na dvostrukoj kruznici ¢, (slika
35). Izvodnice se takoder mogu dobiti 1 kao prodorne
izvodnice dvaju stozaca kojima se vrhovi nalaze na
pravcu /, a osnovice su im kruZnice ¢ i c,. Svaka dva
takva stosSca sijeku se u paru 1zotropmh 1zvodmca te u
dvjema izvodnicama plohe.
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Slika 37

U svakoj ravnini pramena [/] nalaze se dvije izvodnice
ove plohe koje se sijeku na dvostrukoj kruznici (slika 38).

Slika 35

Za parametre u i z parametarske su jednadZzbe plohe:
X(u,z) =1+ cos2u + 0.25 z cosu \V7+2cos2u

Y(u, z) = sin2u + 0.25 z cosu \/7+2cos2u
Z(u,z)=z, uel0,2rn], ze R. (12)

Na slici 36 prikazan je dio ove plohe omeden ravninama
z=-4iz=4. Slika 38

Za parametre u i z parametarske jednadzbe plohe su:
X, ,(u, ) = cosu (cosu xz+/cos2u )
YI_Z(u, 7) = sinu (cosu *z+/cos2u )

5 T
Zu,2)=2, ue |——,—|, ze R. I
. [ 1 1] w

Na slici 39 prikazan je dio te plohe omeden ravninama
Z=—45ta—

Slika 36

Primjer 3.5.2.

Ploha je zadana s dvije kruznice koje se sijeku u dvije
realne tocke. Jedna od kruznica sijece os z koja je takoder
ravnalica plohe. (Slika 37)

Gt (x=12+y2=1, z=0

lx=0,y=0
Slika 39
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Primjer 3.5.3.

Konoidalna ploha tog tipa zadana je kruznicom i parabo-
lom koje se sijeku te neizmjerno dalekim pravcem u ravnini
paralelnoj s osi parabole, tj. pravcem koji sijece parabolu
u njezinoj neizmjerno dalekoj tocki. Parabola i neizmjer-
no daleka ravnalica dvostruke su linije te plohe (slika 40).

Slika 40

U svakoj ravnini paralelnoj s ravninom yz nalaze se dvije
izvodnice te plohe koje se sijeku u tocki parabole (slika 41).

Slika 41

Slika 42

U ravninama x = t izvodnice plohe dane su jednadzbama

y= 2zl — 1> — 1. Stoga se parametarske jednadzbe
plohe mogu napisati:

(o a)="x
Y, (x,2) =x2tzVl1-x* - 1
Zloctz)i= z e wie l[EINI B zAc iR (14)

Na slici 42 prikazan je dio konoida omeden ravninama
=== 2"

ZAKLJUCAK

Na principima izvodenja sprovedenim u ovom radu mo-
eu se lako dobiti brojni oblici razli¢itih prav¢astih ploha
4. stupnja, kako odabirom polozaja ravnalica tako i oda-
birom vrsta konika.

Kako su one nastavne teme koje snaznije poticu krea-
tivnost studenata nedvojbeno plodonosnije u smislu
ostvarenja obrazovnih ciljeva, sklona sam zakljuciti da
bi znatnije ukljucivanje takvih sadrzaja u nastavu geo-
metrije, u prvom redu na fakultetima graditeljskih usmje-
renja, pridoinijelo njezinoj kvaliteti.

Skice generirane u programu Mathematica 3.0, doradene su
za tisak u programu FreeHand 7.0.
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AutoCAD

VLASTA SZIROVICZA

u konstruktivnoj geometriji

ako je programski paket AutoCAD kao profesionalni

crtacki program u praksi postao nezamjenjiv, geometricari

jos uvijek postavljaju pitanje njegove svrhovitosti pri kom-
pliciranim konstrukcijama iz podrucja konstruktivne geomet-
rije. Radi se o relativno crtacki kompliciranim konstrukcija-
ma kod kojih nema ponavljanja istog zadatka ili nekog njego-
va dijela, odnosno svaki je crtez samo taj, nema umnozavanja.
Neupuceni smatraju da posjedovanje odredenog crtackog pro-
grama rjeSava sve probleme, a zaboravljaju da je raCunalo samo
alat. Za neke vrste crtanja u tehnici razradeni su programi koji
ubrzavaju posao sluzeci se umnozavanjem, analogijom s
prijasnjim zadatkom, pa su tako nastali specijalizirani progra-
mi kao Sto je ArchiCAD. No tu je rije¢ o konstruktivno-
geometrijskim zadacima za edukaciju studenata iz predmeta
Konstruktivna geometrija, odnosno Nacrtna geometrija. Po-
kusaji da crtez (program) dobijemo od studenata koji se znaju
sluziti AutoCAD-om zavrsili su neuspjehom zbog toga Sto oni

nisu dovoljno dobro znali teoriju kao i konstruktivne postupke
pomocu kojih je zadatke trebalo ostvariti. Ne poznavajuci geo-
metriju, imali su utisak da se svaki zadatak jednostavnije i brze
moze “nacrtati” racunalom. Sto je prava istina ?

Istina je da se crtacki kompliciraniji zadaci sporije crtaju racu-
nalom nego klasi¢nim priborom: olovkom, Sestarom i trokuti-
ma na papiru. Medutim, nakon crtanja olovkom crtez je potreb-
no istusirati 1 tu nastupaju problemi. Ne smije se pogrijesiti jer
se svaka mala pogreSka mukotrpno ispravlja, a ako su pogreske
vece, pametnije je crtez tusirati iznova. Svakako je paus-papir
nekada bio rjeSenje da se crtez u olovci nije trebao ponoviti,
ali to ba$ i nije bilo utjesSno. Osim toga, taj se crtez morao
crtati dovoljno velik da bi se poslije smanjio na potrebnu
veli¢inu (za potrebe nekog ¢lanka ili knjige), pa su time even-
tualne nepreciznosti bile manje uocljive.

Crtanje AutoCAD-om takoder je tako sporo i mukotrpno, u
nekim elementima ¢ak i sporije nego crtanje rukom. Pretpostav-

arodorne

b

TAR: DRUG

Studentski rad u AutoCAD-u Nine Burica, studenta I. godine Gradevinskog fakulteta u Zagrebu.
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ka je takvog crtanja uz dovoljno dobro osobno racunalo, velic¢i-
na zaslona, svakako ne manja od dijagonale 17". Bez obzira
na to Sto se svaki nejasni dio crteza moze povecati naredbom
Zoom, potrebno je ipak crtez sagledati u cjelini, odnosno za
neke konstrukcije povuci pravce duz cijelog formata crteza.
Velika je prednost crtanja racunalom savrSena preciznost koja
se naprosto ne moze postici klasi¢énim crtanjem, bez obzira na
ostrinu vida crtaca i veli¢inu crteza. Ta se preciznost odnosi
na debljine linija, izbor kojih nije ogranic¢en debljinom crtaceg
pera (rapidografa) ili polozajem ruke crtaca, ali joS viSe, pri
crtanju praveca koji prolazi sjecistem dvaju pravaca ili srediStem
kruznice i sl.

Pri crtanju paralela i okomica nema bojazni da ce se trokuti
pomaknuti, odnosno da zbog loSeg crtaceg pribora konstruk-
cija nece biti tocna. Jednako tako nema bojazni da nultocka
nece biti tocno u sjeciStu dvaju pravaca ili da tangenta to¢no
ne dira krivulju, te jo§ mnogo sli¢nih crtackih dilema pri crtanju
racunalom nestaje.

Problem ipak nastaje pri “izvlacenju” krivulje. Ona se, kao i
pri klasicnom crtanju, izvlaci spajanjem dovoljnog broja njezi-
nih toc¢aka. Dok se ruc¢no izvla¢ila pomocu krivuljara (Sto je
zahtijevalo strpljenje pri trazenju “prave” zakrivljenosti), racu-
nalo je crta kao poligonalnu liniju koju naredbom Pedit-Spline
pretvara u krivulju. Taj je dio posla najtezi odnosno najnepre-
cizniji 1 najmukotrpniji i zahtijeva najvecu rutinu crtaca. Ne-
moguce je konstruirati dovoljan broj tocaka trazene krivulje
(crtez bi bio nepregledan!), pa je tu potrebna odredena impro-
vizacija.

Koja je ipak prednost AutoCAD programa u navedenoj primje-
ni? lako nesto sporije crtanje od klasicnog, zapravo je ipak
brze, ako se sjetimo da crtez treba ponoviti tuSem. Sama moguc-
nost ispravljanja pogreSaka daje dovoljnu prednost da odmah
zaboravimo klasi¢no crtanje. Pomocne konstrukcije pri koji-
ma upotrebljavamo samo rezultat, a pridonose nepreglednosti
crteza, naprosto izbriSemo. Nenadoknadiva je prednost pri
rjeSavanju zadataka kod kojih se koristi temeljni zadatak nared-
bom COPY umnozavamo i zatim nadopunjava novim kon-

strukcijama. Uz to AutoCAD pruza mogucnost translacije (na-
redba MOVE) i rotacije (naredba ROTATE) cijelog zadatka
ili nekog njegova dijela. Naredbu MOVE upotrebljavamo cesto
pri smjestaju oznaka toCaka, pravaca, kuteva i dr., dakle pri
dotjerivanju crteza. Tu su svakako na pomoci i naredbe BREAK
i TRIM. Prvu upotrebljavamo pri brisanju suviSnih dijelova
linija, brisanju crte prekrivene slovom i sl., a druga je najkoris-
nija pri uniStavanju linija unutar nultocke. Promjena vrste linije
rjeSava se naredbom CHANGE, a njezina debljina naredbom
PEDIT. To su samo neke od prednosti crtanja racunalom.
Navedene su naredbe upotrijebljene pri konstrukciji projekci-
ja prodorne krivulje dviju ploha Mongeovom metodom. Sliku
jeizradio Nino Buric, student I. godine Gradevinskog fakulteta
u Zagrebu. Redoslijed crtanja identican je onome koji se upotre-
bljava pri crtanju na papiru. Crtanje usporava izvlacenje vid-
ljivosti pojedine izvodnice na plohi jer su njezini dijelovi lini-
je razlicite vrste i razlicitih debljina, a to se mijenja nakon $to
je ona nacrtana. Uz to stvarnu debljinu, pa ¢ak i vrstu pojedine
linije moZemo sa sigurnoScu provjeriti tek pomocu ASSIST-
INQUIRY-LIST ili na kraju ispisom, buduci da ono §to vidi-
mo na ekranu nije stvarni rezultat naseg crtanja.

lako su za crtanje racunalom potrebni velika koncentracija i
napor, moze se reci da Stedi vid. Prilozeni crtez, relativno cr-
tacki kompliciran i jasan na papiru, nije tako jasan i pregledan
na ekranu. osim ako se njegovi detalji pomnije ne promotre s
pomocu naredbu Zoom. To se ne odnosi na njegov ispis.
Ucenje upotrebe AutoCAD-a ili kojeg drugog profesionalnog
crtackog programa ne treba nikako mijesati s ucenjem geo-
metrije. Nepoznavatelji geometrijskih odnosa i dometa te, naj-
starije znanosti vjeruju da ce uporaba rac¢unala ukinuti tu granu
matematike. Zaboravljaju da je racunalo samo alat koji pomaze
i ubrzava ostbarenje onog Sto se stvara u glavama ljudi, u pr-
vom redu onih stru¢njaka koji su stekli teorijske spoznaje kao
pretpostavku za usavrSavanje i unapredivanje znanosti. A za
one ostale racunalo ce ostati samo dobra “pisaca maSina” ili
zanimljiva igracka.
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GODISNJA SKUPSTINA HDKGKG
U vijecnici AGG fakulteta u Zagrebu
je 29. rujna 1997. odrzana godisnja
skupstina Hrvatskog drustva za kon-
struktivnu geometriju i kompjutorsku
grafiku. Predsjednica Drustva dala je
pregled rada i dogadaja od prethodne
godisnje skupstine do danas. Istaknuta
je uspjesna prezentacija prvog broja
casopisa KoG, te izrazeno zadovolj-
stvo na reagiranja iz cijelog svijeta po-
vodom njegova izlaska. Osim po sve-
uciliSnim centrima u Hrvatskoj. ¢aso-
pis je razaslan na pedesetak adresa
diljem svijeta (Austrija, Madarska,
Poljska, Slovacka, Japan, USA, Aus-
tralija...) 1 odasvud su stizale samo
pohvale.

[zaSao je novi sveucili$ni udzbenik
Nacrtna geometrija za studente stro-
jarstva i brodogradnje autorica I. Ba-
bic¢ 1 K. Horvatic.

Tajnica Drustva izvijestila je o finan-
cijskom poslovanju, a zatim su slijedi-
la kratka izvjesca Izdavackog savjeta
1 Nadzornog odbora. Istaknuta je po-
treba za ¢eScim sastancima Drustva.
Skupu je prisustvovalo dvadesetak
¢lanova, a pristupilo je i dvoje novih
¢lanova, od kojih je jedan iz Bosne i
Hercegovine.

Sljedeci sastanak planiran je u veljaci
1998.

Istoga dana odrzan je i Znanstveno-
struéni kolokvij sa sljedecim izlaga-
njima:

mr. sc. Jelena Beban-Brkic:
“Krivulje fokusa pramenovakonikau,”,
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mr. sc. Lidija Pletenac:
“Geometrija u kompjutorskoj grafici”,
dr. sc. Zdravka BoZikov:
“Neki simetri¢ni blok dizajni”,
dr. sc. Miljenko Lapaine:
“Prva diferencijalna forma i kon-
formne parametrizacije plohe”
mr. sc. Sonja Gorjanc:
“Izvodenje pet tipova pravcastih
kvartika pomocu animacije u Mathe-
matici’,
mr. sc. Nikoleta Sudeta:
“Izvjesce sa specijalnog SEFI semi-
nara o geometriji u obrazovanju in-
zenjera”

Ana Sliepcevié¢

: Geometry
in Engineering Edqcat_lon

U Smolenicama (Slovacka) je od 25.
do 29. kolovoza 1997. odrzan “Speci-
jalan Europski seminar za geometri-
ju u inzenjerskoj edukaciji” (Special
European Seminar on Geometry in
Engineering Education). Organizira-
li su ga Tehnicko sveuciliste u Bratis-
lavi 1 Evropsko drustvo za inzenjer-
sku edukaciju SEFI (European Soci-
ety for Engineering Education).
Seminaru je prisustvovalo cetrdese-
tak sudionika iz dvanaest zemalja
Evrope i Japana.

Teme Seminara bile su nastavni pla-
novi geometrije, uloga kompjutora u
nastavi geomatrije, komjutorska geo-
metrija.

Clanice naseg Drustva imale su zapa-
zene referate 1 aktivno su sudjelovale
na Okruglom stolu o nastavi geometr-
ije na fakultetima. Referirale su:

mr. sc. Jelena Beban-Brkic¢
(Geodetski fakultet, Zagreb):
“Vector Equations of Second Degree
Curves”,

mr. sc. Sonja Gorjanc

(Gradevinski fakultet, Zagreb):
“Generation of Ruled Quartics in
Mathematica™,

mr. sc. Lidija Pletenac
(Gradevinski fakultet, Rijeka):
“Geometric CAD Modeling”,
mr. sc. Nikoleta Sudeta
(Arhitektonski fakultet, Zagreb):
“Teaching Geometry (Descriptive and
in the Building Sciences) at the Fac-
ulty of Architecture University of
Zagreb)”.
Posebno interesantni referati bili su:
Mustoe Leslie
(Loughborough University of Tehno-
logy, United Kingdom):
“Finding Space for Geometry in the
Curriculum * i
Giuseppe Accascina
(Universita La Sapinza, Roma ):
“The “Virtual Use of Computer in Te-
aching Geometry™.

Nikoleta Sudeta

PREDSTOJECI SKUPOVI

23-26. 4. 1998.

Dani hrvatskih geodeta

X. susret, Hrvatsko geodetsko drus-
tvo, Dubrovnik, Hrvatska.

27-30. 4. 1998.

Modern Preparation and Response
Systems for Earthquake, Tsunami and
Volcanic Hazards, IUGG Internation-
al Conference, Santiago, Chile.

20-22. 5. 1998.

100 godina fotogrametrije u Hrvat-
skoj, Geodetski fakultet, Zagreb, Hr-
vatska.

15-17, 6. 1998.
9th SEFI European Seminar on Mat-
hematics in Engineering Education,
Espoo, Finland

16-19. 6. 1998.

ITT 98, 20th International Conference
Information Technology Interfaces.
Pula, Croatia.

2-4.7.1998.

4. susret nastavnika matematike Re-
publike Hrvatske, Hrvatsko matem-
aticko drustvo 1 Ministarstvo pros-
vjete 1 Sporta RH, Zagreb, Hrvatska.

9-11. 7. 1998.
Duane C. Brown, International Sum-
mer School in Geomatics, New Tech-



KoG*2/1997

Vijesti, prikazi, izvjesca

nologies for Geospatial Data Acqui-
sition, Ohio, USA.

19-26. 7. 1998.
FIG 98 XXI International Congress
of Surveyors, Brighton, UK.

30.7.-3.8.1998.

8th International Conference on En-
gineering Computer Graphics and
Descriptive Geometry, Austin, Texas,
USA.

18-27. 8. 1998.

Internationale Mathematik-Kongre3-
1998, TU Berlin, Deutschland.
http://elib.zib-berlin.de/icm98

14-18. 9. 1998.
Konstruktive Geometrie. Balaton-
foldvar, Hungaria

23-25. 9. 1998.

9th International Symposium on In-
formation Systems IS "98. Faculty of
Organization and Informatics Varaz-
din, Croatia.
http://www.foi.hr/simpozij

28.9.1998.

4. znanstveno - stru¢ni kolokvij HD-
KGKG-a, (Hrvatskog drustva za kon-
struktivnu geometriju i kompjutorsku
grafiku)

3-6. 10. 1998.

Mapping Japan, 17th International
Symposium of the International Map
Collectors’ Society - IMCoS, Tokyo,
Japan.

6-16. 10. 1998.

1. medunarodna nagradna izlozba
GIS grafike, GIS udruga, Osijek. Hr-
vatska.

5-17. 10. 1998.

Prvi hrvatski kongres INSEA. znan-
stveni simpozij “Poceci i razvoj nas-
tave likovne izobrazbe u europskom
Skolstvu™. izlozba “Crtez u znanosti”,
Odbor za obiljezavanje 210 godina
prvih crtarskih §kola i kontinuiteta
nastave likovne izobrazbe u hrvat-
skom skolstvu, Zagreb, Hrvatska.

4-6. 11. 1998.
“Geometrie fiir Leben”, Tangung des

ADG in Strobl, Osterreich

4-8. 11. 1998.

Vasco da Gama, Men, Voyages and
Cultures, International Conference.
CNCDP, Torre do Tombo. Lisbon,
Portugal.

studeni, 1998.
18. skup o prometnim sustavima “Au-
tomatizacija u prometu ‘97", KoRE-
MA., Hrvatska.

11-16. 7. 1999.

18th International Conference on the
History of Cartography. Athens,
Greece.

14-21. 8. 1999.

19th International Cartographic Con-
ference and 11th General Assembly
of the International Cartographic As-
sociation, Ottawa. Canada.

Prikazi

KSENIJA HORVATIC I

IVANKA BABIC:

NACRTNA GEOMETRIJA

U izdanju nakladnika SAND d.o.0. iz
Zagreba izaslaje 1997. godine Nacrt-
na geometrija prof.dr.sc. Ksenije Hor-
vati¢ i doc.dr.sc. Ivanke Babic. Knji-
ga ima 152 stranice i sadrzi Sest po-
glavlja: Osnovni pojmovi, Ortogonal-
no projiciranje na dvije i viSe ravni-
na, Kosa aksonometrija, Kosa projek-
cija. Presjeci rotacijskih ploha, Pro-
dori rotacijskih ploha, Zavojnica i

zavojne plohe. Takav Izbor poglavlja
uvjetovan je stru¢nim razlozima i po-
trebama. Naime, u predgovoru o na-
mjeni knjige autorice kazu: “Ovaj je
udzbenik napisan na temelju dugogo-
disnjeg iskustva autorica u nastavi na-
crtne geometrije na Fakultetu strojar-
stva i brodogradnje (FSB). Prema to-
me je i prvenstveno namijenjen studen-
tima tog fakulteta. Moze, medutim,
dobro posluziti i slusacima Tekstilno-
tehnoloskog fakulteta, djelomicno i
studentima Rudarskogeolosko-naft-
nog i njima srodnih fakulteta i visok-
ih skola. Kao osnovni vodi¢ kroz ko-
legij Nacrtna geometrija, dobro ce
doci i studentima mnogih drugih fa-
kulteta.” Mozemo jos samo dodati da
se isvaki drugi Citatelj moze u ovoj
knjizi upoznati s osnovnim idejama
nacrtne geometrije.
U prvom poglavlju ukratko je opisan
osnovni pojam nacrtne geometrije -
projiciranje. Drugo je poglavlje naj-
opseznije i osnova mu je Mongeova
metoda projiciranja na dvije okomite
ravnine. U njemu su rijeSene sve naj-
vaznije zadace u svezi s tockama,
pravcima i ravninama te ravninskim
likovima i geometrijskim tijelima.
Kako ta metoda ne daje uvijek zornu
predodzbu predmeta i objekata, vaznu
za prakti¢ne realizacije, u trecem je
poglavlju dan opis dviju aksonomet-
rijskih metoda: kose aksonometrije 1
kose projekcije, kojima se taj cilj lakSe
postize. Slijede dva standardna po-
glavlja u svakom udzbeniku nacrtne
geometrije: presjeci i prodori. Obrada
tih tema ogranicena je iz ranije nave-
denih razloga samo na rotacijske plo-
he. Posebna je vrijednost tih poglav-
lja u opisanoj primjeni presjeka i pro-
dora u strojarstvu (tehnicki predmeti,
strojni dijelovi, alati, postrojenjaidr.).
Zahtjevniji itatelji, koji Zele prosiriti
produbiti znanje iz pojedinih podruc-
ja nacrtne geometrije, upucuju se na
literaturu na kraju knjige. Podrobniji
uvid u tu literaturu mogu naci vec na
pocetku knjige u tabelarnom prikazu.
Metodicki postupak obrade karakter-
iziraju jasnoca, postupnost i jednos-
tavan matematicki jezik. Tekst obilu-
je brojnim rijeSenim primjerima.
Tome treba dodati precizno izvedene
crteze korisne ilustracije. Pred nama
je vrijedan sveucilisni udzbenik.
Zdravko Kurnik

Al
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OSNOVI KVALITETE
PROSTORNIH PODATAKA
ENGLESKO-HRVATSKI RJECNIK

Knjiga Elementi kvalitete prostornih
podataka (Elements of spatial data
quality) koju su uredili S. C. Guptill 1
J. L. Morrison objavljena je 1995. u
izdanju Medunarodnog kartografskog
drustvaiizdavacke kuce Elsevier Sci-
ence, Oxford, NewYork, Tokio. U
predgovoru §to ga je napisao prethod-
ni predsjednik Medunarodnoga kar-
tografskog drustva D. R. F. Taylor sto-
ji da je kvaliteta prostornih podataka
od klju¢ne vaznosti u doba kada pos-
tojece elektronske tehnologije i mrez-
ne komunikacije, kao §to je primjerice
Internet, omogucuju lagan pristup
prostornim podacima u digitalnom
obliku. Kartografi su oduvijek bili po-
sebno zainteresirani za kvalitetu pros-
tornih podataka i treba pozdraviti ovaj
vrijedan doprinos Povjerenstva za
kvalitetu prostornih podataka Medu-
narodnoga kartografskog drustva na
pojasnjenju slozenog skupa pitanja.
Ova knjiga, napisana od vodecih au-
toriteta u tom podrucju, daje smjer-
nice za upotrebu digitalnih prostornih
podataka. U njoj su dane definicije
osnovnih elemenata ukljuc¢enih u
kvalitetu prostornih podataka, koja je
visSedimenzionalna i objedinjuje mno-
go vise od same polozajne to¢nosti.

Knjigu je preveo Drazen Tutic, stu-
dent Geodetskog fakulteta Sveucilista
u Zagrebu uz pomoc¢ Miljenka La-
painea. Za taj rad D. Tuti¢ je 1997.
godine primio Rektorovu nagradu. U

V2

okviru toga rada nastao je i sljedeci
englesko-hrvatski rje¢nik osnovnih
pojmova iz podrucja kvalitete pros-
tornih podataka. Literatura upotrije-
bljena pri izradi ovog rjecnika
navedena je na kraju rada.

A

abstract universe - apstraktni univer-
zum

abstraction - apstrakcija

accuracy - to¢nost

acquisition - skupljanje, prikupljanje
aggregation - spajanje, agregacija
association - asocijacija, sazimanje
attribute - atribut

attribute accuracy - to¢nost atributa
attribute completeness - potpunost
atributa

audit trail - kontrolno pracenje

B
bias - pristranost

©

cell - celija

cell complex - celijski kompleks
classification - klasifikacija
commit - potvrdivati, izvr§avati
compilation - sastavljanje, prevo-
denje

completeness - potpunost
conceptual data model - konceptu-
alni model podataka

conceptual schema - konceptualna
shema

consistency - konzistentnost, dosljed-
nost

consistency constraints - ogranice-
nja konzistentnosti

consistency test - test konzistentnosti
content description - opis sadrzaja
conversion - konverzija, pretvaranje,
mijenjanje

coordinate system - koordinatni sus-
tav

correction - korekcija

currency - aktualnost

D

data collection - prikupljanje poda-
taka, zbirka podataka

data completeness - potpunost poda-
taka

data description - opis podataka
data modeling - modeliranje poda-
taka

database time - vrijeme baze poda-
taka

datum - datum

derivation - izvodenje

description fields - opisna polja
Digital Geographic Information
Exchange Standard (DIGEST) -
jedna od normi za prijenos digitalnih
geografskih informacija

digitizing - digitalizacija

domain - domena

domain consistency - konzistentnost
domene

duration - trajanje

E

elevation - visina

entity object - entitet, objekt

entity instance - pojava entiteta
error - pogreska

error propagation - prirast pogresa-
ka

evaluation matrix - matrica procjene
event time - vrijeme dogadaja
extrapolation - ekstrapolacija

F

fair draught - reprodukcijski origi-
nal

feature - objekt

feature completeness - potpunost
objekata

feature instance - pojava objekta
fitness for use - pogodnost za upora-
bu

formal completeness - formalna pot-
punost

G

Gaussian distribution - Gaussova
razdioba, normalna razdioba
generalization - generalizacija, uop-
cavanje

graph - graf

H
history - povijest
homeomorphism - homeomorfizam

I

incompleteness - nepotpunost
integrity - integritet, cjelovitost
interpolation - interpolacija
interpretation - interpretacija
interval - interval

ISO 9000 - ISO 9000

K
Kappa - £, kapa
L

lattice - resetka
liability - obveza, odgovornost
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life cycle - Zivotni ciklus

lineage - porijeklo, podrijetlo
logical consistency - logi¢ka kon-
zistentnost

M

map projection - kartografska pro-
jekceija

maximum error - maksimalna po-
greska

metadata - metapodaci. podaci o po-
dacima

misclassification matrix - matrica
pogresne klasifikacije

model completeness - potpunost
modela

modeling - modeliranje

Monte Carlo simulation - Monte
Carlo simulacija, Monte Carlo meto-
da

N

national map accuracy standard -
nacionalne norme za to¢nost karata
nominal - nominalni

null values - nul vrijednosti

(0)

object - objekt

observation time - vrijeme opazanja
order - poredak

ordinal - ordinalni

origin - ishodiste, polaziste

P

parameter - parametar

pedigree - pedigre

perceived reality - opazana stvarnost
planimetry - planimetrija

poset - skraceno od partially ordered
set = parcijalno ureden skup
positional accuracy - polozajna toc-
nost, horizontalna to¢nost

precision - preciznost

Q

quality norm - norma kvalitete
quality assessment - procjena kvali-
tete

quality report - izvjesce o kvaliteti

R

ratio - odnos, proporcija

reference field - referentno polje
reference source - referentni izvor
reference system - referentni sustav
referential consistency - referentna
konzistentnost

relational database - relacijska baza
podataka

relationship - odnos

reliability diagram - dijagram pouz-
danosti, skica o pouzdanosti karte
resolution - rezolucija, razlucljivost
revision - odrzavanje

root mean square error (RMSE) -
srednja pogreska

S

scalar - skalar, broj

scale - mjerilo, skala

scene consistency - konzistentnost
scene, konzistentnost prikaza
semantic accuracy - semanticka toc-
nost

semantics - semantika

simplex - simpleks

simplicial complex - simplicijalni
kompleks

simplification - pojednostavljenje
source - izvor

space - prostor

spatial component - prostorna kom-
ponenta

Spatial Data Transfer Standard
(SDTS) - jedna od normi za prijenos
prostornih podataka

specification - specifikacija
standard deviation - standardno od-
stupanje

standard - norma

surface - ploha

il

temporal - vremenski

temporal attribute - vremenski atri-
but

thematic attributes - tematski atri-
but

theme - tema

time - vrijeme

time stamp - vremenska oznaka
time zone - vremenska zona

time slice - vremenski isjecak
topological relations - topoloske re-
lacije

topological consistency - topoloska
konzistentnost

topological space - topoloski prostor
topology - topologija

total quality management - upravl-
janje ukupnom kvalitetom
transaction - izmjena, transakcija
transformation - transformacija
truth in labeling - istinitost u oznaca-
vanju

U
uncertainty - nesigurnost

\Y

variance - varijanca

version - verzija, inacica
visualization - vizualizacija, prikaz
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AUTODESK 3D STUDIO 4.0

Autodesk 3D Studio (ver. 4.0) kom-
pjutorski je 3D-program namijenjen
stvaranju grafike i animacija.

dovoljna brzina racunala. U sastavni
dio programa ulazi i tzv. material edi-
tor, koji, kako mu i ime govori, sluzi
za uredivanje materijala. Uz vec go-
tovi izbor materijala moguce je stvar-

Sucelje programa sastoji se od neko-
liko dijelova. Stvaranje dvodimen-
zionalnih objekata izvodi se u 2D-
shaperu. Taj dio programa omogucu-
je stvaranje dvodimenzionalnih pri-
mitiva (osnovni, jednostavni objekti
koji su odredeni parametar-
skim vrijednostima). te ob-
radom primitiva vrlo sloze-
ne dvodimenzionalne obli-
ke. Objekte iz 2D-shapera
prebacujemo u 3D-lofter.
dio programa koji objekti-
ma “izvlaéi” trecu dimen-
ziju. On ima mogucnost iz-
vodenja niza slozenih efe-
kata koji stvaraju najsloze-
nije objekte 1 povrsine. Na-
kon obrade u 3D-lofteru
objekte prebacujemo u tre-
¢1, najvazniji dio programa:
3D-editor. To je dio obrade
kojom se objektima odre-
duje boja, povrsina i smjes-
taj u prostoru (scena). Dalj-
nja obrada ukljucuje stva-
ranje izvora svjetlosti (uz
odredivanje boje. dometa,
oblika izvora...) i postavl-
janje kamera. Treba na-
pomenuti da se u tijeku obrade vide
samo mreze objekata, a ne 1 boje. po-
vrsine i svjetlost. Uzrok je tome ne-

74

anje novih. 3D Studio. kao i vecina
3D-programa, ima mogucnost namje-
Stanja razlic¢itih perspektiva gledanja,
Sto ukljucuje i pogled iz postavljenih
kamera iizvora svjetlosti. Keyframer
je cetvrti, posljedni dio programa.

Njegova je glavna uloga stvaranje
animacija (kretanje objekata u pros-
toru) sli¢no izradi filmova. Naime,
pokret nastaje odredivanjem odrede-
nog broja sli¢ica (frame) kroz koje
objekti mijenjaju polozaj u prostoru.
Brzina izmjena sli¢ica omogucuje
filmsku kvalitetu pokreta, alii vise od
toga. Zavrsni je postupak obrade Ren-
der. tj. kompjutorska obrada koja pri-
kazuje scenu (u slu¢aju animacije sku-
pinu sli¢ica) u konacnom obliku. To
podrazumijeva boje, povrsine, svjet-
lost, sjene 1 drugo. Sliku je moguce
sacuvati u razli¢itim formatima
(& 8dsit dish = pot =i taat (i -
go) zbog kompatibilnosti s drugim
programima.
3D Sudio 4.0 vec je pomalo stara ver-
zija koju nasljeduju novi 3D-progra-
mi s puno vecim i zanimljivijim mo-
gucnostima 1 poboljSanim suce-
ljem. Ta je verzija napravljena samo
za MS-DOS operativni sustav. Nova
je inacica toga programa 3D Studio
MAX koji radi pod Microsoftovim
sustavom Windows 95, ali najbolje
rezultate pokazuje u Windowsima NT
3.51.14.0.
Tibor Szirovicza
ucenik V. gimnazije

Procelje i interijer V. gimnazije u Zagrebu izveli su (96/97) ucenici Hrvoje Solman i
Tihomir Jauk ¢« AutoCAD 12, SoftDesk, Ver.7.0
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